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PREFACE 


This book, as ifcs ■ name indicates, is meant to be a 
text-book for the Intermediate students, both Arts and 
Science, of the Indian Universities and various Education 
Boards. Regarding the subject-matter, we have tried to 
make the exposition clear and concise, without going into 
unnecessary details. Varied types of examples have been 
worked out by way of allustrations in each chapter and 
the examples set for exercise have been carefully selected 
and properly graded. 

Questions of the University of Calcutta and some other 
Universities are given at the end, to give the students 
an idea of the standard of the examination. 

It is hoped that the book will meet the requirements 
of those for whom it is intended and we shall deem our 
labour amply rewarded if the book is found to be a suitable 
text- book both by the teachers and the students. 

Any criticism, correction and suggestion towards 
improvement from teachers and students will be thankfully 
received. 


Calcutta 1 
June, 1947 / 


B. 0. D. 
B. N. M. 
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SYLLABUS .FOR STATICS 
Three-year Degree Courae 
Pass ( 30 marks ) 

Forces (various types) : Geometrioal representation of a foroe, 
parallelogram of forces, composition and resolution of forces. Oon- 
ditions of equilibrium of coplanar forces meeting at a point. Triangle 
of forces and polygon of forces. Like and unlike parallel forces. 
Moment of forces, theorems on moments. Godples, General conditions 
for equilibrium of coplanar forces. 

Centre of Gravity : Centre of a system of parallel forces. Centre 
of mass and centre of gravity of a system of particles, of a rigid body, 
a thin rod of constant or variable density, uniform wire bent in the 
form of an arc of a circle, a parabola ; homogeneous lamina in the form 
of a triangle, a parallelogram, a circle, a quadrant of a circle and of 
an ellipse, portion of a paraMa bounded by a double ordinate; a 
uniform hemispherical and conical surface, a homogeneous solid hemi- 
sphere and a right circular cone. Simple problems involving the above. 
(Use of Calculus advised). 

Friction : Laws of statical and limiting friction. Equilibrium of 
a particle on a rough plane, angle of friction. Applications to simple 
problems. 

Simple Machines : Levers, system of pulleys. Mechanical advan- 
tage. Velocity ratio. 

HonOUBS (Statics and Dynamics — 60 marks) 

Force : Nature and representation. Forces acting on a particle ; 
theorems on composition and resolution, analytical method, conditions 
for equilibrium. 

Forces acting in one plane ; Parallel forces, moments, couples. 
Equilibrium of three forces, general conditions for equilibrium. 

Centre of mass : Centre of a system of parallel forces. Centre of 
mass and centre of gravity of a system of particles and of a system of 
rigid bodies. C. G. of a uniform rod, uniform lamina in the form of 
a triangle, a parallelogram, a quadrilateral. Belated prob lems ; C. G. 
of a part and of a complete body. Concept of stability of equilibrium 
of a body under gravity. 

Friction : Laws of statical and limiting friction. Equilibrium of 
particle on a rough plane. Angle of friction. Applications to simple 
proUems. Machines : Levers. Balance, systems of pulleys, screw ; 
meohanioal advantage and vdooity ratio. 



INTERMEDIATE STATICS 

CHAPTER I 
INTRODUCTION 

1*1. Definitions. 

Matter is anything that occupies space and can be 
perceived by our senses. 

A body is a portion of matter limited in all directions, 
having a definite shape and size, and occupying some 
definite space. 

A rigid body is one whose size and shape do not alter 
when acted on by any forces whatsoever, so that the 
different parts of it keep invariable positions with respect 
to one another. 

In nature there is no body which is perfectly rigid, for however 
hard a body may be, it will be deformed more or less when the acting 
forces are sufbioiently largo. But ordinary solid bodies like stone, 
wood, iron etc. when acted on by finite forces yield so slightly, that 
the deformation is not in general appreciable to the eye, and thus 
for practical purposes they may be treated as rigid. In Statics and 
Dynamics we are mainly concerned with such rigid bodies. 

A force is that which changes, or tends to change, the 
state of rest, or of uniform motion of a body. 

Statics deals with bodies at rest when acted on by 
forces, or more properly, with the relations between the 
forces which acting on a rigid body (or a system of bodies) 
keep it at rest. ^ 

When a number of forces acting on a body keeps it at 
rest, the forces are said to be in equilibrium. 
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1*2. Glassification of forces. 

The forces that we meet with in course of our subject 
may generally be divided into three types : 

(1) Forces of the nature of thrusts or tensions, i.e., push 
or pull applied through actual material contact, e.q. by 
a rod or string etc. 

( 2 ) Attxaction or repulsion between two bodies, which 
are of the nature of action at a distance, e.q, earth’s gravita- 
tion etc. 

(3) Forces like reaction or friction which are of a sort 
of passive resistance, coming into existence only when 
necessary, and adjusting themselves (within a certain range) 
to be of such magnitude and direction as are just required 
to maintain equilibrium. 

1*3. On Some Special Forces. 

(i) Weight. 

Weight of a body is the force with which the earth 
attracts the body. The direction of this force is vertical. 

It is shown in Dynamics (Arts. 5*1 and C'6) that tho earth attracts 
everybody to itself with a force which is proportional to the mass of 
the ^)ody, «.e., the qiianUty of matter m a body. 

^he unit of mass in British (F. T. S.) system is one pound (lb.), 
wheifeas in 0. G. S. system it is one gramme. [See Dynaimcs, Art. i’5] 

The amount of force exerted by tlie earth on a body of 
mass one pound, i.e., the ivelqht of one pound (briefly, 1 lb. 
wt.) is usually used in Statics as the unit for measurement 
of magnitude of forces in F. P. S. system. 

Similarly in C. G. S. system, the unit used is the weiqht 
of oric qramme. 

S^iotly speaking, tho forces of attraction on the same body varies 
slightly from place to place on tho surface of the earth, which is nearly 
but not exactly, a sphere. Accordingly, the units above mentioned, 

1 lb. wt. and 1 gm. wt., are not fixed. [ See Dynamics, § d'd k 6‘8 ] 
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But as in ibis Elementary Statics we shall not have occasions to 
compare forces at different places on earth, we shall neglect this small 
variation in the hnits. 

In practice, for brevity, we shall speak of a force measur- 
ing 20 lbs., or 50 gms., though more accurate expressions 
would be a force of 20 lbs. wt., or 50 gms. wt. 

(ii) Reaction. 

When one body rests in contact with another body, 
pressing against it, it experiences a force at the point of 
contact which is called tlie reaction^ exerted by the second 
body on the first.* 

For example, when a heavy body, (say a book), rests on a horizontal 
table, the weight of the body which would cause it to fall down to the 
earth has got its effect nullified due to the presence of the table, which 
docs not allow the body to penetrate through it. Thus the table exerts 
a force on the body neutralising its weight. This is the reaction of the 
table. As the weight of the body is vertically downwards, the reaction 
of the table neutralising its effect must be upwards. 

As another example, when a ladder standing on a horizontal floor 
is leaning against a vertical wall, it experiences forces of reaction at 
its points of contact with the floor as well as with the wall. These 
two reactions, along with the weight of the ladder, keep the ladder at 
rest. 


Now it is a common experience that if a body be placed 
in contact with a very stnootli surface (<?.(/. a highly 
polished table), and is urged with any force to slide over it, 
it experiences very little resistance tangentially, but the 
surface, {assumed rigid), does not allow the body to pene- 
trate normally through it. The reaction on such a body 
is therefore normal to the surface. 


* From Newton^s third law of motion [ Dynamicst S <& 6*11 ], 
the second body also experiences an equal and opposite force exertedt 
by the first on it, which we may call actikm* 
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In fact a perfectly smooth surface is one whose reaction 
on any body in contact with it is along the common normal 
to the two surfaces at their pomt of contact. 

The reaction of a rough surface however, on any body 
pressing against it, is not necessarily along the common 
normal. [ See § 9'1 and 9' 3 ] 

(iii) Tension. 

When a string employed to connect two bodies (or two 
points of a material system) is stretched, for example, when 
one extremity is tied to a fixed point, and at the other 
a heavy weight is suspended, the fibres of the string become 
subject to a certain pull throughout its length, which under- 
goes by the name of tension, and which, 
if increased beyond a certain limit, will 
cause the string to break. This tension is 
a force which at any point P of the string 
is conceived to be acting in either of the 
two opposite senses along the string. 

For, considering any small element PQ of the 
string, this is stretched by forces set up in the 
fibres pulling it at 0 upwards, and at P down- 
wards. Again, considering the element PP, this 
is stretched by a force pulling it at P upwards 
and at P downwards. Thus at P the tension acts 
in either direction, downwards on the portion 
above it, and upwards on the portion below it. Similar is the case 
at every point. 

If the string be light, the tension is the same throughout 
its length, and is unchanged even when a portion of the 
string passes over a smooth surface, say a smooth peg, 
or pulley. 

For, considering the element PQ as before, as the string is of 
negligible weight, the only forces under which this element is at rest 
are the two tensions at its extremities Q and P which must accordingly 
balance one another. Thus tension at Q is equal to that at P. Again 
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considering the equilibrium of the element PE, the tension at P is 
equal to that at B. Proceeding in this manner, the tension is the 
same throughout the length of the string. 

Again, when a portion of the string passes over a smooth pulley 
( or a smooth surface ), considering an element MN or M'AT' which 




is in contact 'with the surface, the reaction of the smooth surface is 
along the normal, and this has no effect in the tangential direction. 
Plence the only tangential forces, namely the tensions at the extre- 
mities M and N must balance one another, and accordingly must be 
equal and opposite. Thus the magnitude of the tension continues 
to bo the same throughout the string even when it passes over smooth 
surfaces as in Fig. (i) above. 

If however any point C of the string is knotted to other 
strings (or to any other body) as in Pig. (ii), we must regard 
its continuity as broken, and the tension will not be the 
same in the two portions on the two sides of the knot, though 
for each separate portion it continues to have a constant 
value throughout. 

1*4. Geometrical representation of a force by 
a straight line. 

A force has a given magnitude, and acts at a particular 
point of a body in a definite direction ; in other words, it 
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has a definite magnitude, direction, and point of application, 
the two latter giving the line of action of the force. 

Now a straight line has also length and a direction, 
and can be drawn through a particular point, thus having 
a definite position. Thus a straight line drawn through the 
point of application of a force can very aptly represent the 
force completely in magnitude, direction and position, the 
magnitude of the force being represented on a suitably 
chosen scale by the length of the line drawn, the direction 
of the line representing the direction of the force, the sense 
being indicated by an arrow-liead on the line, the extremity 
of the line being at the point of application of the force. 

A parallel line of equal length drawn anywhere with 
an arrow-head indicating the sense will represent the same 
force equally well in magnitude and direction, hut not in 
position. 

Note. A quantity hawing magnitude and direction (in a definite 
sense) is a vector quantity, and such quantities are geometrically very 
aptly represented both in magnitude and direction by straight lines 
as explained above. [ See Dynamics, % 2' 2 , p, 7 For the sake of con- 
venience, a force represented in magnitude, direction and sense by AB 

toill usually he denoted by AB or AB. 

1*6. The principle of Transmissibility of a Force. 

The effect of a force acting on a rigid body at any point 
is unaltered if its point of application is transferred to any 
other point on its line of action, provided the two points are 
rigidly connected to one another. 

This principle follows as an immediate consequence of 
the conditions of equilibrium of two forces acting on 
a body, which is more or less axiomatic, namely that two 
equal forces acting along the same line on a rigid body in 
opposite sense produce equilibrium and will have no effect 
on the body. In fact equal forces are defined as such when 
they satisfy the above condition. 
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Thus P being a force acting at A along AB on a rigid 
body, if we introduce two equal and opposite forces at B 
each equal to P 
along BA and AB, 
the two latter, being 
in equilibrium, will 
neutralise one 
another and will 
have no effect on 
the original force. 

Now P at A, and 
the opposite P at B along the same line, produce equilibrium, 
and we are left with a force P at B in the sense AB which 
is thus equivalent to the original force P at ^1. Hence 
follows the principle of transmissibility of force as enun- 
ciated above. . 




CHAPTEB II 


COMPOSITION AND RESOLUTION OF FORCES 

2*1. Resultant and Components. 

If two or more forces act simultaneously on a rigid 
body, and if a single force can be obtained whose effect on 
the body is the same as the joint effect of the given forces 
produces exactly tlie same motion of the body), then 
this single force is known as the resultant of the given 
forces, and the given forces in their turn are called the 
components of the single resultant force. 

It follows from above that if on a body acted on by two 
or more forces a force equal and opposite to their resultant 
is applied, the whole system is in equilibrium and the body 
remains at rest. 

Conversely, if a set of forces acting on a body be in 
equilibrium, then each force is equal and opposite to the 
resultant of the other forces. 

2*2. Parallelogram of Forces. 

If two forces acting at a point on a body he represented 
in magnitude, direction and sense by the two adjacent sides 
of a parallelogram drawn from an angular point, then their 

resultant is represented 
in magnitude, direction 
and sense by the dia- 
gonal of the parallelo- 
gram^ drawn from that 
point. 

Thus if two forces 
P and Q, acting on a body at a point A, be represented (on 
a chosen scale) in magnitude, direction and sense by the 
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two straight lines AB and AC, both drawn from A, and 
the parallelogram ABDG be completed with AB and AG 
as adjacent sides, then the resultant force (say B) will he 
represented in magnitude, direction and sense by the 
diagonal AD drawn /rom A. 

Note. If both P and Q bo towards A, ropresented by BA and CA, 
the rosultant will be ropresented by DA towards A, If however P is 
along AB and Q along CA, the resultant will not bo along AD or DA, 
nor represented by it. 

A formal theoretical proof of the above theorem is 
reserved for a later consideration.* Below we give an ex- 
perimental verification of the principle. 

Experimental Verification 

Any three weights P, Q, B (of which no one should 
exceed the sum of the other two) are tied at the extremities 
of throe light flexible strings, the other extremities of which 
are knotted at a common 
point A, ^wo of these strings 
are placed over two smooth 
pegs, or two light smooth 
pulleys (say L and M), fixed 
against a vertical wall or black- 
board, the knot being between 
the pulleys, and the whole 
system is allowed to come to 
the equilibrium position as in 
the above figure. 

Now at A there are tensions 
acting along the three strings 
which keep A at rest, and are 
therefore in equilibrium. These 
tensions being constant along 
the respective strings, and 
supporting the weights P, Q, B at the other extremities, 



See Ajppendix. 
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have got their magnitudes equal to P, Q and B respectively 
along AL, AM and AB. 

Now, on the black-board, along AL, AM and AB^ we 
draw (on any chosen scale) straight lines AB, AG and 
AE to represent, in magnitude and direction, the forces 
P, Q and B respectively. The parallelogram ABDC is 
completed and the diagonal AD joined. It will he found 
that AD and AE are in the same straight line and equal in 
magnitude. 

Since P, Q and B are in equilibrium, B is equal and 
opposite to the resultant of P and Q. But B is represented 
~hy AE, and AD is found equal and opposite to it experi- 
mentally, as stated above. Thus the resultant of P and 
Q is represented by AD, 

By altering P, Q and B in any manner (with the 
restriction that no one is greater than the sum of the 
other two), and repeating the experiment, the same result 
will be verified in every case. 

This proves the parallelogram law for finding the 
resultant of two forces acting at a point. 

2*3. Analytical expression for the resultant of 
two given forces. 



Let P and Q be two given forces acting at the point A 
at an angle a, and let them be represented by AB and AC 
respfect/ively. Opfclete the parallelogram ABDC and join 
the diagonal ^ilJ3^hich then, by parallelogram of forces, 
represents the rwultant B. Let /LDAB^^Q, which will give 
the direction of the resultant. Now draw DE perpendicular 
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upon AB, produced if necessary, as in Fig. (i). Then in the 
right-angled triangle DBE, 

BE = BB sin BBE = Q sin a 
[ In Fig. (ii), sin BBE = sin (180” - a) = sin a ] 

Also AE = AB + BE=^P+QGo^a 

[ In Fig. (ii), AE = AB - BE = AB - BB cos BBE 
= P — Q cos (180*^ - a) = P + Q cos a ] 

Thus, AB^ = AE^ + BE^ gives 

=(P Q cos a)* +(Q sin a)^ 

= P''+2PQcosa + 0^ 


Also tan 
Hence, 


_ BE _ Q sin a 
AE P + Q cos a 

R= ^/P^ + 2PQ co8a + Q% 


and 6 = tan 


- 1 . 


sin a 


P+Q cos a 

giving the raagnitude and direction of the resultant. 


Cor. 1. If a«0, R=P + Q and if o^^r, R=»P— Q. 


Hence the resultant of two given forces acting along the same line 
is their algebraic sum. 

Cor. 2. Two forces P and Q acting at a point being given in 
magnitude, their i/rcafesf is P+Q, wheno = 0, and the least 

resultant is P—Q, when o=9r. 


Cor. 3. When P= Q, it is easily seen that 
R=2P cos and 0 = ia. 

Thus the resultant of two equal forces P, P at an angle a, is 
2P cos j^a, in a direction bisecting the angle betwe^ them. 

Cor. 4. If o = 90®, R = sjP^ + Q\ 0 = tan" "Q/P. 


2*4. Breaking up a given force into two compo- 
nents. 

A given force may be resolved into two components 
in an infinite number of ways, for by parallelogram of 
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forces, if with the straight line representing the given 
force as diagonal we construct any parallelogram, the two 
adjacent sides of tliis parallelogram will represent the two 
component forces having the given force as their resultant. 


Again, if we want the component of a given force, in 
a given direction at any inclination to it, the component is 
not determinable, in as much as the direction of the other 
component may bo chosen to be anyone, and the parallelo- 
gram constructed with the given forcQ as diagonal. 

If however, with a given force, both the directions are 
definitely mentioned in which we are required to break it 
up into components, these components can be determined. 


/ 


Let OG represent the given force B, and OX and OY 

two given directions 
making angles a and ^ 
respectively with 00, 
on opposite sides of it, 
along which we are to 
find the components 
of B. 

Complete the para- 
llelogram OACB with 
diagonal 00, and sides 
along OX and OY. 
Then, by parallelogram 
of forces, OA and OB 
represent the required components P and Q, having B as 
their resultant. 



Now from triangle OAG, by Trigonometry, 

OA •AC ^ 00 

sin OCA sin COA sin OAG 


OA^OB^ OC 
sin P sin a sin (180'' - a + 


Bin (a + jJ) 


QsOB = 


sin (a + /S' 

B sin 
8in(a + /Sj 
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P O R 

Note. The result — 5 = ; — ts: shows that the two 

sin /3 Bin a Bin(a+p) 

components and the resultant are so related that each is proportional 
to the sine of the angle between the other two. 

2*5. Resolving a given force into perpendicular 
components. 

The most important case of resolution of a given force 
into two components is when tlje directions of the com- 
ponents are at right angles to one another. In this case 
the components are referred to as tlie resolved parts of the 
force in the corresponding directions. 



Lot the given force P bo represented by OC, and let 
the direction OX make an angle COX—d with it, OY 
being perpendicular to OX, 

Complete the parallelogram OAGB (which is a rectangle 
in this case) wdth 00 as diagonal, and sides along OX and 
0Y[ produced backwards, if necessary as in Pig. (ii)]. Then 
by parallelogram of forces, the resolved parts along OX and 
OY are given by 

OA * 00 cos XOC = P cos © 
and OS = 40 « 00 sin XOC - P sin B. 

Note. In Figure ^ii), strictly speaking, OA^OC ogsCO^- 
P cos (l80®-^)« -P cos and is positive along 0X\ Nowwa^fce- 
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matically, a force F along OX' is identical with a force —F along OX, 
Hence, — P cos 0 along OX' may be described as P cos 0 along OX. 

Thus the resolved part of P along OX is mathematically P cos 
and perpendicular to O-Y, it is P sin 0, whether 0 is obtuse or acute or 
of any magnitude. 

HeDce any given force P is mathematically equivalent 
to (and accordingly can he replaced^ whenever needed, by) 
two simultaneously acting resolved parts, one P cos Q along 
a direction OX at an angle B to it, and another, P sin 6 
perpendicular to OX, wliatever the angle 0 may be. This 
mode of replacing a given force by its two equivalent 
resolved parts in two suitable perpendicular directions is 
particularly useful in finding the resultant of several forces 
simultaneously acting at a point, as is shown in article 2*7. 

2*6. Theorem. The algebraic sum of the resolved parts 
of any two forces acting at a point, along any direction, 
is equal to the resolved part of their resultant, in the same 
direction. 



Let OA and OB represent the two forces P and Q 
acting at the point 0, Then 00, the diagonal of the 
parallelogram OACB, represents their resultant B in 
magnitude and direction. 

Let OX be a line drawn in any direction through 0 
and AL, BM and ON the perpendiculars drawn on it from 
A, B and C respectively, so that OL, OM and ON represent 
the resolved parts of P, Q and B along OX, in magnitude 
and sign. In Fig. (i) all three are positive, and in Fig. (ii) 
OM is negative. 
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Now OS and AG being equal and parallel, their 
projections OM and LN on OX are equal in magnitude. 

Hence in Fig. (i), ON= OL + LN= OL + Oilf 
and in Fig. (ii), ON=OL-NL = OL- MO 

= Oi - ( - OM) = OS + Oilf. 

Thus resolved part of the resultant B is equal to the 
algebraic sum of the resolved parts of P and Q along OX. 

Cor. By a repeated application o£ the above theorem, we can 
easily extend the theorem as follows : 


If any number of forces act at a point, the algebraic sum of their 
resolved parts in any direction is egual to the resolved part of their 
TBsultdnt in the scivic ditol^ticyn, 


27. Resultant 
taneously acting at 


of several coplanar forces 
a point. 


sinml- 
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directions make angles a i, 03 , 03 with any suitably 

chosen direction OX in the plane, OY being perpendicular 
to OX. 


We can replace the force Pi by its resolved parts 
Pi cos Oi along OX, and Pi sin Oi along OY. Similarly 
P 2 may be replaced by Pg cos along OX, and Pg sin Og 
along OY, and so for each one of the given forces. 

Now E (represented by 00) being the resultant of the 
given forces, and 6 the angle it makes with OX, its resolved 
parts along OX and OY being equal to the algebraic sum 
of the resolved parts of the component forces along the 
same two directions, we get 

R cos 0 “ Pi cos ai + P2 cos + P3 cos + ••• =SX (say) 
R sin 0->Pi sin iti+Pq sin aa + Pa sin (say) 

Hence, 

+{SYV, or R- ^/(2!A)“ + (2:y)“ 


and 


tan 0 


2Y 

EX 


or, 6 = tan 




sx 


giving the magnitude and direction of the resultant 
analytically. 

Expressed in terms of Pi, Pg,,..ai, ag.... etc., we have 
P^ = 2;Pi'*+2^"PiPa cos(ai~a2). 

Note. If no suitable direction is apparent, we may take OX along 
the direction of one of the given forces, say P^, in which case ai»0 
and Pi cos ai = Pi, and Pi sin oi = 0. 


2*8. Graphical method of construction of the result- 
tant of concurrent forces. {Force diagram) 

Let the two given forces P and Q act at 0. In their 
plane, draw a straight line AB parallel to P, on a suitably 
chosen scale, to represent P in magnitude, direction and 
sense, and then on the same scale, draw BO parallel to Q, 
to represent Q. 
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Two forces ; — 




Thus, AB, BG taken in order represent successively P 
and Q. Then the third side AG (in opposite order) will 
represent the maanitude^ direction and sense of the resultant, 
which will however act at 0. 

In vector notation, AB + BC“AC. 

The proof is easily seen to depend on the parallelof^ram 
of forces, for, completing the parallelogram ABGD, AD, 
which is equal and parallel to PG, represents Q equally well 
in magnitude, direction and sense. 

Any number of forces ; — 


D 



Let P, Q, JK,... eto. be any number of given • coplanar 
forces acting simultaneously at 0. 

In their plane, on any chosen scale, draw successively 
the lines AB, BO, GD,,,, etc. parallel to the directions of 


2 
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P, Q, jB, etc. to represent those forces in magnitude, 
direction and sense. Then the last line to close tip the 
polygon, in opposite sense (say AE, as in the above figure), 
represents the magnitude, direction and sense of the resultant, 
which will however act at 0. 

For, from the case of two forces, resultant say) of 
P and Q represented by AB and BG is represented by AQ. 
Then the resultant of B-^ and B, which are given by AG 
and GD respectively, is represented by AD ; and so on. 

In vector notation, AB + + CD + DE = AE. 

2'9. The resultant of two forces represented in magnitude 
by m.OA and n.OB, acting at 0 along ^ OA and OB res- 
pectively, is represented in magnitude and direction by 
(m+nXOC, where G is a point on AB such that AC : CB 
“n : m, i-e.,m,AC = n.GB, 



Let two forces act at 0 along OA and OB whose magni“ 
tudes are represented by m.OA and n.OB respectively. 

Join AB and let C be the point on it such that m.AG 
••n.CB. Join OG. 

Through 0 draw XOY parallel to AGB, and complete 
the parallelograms OGAX and OGBY. 

By parallelogram of forces, the force represented by 
OA can be replaced by the components OX and OG, and 
hence a force represented by tn.OA can be replaced by 
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the components m.OX and 7n.0C. Similarly the force 
represented by 7i,0B can be replaced by its components 
n.OY and 71 .OG. 

Hence the two given forces 7)i.OA and n.OB are equiva- 
lent to a total component (w + n).OC, along OC, a component 
m.OX along OX and one n.OY along OY. But since 
m.OX= m,GA = n.CB==7i.0Y in magnitude, the last two 
components being equal and opposite along the same line, 
balance one another. 

Hence the final resultant is the single force represented 
by {m + n).OG along 00. 

Cor. 1. The resultant of two forces OA and OB is 
represented by 200, wh^re 0 is the mid-point of AB. 

Cor. 2. The resultant of three forces represented by 
OA, OB, OG is 300; where O is the centroid of the triangle 
ABG. 

2*10. Illustrative Examples. 

Ex. 1. If the resultant of tiro forces acting on a particle he at right 
angles to one of them, and Us magnitude he one-third of the magnitude 
of the other, show that the ratio of the larger force to the smaller is 
3 : 2 ^/2. [ U. P. 1944 ] 

Let P and Q be the forces, and let the resultant be perpendicular 
to P, its magnitude being JP, as in the figure, whore the diagonal of 
the parallelogram with P and Q as adjacent sides represents the 
resultant. 



Then, from the figure, 

or,|(9»«P% 

gvp*=9/8, 
or, g:P«3:2N/2. 

Ex. 2. Tioo forces acting at a point have got their resultant 10 when 
acting at right angles, and their least resultant is H, Find their greatest \ 
resultant, and also the resultant when they act at an angle 60^, 
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Lot P and Q be tbo forces, P being the greater. 

Then, while acting perpendicularly, their resultant, 
+ or, P‘^ + 0’ = 100. 

Also their least resultant, 

P-0 = 2. P* + (2"-2PO=4. 

Hence, PQ=48. 

Now the greatest resultant 

=p+<3= s/p*+y'*+2py 

= ^/lOO + 96 = 14. 

Also, when they act at an angle 60“, their resultant 
v/P“ + Q‘ + U^Q cos 60” 

= ^/l00 + 2 x 48xJ= 


Ex. 3. Forces P and Q, whose resultant is P, act at a 2 >oint 0. If 
any transversal cut the lines of action of the forces 7’, It at the points 
Lj AT, N respectively, show that 



O 


Let OA be drawn perpendicular from 0 on the transversal *LNM. 
Equating the algebraic sum of the resolved parts of P and Q along 
OA to that of their resultant P, we get 

P cos LOA + Q cos MOA^B cos NOA, 


or, P 


OA.^OA j. 
OL*' ^ OM ^ 

^ +-2— J*. 

OL OM~ON 


OA 

on’ 


». e.. 
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Alternative method : 

P P 

P along OL can bo written as ^^-OL^m.OL, where w= • 

UJj UD 

Similarly Q along OM can be written as n. OM where n= 

OM 

Now the resultant of the forces represented by vi.OL and n.Oilf is 
(m+n) . ON along ON^ where N is a point on LM such that LN : NM 
= 71 : in. Thur ON being the direction of tho resultant, intersecting 
LM at N, 

Il=(m+n).ON, or. + 

Ex. 4. T700 forces P, Q act at a point along two sti'aight Imcs 7 }ia 7 ci 7 ig 

an nitgle a vnth each others and B is their resultant. Two other 
fo7'ces F\ Q' acting along the sa7ne tn:o Imes have a resuHa7it B\ Prove 
that if 6 be the aixgle hctwec7i the Ihtes of action of the resultants^ then 

BB! cos e=-(PQ'+P'Q) cos a+PP'+QQ\ 
and Bfl' sin 6 = {PQ**^P'Q) sin a. 

If <p be tho angle which tho resultant B makes with the line of 
action of P, resolving along and perpendicular to this line, and equating 
the resolved part of tho resultant to tho algebraic sum of tho resolved 
parts of the components, 

Pcos 0 = P+(3 cos o, P sin 0=0 sin a. 

SimilJirly, 0' being the angle made by II' with the same lino, 

P' cos 0'=P'+ 0' cos o, P' sin 0'= Q' sin a. 

Now, 0 = 0 «^ 0 . cos 0 = cos ( 0 *^ 0 '). 

PP' cos d = BBf (cos 0 cos 0' + sin 0 sin 0') 

= (P+ Q cos a)(P'=b Q' cos a) + (0 sin a]{Q* sin a) 

= PP' + (P0'4-P'g) cos o+QQ' (C08»a+ain*a) 

= (PQ'+rO) cosa +PP'+00'. " 

Similarly, tho second result follows. 

Ex. 5. Shoio that the resultant of two forces sec B and sec C acting 
along AB^ AC respectively of any triangle ABC is a force (tan A + tan C) 
along AD^ tohere D is the foot of the perpendicular from A on BC, 
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We note that the forces ffec B and sec C along AB and AC can bo 



Thus the resultant of . AB along AB and along 

is -AD along 42), since D divides BC in the ratio 

sec C sec B r O & ntr% n 

AC ■ AB- [See §^9] 


= (tan J5+ tan C). 


Hence the result. 


Ex. 6. ABCDE is a regular pentagon and forces acting at a point 
are represented in magnitude and direction hy the lines AB, AC, AD, 
AE, BC, BD, BE, CD, CE and DE. Prove that their resultant is 
represented hy 4tAE+2BD, [ C. U. 1939 ] 

We first of all see that forces 
acting at a point and represented in 
magnitude and direction by the lines 
AB, BC, CD, DE are equivalent to 
a single force represented by AE 
[ See § ^’5 ]. Written in vector 
notation, 

AB-hBC + CD-^DE^AE, 

Similarly, AC 4 - CE = AE. 

Also Ab + DE=AE, 

and 'BE-\rED = BD. 

As two forces represented by and ED acting at a point cancel 
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one another, and as the forces all act at one point, we get by combining 
the above, 

AJ3 + BC + CD + DE-\-AC + CE + AD-\- BE = ^'AE-^Db. 

Hence, adding two more forces represented by aE and bD\ we got 
AB + AC-hAD + AE + BG + BD + BE+CD3-CE + DE 
-- ^AE-i-^BD. 

Ex. 7. Forces of magnitude 2, 5, 4, 5 respectively act at an 

angular point of a regular hexagon toioards the other angular points 
taken in order ; find their resultant 

ABCDEF hG\viQ a regular hexagon, 
forces 1, 2, 3, 4, 5 act along AB^ AC, 

AlJ, AE, and AF. 

In the regular hexagon, it is easily 
seen from Geometry that Z.BAC= 

Z.CAT)=Z.DAIS=/.EA1<’‘‘W‘, and P 
60 AB and AE are perpendicular to 
one another. 

If R bo the required resultant and 
0 the angle it makes with AB, we get 
by equating the resolved i)arts of the 
resultant along AB and AE to the algebraic sum of the resolved parts 
of the components, 

R cos 0 = 1 + 2 cos 30** + 3 cos 60** + 4 cos 90" +5 cos 120® 

= l+2.f+3.5+4.0+5(-|)=^: 
and li sin 9 = 2 sin SO'+S sin 60'’+4 sin 90°+6 sin 120* 

= 2. 2 + 8- 4.1 + 5. = 5+ 4 ^/3. 

JJ» = ( J3)» + (5 + 4 ^/3)* = 76 + 40 ^/8. 

Also, tane = ®^t-y^. 

Hence -B = 2 ^/iT+ i6 

giving^the magnitude and direction of the resultant. 


^3 and 0*tan“ 
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Ex. 8. Assmning that the parallelogram law of forces is true so, 
far as the magnitude only of the resultant is concerned^ prove it for 
direction. 



Let OA and OB represent two forces acting at 0 in magnitude and 
direction. Complete the parallelogram OACB and join the diagonal 
OC. It is given that the resultant of OA and OB is represented in 
magnitude only by OC, We are to show that the direction of the 
resultant must be along OC, 

Let OD be a force exactly equal and opposite to the unknown result- 
ant of OA and OB, so that OD is equal to 00 in magnitude, but we 
do not as yet know the direction of OD, Complete the parallelogram 
ODEA, and join the diagonal OE. 

Now since OD is equal and opposite to the resultant of OA and OB, 
the three forces OA, OB, OD acting at 0 are in equilibrium. Hence 
OB is exactly equal and opposite to the resultant of OA and OD, 
But from the given condition, the magnitude of this resultant is 
given by the diagonal OB. Hence OB must be equal to OE in 
magnitude. 

Thus OE=OB=bAO. Also AE^OD—OC, Hence the figure 
OEAC is a parallelogram. Therefore EA is parallel to OC, But by 
construction, AE is parallel to OD, Hence CD and OC must be along 
the same straight lino. Thus the direction of the resultant of OA and 
OB, being exactly opposite to OD from construction, is along the 
diagonal OC. ^ 
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Examples on Chapter II 

1. Show that the greater the angle between the lines 
of action of two forces acting at a point, the less will be 
their resultant. 

2. Two unequal forces inclined at a certain angle act 
on a particle. Show that the resultant is nearer the greater 
force, 

3. The greatest and least resultants of two forces of 
given magnitudes acting at a point are 16 lbs. wt. and 4 lbs. 
wt. respectively. Find their resultant when they act at 
an angle of 60® with one another. 

4. The resultant two forces P and 2P, acting at 
a point, is perpendicular to P. Find the angle between the 
forces. 

5. Find the angle between two equal forces P, when 

their resultant is a third equal force P. [ P. U. 1930 ] 

6. Two equal forces act on a particle ; find the angle 

between them when the square of their resultant is equal to 
three times their product. [ P, U, 1933 ] 

7. The resultant of two forces acting at an angle of 
45® is JlQ lbs. wt. ; one of the component being lbs. 
wt., find the other. 

8. Find the components of a force P along two 
directions making angles of 45® and 60® with P on opposite 
sides. 


9. Two forces of magnitudes 3P, 2P respectively have 

a resultant B, If the first force is doubled the magnitude 
of the resultant is doubled. Find . the angle between the 
forces. [ C. U. 1932 ] 

10. Two forces given in magnitude and direction act 
on a particle. Find the direction in which a third force of 
given magnitude should act on it, so that the resultant of 
the three may be' the least possible in magnitude. 

11. Two forces act at a point and are such that if the 
direction of one is reversed, the direction of the resultant 
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is turned through a right angle. Prove that the two forces 
must be equal in magnitude. 

^2. If the resultant of two equal forces inclined at 
an angle 26 is twice as great as when they are inclined at 
an angle 2<^, prove that cos 6 = 2 cos 

^3. If the resultant B of two forces P and Q inclined 
to one another, at any given angle make an angle 6 with 
the direction of P, show that th§ resultant of the forces 
P + B and Q acting at the same angle will make an angle 
i6 with the direction of P + B. 

[ JB. U. 1926, '29 ; B. E. 1982 ] 

'' 14 . If the resultant of the forces P and Q be equal to 
that of the forces P + S and Q - S acting at the same angle 
(S ^ Q- P), find the magnitude of the resultant. 

46. Two forces P and Q acting on a particle at an 
angle a have a resultant 4- 1) When they act 

at an angle 90® - a, the resultant becomes (2k - l) Jp^ + ; 

prove that 

tan u - ^ ^ J [B.H. U, 1946 ] 

^6. Two forces P + Q, P-Q make an angle 2a with 
one another, and their resultant makes an angle 6 with the 
bisector of the angle between them. Show that 

P tan 0 = Q tan a. [ P. ?7. 1981 ] 

17 . The angle of inclination between two forces P and 
0 is 6. If P and Q be interchanged in position, show that 
the resultant will be turned through an angle <f>, where 

tan^ “ 2 " ^ ^ 

18 . Two forces P and Q act at an angle a and have 
a resultant B. If each force is increased by B, prove that 
the new resultant makes with B an angle whose tangent is 

(P - Q) sin g ^ 

P + Q + jf2 + (P+Q) cos a 

[ P. U. 1943 ; B. H. U. 1943 ] 
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19. Two forces P and Q acting respectively along two 
different straight lines OA and OB have resultant perpendi- 
cular to OA, If two forces P' and Q' acting respectively 
along the same two straight lines have a resultant perpendi- 
cular to OP, show that 

PP'-QO'. 

20. Two forces P and Q acting respectively along the 
straight lines OA and OB which are inclined at an angle 
a to one another (a 9^ ?*), have a resultant B making an 
angle 0 with OA. If Q be changed to Q\ the resultant 
changes to P' making an angle 0' with OA, Show that 

•B^'-Sin (a - 0) 

B sin (a - 0') 

21. The resultant of two forces P, Q acting at a certain 
angle is X, and that of P, B acting at the same angle is 
also X. The resultant of 0, B (Q B) acting at the same 
angle is Y. Show that if P + Q + P = 0, then X = F. 

22. Two forces P and S act at a point along two 
straight lines inclined at an angle 0, and F is their resultant. 
Two other forces B' and S' acting along the same lines 
have a resultant F'. If </> be the angle between the lines of 
action of F and F\ prove that 

(1 - cos + cos 4) 

(P*S'^-2PP'SS' + P'®S*)(l-cos 0)(l_+co8 0). 

[ G. U. 1946 ] 

23. Two forces P and Q acting at a point have got 

a resultant P ; if Q be doubled, P is doubled. Again, if 
Q be reversed in direction, then also P is doubled. Show 
that P : Q : B- s/2 : JS : ^/2. [ Bombay^ 1934 ] 

I 

24. If one of the two forces acting on a particle be 
double that of the other, and if 0 be the angle between 
the direction of the resultant and the greater force, show 
that 0 > in. 
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26 . Three forces P, 22 in one plane act on a particle, 
the angles between Q and 22, 22 and P and P and Q being 
a, fi,y respectively. Show that their resultant is equal to 

(P* + 0® + + 2QB cos a + 2BP cos + 2PQ cos v]^. 

[ Delhi, 1931 ] 

26 . Equal forces P act at a point parallel to the sides 
SC, GA, AB of the triangle ABC. Prove that their resultant 
is given by 

P “ 2 cos A- 2 cos J5 - 2 cos C. 

27 . Forces act through the angular points of a triangle 
perpendicular to the opposite sides, and are proportional 
to the cosines of the corresponding angles ; show that their 
resultant is proportional to 

n /(1 - 8 cos A cos B cos C). 

28 . Prove that any force in the plane of a triangle ABG 
can be resolved into three components acting along the 
sides of the triangle. 

In particular if P, F are the feet of the perpendiculars 
from B and G upon the opposite sides of the triangle ABG, 
show that a force P acting along EF can be replaced by 
P cos A, P cos B, P cos G acting along the sides of the 
triangle. [ B. E. 1936 1 

29 . Show how a force given in magnitude and line of 
action can be broken up into two equal components passing 
through two given points, which are (i) on the same side, 
(ii) on opposite sides of the line of action of the given 
force. 


80* Two given forces, which are not parallel, act at two 
given points of a body. If they be turned through the 
same angle in the same sense about their respective points 
of application, prove that the resultant is constant in magni* 
tude and passes through a fixed point. . > 

31. Two forces P and Q act upon a particle, P is given 
in magnitude and direction, and Q in magnitude only. 
Find the locus of the extremity of the resultant. 
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32. A, B, C are three fixed points and P is a point 
such that the resultant of forces PA, PB always passes 
through C. Show that the locus of P is a straight line. 

33. If the resultant of forces represented by lines drawn 
from a point P to the vertices of a quadrilateral be of const- 
ant magnitude, show that the locus of P is a circle, 

34. Forces are represented in magnitude, direction and 
sense by the sides AB, AC of the triangle ABC, If their 
resultant passes through the circum-centre of the triangle, 
show that the triangle is either right-angled, or isosceles. 

36. A, B, G are three points on the circumference of 
a circle. Forces act along AB and BC inversely proportional 
to thesef lines in magniiiude ; show that their resultant acts 
along the tangent to the circle at P. [ U. P. 1941 ] 

36. AB and CD denote any two equal and parallel 
chords of a circle ; P is a point on the circumference equi- 
distant from A and B, Show that the resultant of forces 
acting at P and represented by PA, PB, PC, PD is constant. 

[ 0. U. 1943 ] 

37. PQBS is a quadrilateral. Prove that the resultant 

of the forces completely represented by the lines PQ, QB, 
PS, SB is represented in magnitude and direction by 2PB, 
and that its line of action bisects QS, [ 0, U- 1941 ] 

38. If P be the ortho-centre and 0 the circum-centre of 
a triangle ABC, show that the resultant of the forces repre- 
sented by 

(i) OA, OB, OG is represented by OP* 

(ii) PA, PB, PC is represented by 2P0. 

39. Three forces PA, PB, PC diverge from the point 
P, and three forces AQ, BQ, CQ converge to the point Q. 
Show that the resultant of the six forces is represented in 
magnitude and direction by BPQ, 

40. If 0 be the circum-centre of the triangle ABO and 
if forces act along 0A\ OB, 00 respectively proportional to 
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BO, CA, AB show that their resultant passes through the 
in-centre. 

41. 0 is any point in the plane of the triangle ABC ; 
D, E, F are the middle points of the sjdes. Prove that 
the resultant of the forces OE, OF, DO is represented 
by OA* 

42. Two chords AB, CD of a circle intersect at right 
^gles at P ; show that the resultant of the forces PA, PB, 

PO, PD is 2PO, where 0 is the centre of the circle. 

* 

43. ABODE F is a regular hexagon and 0 is any point. 

Prove that the resultant of the forces represented by OA, 
OB, 00, OD, OE, OF is 600, where G is the centre of the 
circum-circle of the hexagon. . 

44. Eight points are taken on the circumference of 
a circle at equal distances, and from one of the points 
straight lines are drawn to the others. If these lines 
represent forces acting on a particle at the point, show 
that the direction of the resultant coincides with the 
diameter through the point, and its magnitude is four times 
the diameter. 

46. Forces each equal to P act along the sides AB, OB, 
AD, DO of the square ABOD ; find their resultant. 

46. ABC is a triangle right-angled at A, and AD is 
perpendicular on BO, Show that the resultant of the 

forces ~ acting along AB and acting along AO is 

acting along AD, 

47. Show that the resultant of the forces OA tan A 
and OB tan B acting along the sides OA and OB of the 
triangle OAB is AB tan A tan B, acting in the direction of 
the perpendicular from 0 on AB. 

48. Two forces act along the sides OA, OB of a 
triangle ABO, their magnitudes being proportional to cos A, 
cos B. Prove that their resultant is proportional to sin 0, 
and its direction divides the angles 0 into two portions 
i{0 + B-A\i{0 + A-B). 
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49. P is a point in the plane of the triangle AEG^ and 
I is the in-centre. Show that the resultant of the forces 
represented by PA sin PB sin P, PG sin G along PA^ 
PB, PC respectively is 

4PJ. cos iA cos iB cos JC, 

along PL 

50. Four horizontal wires are attached to a telephone 
post and exert the following tensions on it : 20 lbs. wt. N., 
30 lbs. wt. E., 40 lbs. wt. S. W., and 50 lbs. wt. S. E. 
Calculate the resultant pull on the post. 

Forces of 2, JS, 5, JS and 2 Iba. wt. respectively 
act at one of the angular points of a regular hexagon 
towards the five other^-,in order, h’ind the magnitude and 
direction of the resultant. 

52. Find the magnitude of the resultant of the forces 
7, 1, 1 and 3 lbs. wt. acting from one angle of a regular 
pentagon towards the other angles taken in order. 

53. ABGDEF is a regular hexagon of side a, and at A 
forces act, represented in magnitude and direction by AB, 
2AGt SAV, ^AE, 5AF, show that the magnitude of the 
resultant is V351a. 

54. Three forces P, Q, B meet at a point, and the 
resultant of P and Q is 7 lbs. wt. acting at an angle 
cos”^ (fi) with P. The resultant of P and B is also 7 lbs. 
wt. at an angle cos"^ ( - y) with P, and that of Q and B is 

Vs 

P, Q, B in magnitude and direction, it being given that 
Q and B are on the same side of the line of action of P. 

55. At any point of a parabola, forces represented in 
magnitude and direction by the tangent and normal at the 
point (up to their intersection with the axis), both towards 
the axis, act. Show that the resultant passes through the 
focus. 

*■ • 

56. Two forces are represented by two semi-conjugate 
diameters of an ellipse ; prove that their resultant is a 


with P. Find 


Vi29 lbs. wt. at an angle tan“^ | 
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maximum when the diameters are equal and include an 
acute angle, and their resultant is a minimum when they 
are equal and include an obtuse angle. 

57. Assuming the parallelogram law of forces to be true 
for direction only, prove it for magnitude. 

ANSWERS 

3. 141bs. wt. 4. 120®. 5. 120®. 6. 60®. 

10. In the direction opposite to that of the resultant of the given 
forces. 

14. P+Q. 

31. A circle with centre at the extremity of P and radius equal to 
the magnitude of Q. 

45. 2P acting along PC. 60. 67‘2 lbs. wt. 

51. 10 lbs. wt., towards the opposite vertex. 52. ijll lbs. wt. 

64, P = 3 lbs. wt., (3=5 lbs. wt. at angle 60° with P, 

P=8 lbs, wt., at angle 120° with P. 
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EQUILIBRIUM OF CONCURRENT FORCES 
3*1. Triangle of forces. 

If three forces^ acting at a point, be such as can be 
represented in magnitude, direction^ and sense, (but not in 
position) by the three sides of a triangle taken in order, then 
the forces are in equilibrium. 



Let the three forces P, Q, B acting at the point 0 be 
represented in magnitude, direction and sense by the sides 
BG, CA, AB in order respectively of the triangle ABO. 
It is required to prove that they shall be in equilibrium. 


Complete the parallelogram BGAD, Since BD is equal 
and parallel to CA, the force Q which is represented by CA 
can as well be represented in magnitude and direction 
by BD. ^ 


Now by parallelogram of forces, the two forces P and 
0," represented in magnitude, direction and sense by BO 
and BD, have got a resultant represented in magnitude, 
direction and seqse by BA. This resultant of P and Q 
acts however at 0, and being equal and opposite to B 
which is represented by AB, balances the latter force. 


3 
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Hence the three forces are in equilibrium. 

In vector notation, AB+BC+CA*0, when referring 
to forces acting at a point. 

Note. The three forces, in this case, though represented in magni- 
tude and direction by the sides of a triangle, act at a pointy and do not 
actually act along the sides of the triangle. It will be seen in a later 
chapter (§ 6*^), that if three forces actually act along tho sides of 
a triangle in order, and are represented in magnitude by those sides, 
they are pot in equilibrium, but are equivalent to a couple. 

3*2. Modification of the triangle of forces. ( Perpendi- 
cular triangle offerees) 

If three forces acting at a point he snch that their 
magnitudes are proportional to the sides of a triangle and 
their directions are perpendicular to the corresponding sides, 
all inwards, or all outioards, then also the forces shall be in 
equilibrium. 

For in this case, if we rotate the triangle through one 
right angle in its own plane in the proper sense, we get 
a triangle whose sides in order are parallel to the given 
forces, and will represent those forces in both magnitude 
and direction. Accordingly the forces are in equilibrium. 

Note. The result will also hold if in the above case, the directions 
of tho forces, instead of being perpendicular to the corresponding sides, 
make any equal angles with them, measured the same way round. 
The proof is exactly similar. 

3*3. The converse of the triangle of forces. 

If three forces acting at a point be in equilibrium, they 
can be represented in magnitude, direction and sense by the 
three sides of a triangle, taken in order. 

Let tho three forces P, Q, B acting at 0 be in equili- 
brium. Draw the lines BO, OA in succession, parallel to 
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the directions of P and Q, to represent these forces respect- 
ively in magnitude, direction and sense, on any chosen 
scale. Complete the parallelogram BGAD, and join the 
diagonal BA. 


Then BD being equal and parallel to CA, represents 
Q as well in magnitude, direction and sense. Now P and 
Q being represented by BG and BD, by parallelogram of 



forces, their resultant is represented by BA. But since 
P, Q, B are in equilibrium, B is equal and' opposite to the 
resultant of P and Q, and accordingly B is represented in 
magnitude, direction and sense by AB. 

Thus we get a triangle ABG whose sides BG, GA, AB 
taken in order, represent the forces P, Q, B in this case, 
which proves the theorem. 

Note. If wo draw any other triangle with the sides ^parallel to the 
Jmes of action of the given forces, this triangle will evidently be similar 
to ADC, and accordingly having the corresponding sides proportional, 
the three forces in this case may as well he represented in magnitude, 
direction and sense by the sides of that triangle taken in order. 

Cor. Three forces acting at a point being such that the sum of 
any two is less thai>. the third, they oan never be in equilibrium, for 
they cannot be represented by the sides of a triangle. 
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3*4. Lami’g Theorem/ 

If three forces acting at a point be in equilibrium^ then 
each is proportional to the sine of the angle between the other 
two. 

Let the three forces P, Q, It acting at 0 along tlie 
lines OX, OY, OZ be in equilibrium. 



It is required to prove that 

P ^ B 

sin YOZ sin ZOX sin XOY 

On any chosen scale cut off OA and OB along OX and 
OY respectively to represent the forces P and Q in magni- 
tude and direction. Complete the parallelogram OACB and 
join the diagonal 00. Then by parallelogram of forces, the 
resultant of P and Q is represented by 00. 

Now since P, Q, B are in equilibrium, B is equal and 
opposite to the resultant of P and Q, and accordingly B 
must be represented in magnitude and direction by CO, so 
that COZ must be along the same straight line. Also, AO 
being equal and parallel to OB, represents Q equally well 
in magnitude and direction. 

Then in the triangle OAO, 

OA ^ __A0 _ ^ _00 
sin 004 sin OOA sin OAO 
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But, sin OCA = sin 005 = sin (180®— Y0Z) = sin YOZ 
sin GOA = sin (180® - ZOX) = sin ZOX 
and sin 040 = sin (180® - XOY) = sin X'OY. 

Also, 04, 40, 00 represent P, Q, B respectively. 

^ sin rOif sin^OX sin XOF 
P ^ Q . 

sin (^, B) sin (5, P) sin (P, (?) 


Alternatively, sinco the concurrent forces are in equilibrium, the 
algebraic sum of their resolved parts in any direction, being equal to 
the resolved part of their resultant, is zero. Therefore, resolving per- 
pendicular to OX and to OX respectively, Q sin XOF- J2 sin XOX*=0, 
and P sin FOX- P sin FOF=0. Ilonco P / sin YOZ^R / sin XOF 
=:Q/sm FOX. 

Note. The converse of Lamias theorem is also true ; for proof 
see Appendix. 

3'5. Polygon of forces. 

If any number of forces acting at a point be such that 
they can be represented in magnitude, direction and sense 
by the sides of a closed polygon tahen in order, then they 
shall be in equilibrium. 
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CD, DE, etc., taken in order, of the closed polygon ABODE, 
Join the diagonals AC^ AD, 

The forces P and Q being represented by AB, J3C, their 
resultant (say i?i), is represented by AG. Again the result- 
ant (J ^2 say) of jBi and i?, which are represented by 40, 
CD, is represented by AD ; in other words, AD represents 
tlie resultant of P, Q, It. Proceeding in this manner, the 
resultant of the forces P, Q, B, S ijyhich are represented 
respectively by AB, BG, CD, DE is represented by 
[ See ]. But the last force T is represented by EA, 
and is thus equal and opposite to the resultant of P, Q, 
B, S. Both however acting at 0, balance one another. 
Hence the given forces are in equilibrium. 

Note. It is not necessary here that the forces acting at 0, (and 
accordingly the polygon) should be coplanar. The result will be equally 
true in all cases. 

8*6. The converse of the polygon forces. 

If any number of forces acting at a point be in equili- 
brium, then they can be represented in magnitude, direction 
and sense by the sides, taken in order, of a closed polygon. 

Let a number of forces P, Q, B, S, T acting at a point 
0 be in equilibrium. We are to show that they can be 
represented in magnitude, direction and sense by the sides 
of a closed polygon. 

Let us draw in succession the lines AB, BG, CD, DE, 
joined end to end, parallel to, and i;i the sense of the forces 

P, Q, B, S (all but one), of such lengths that they may 
represent the corresponding forces on any chosen scale. 
Join AEf closing up the polygon, and join the diagonals 

AG, AD. [ See Fig., Art. 3'6 ] 

Then since P and Q are represented by AB, BG, their 
resultant (i?i, say) is represented by AG. Similarly AD 
represents the resultant (Pg, say) of B^ and B of P, 
Q, B. Proceeding in this manner, the last line AE (from 
A to E) represents the resultant of P, Q, B, S (all but the 
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last, namely T). As the forces are in equilibrium, T is 
equal and opposite to the resultant of all the others, and 
accordingly, from above, T is represented by EA. 

Hence the forces are represented in succession by the 
sides of the closed polygon ABODE taken in order. 

Note. As polygons with their corresponding sides parallel are 
not necessarily similar, t.e., have not got their corresponding sides 
proportional always, it follows that the forces in equilibrium acting 
at 0 will not necessarily be represented by the sides of any polygon 
drawn with its sides parallel to the forces. [ Cf. Art. 3'3 note ] 

3*7. Analytical ennditions of equilibrium of any 
number of concurrent forces. 

The Uoo necessary and sufficient conditions that a system 
of coplanar forces acting at a point may be in equilibrium 
are that the algebraic sum of the resolved parts of the forces 
in any two mutually perpendicular directions'^ may be 
separately zero. 

Let a system of coplanar forces Pi, Pg, P 3 act at 

a point 0, and let OX and OY be any two perpendicular 

directions in their plane. Let ui, ug, a 3 , be the angles 

made by Pi, Pg, Pg, with OX, Now JR being the 

resultant of the system, and B the angle which it makes 
with OX, since the algebraic sum of the resolved parts of 
any system of concurrent forces is equal to that of the 
resultant in the same direction, resolving along OX and OY 
respectively, we get 

B cos B «• 2 ?Pi cos a I =JSX (say) 

and B sin B = SPi sin ai=I!Y (say). 

Thus B^=^(SXr+(SY)\ 

Now if the given force system be in equilibrium, 22 = 0, 
and accordingly (SX)^ + (SY)^ being zero, each of £X and 
SY must be separately zero. Hence the conditions JSX^O 


or any two different directions. 
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and ^ Y— 0 are necessary for equilibrium of the given 
system. 

Again, if and EY^O, then JS= 

*=0, and so the force system is in equilibrium. Thus the 
conditions are sufficnent. 

Thus the two necessary and suflScient analytical condi- 
tions of equilibrium of the given system of concurrent 
coplanar forces are 

UX=UPi cos ai *0 and 17Y=27Pi sin =0. 

3*8. Illustrative Examples. 

Ex. 1. Three forces P, Q, B acting along OA^ OB, OG are in 
equilibrium. If 0 he the circum-cenire of the triangle ABC^ prove that 
P 2 B 

11 ■ 1 1 ‘ 1.1 y 

where a, 6, c are the lengths of the sides BC, CA and AB, [ C. U, 1938 ] 

0 being the oiroum-oentre of the triangle ABCt /LBOC at the 
centre = 2^J3ilO at the ciroumferenoe«2il, and similarly Z100i4*= 2J3 
and Z.ilOB=2C. 


A 



Now since the forces P, Q, B along 0^4, OB, OC are in equilibrium, 
by Lami’s theorem, 

P . ^ Q B 

sin BOC^ain 004 "'sin ilOB 

P 

* *’ sin 2^ sin 2B sin 20 
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or, 


_ <3 „ 

2 sin A cos A 2 sin B cos B 2 sin 


B 

G cos G 


Now, in the triangle ABC, 
sin il^sin Z}_sin 
a b c 


and cos A 


6* + c*-a* 
2bo ■ 


• etc. 


llonce, from above 


P R 


///•'+ O'* 



\ 6c ) 

H c« ) 

H a6“ ) 


Dividing the denominator throughout by ahCj the result follows. 


Ex. 2. A body of ma£ 10 lbs. is suspended by two strijigs, 7 and 
54 inches longt their other ends being fastened to the ertennitics of a rod 
of length 25 inches. If the rod be so held that the body hangs immediately 
below its middle i)oinU find the tendons of the strings. [ U. P. 1943 ] 


AB is the rod of the length 25 inches, OA and OB the strings of 
lengths 7 and 24 inches by which the weight (10 lbs.) is suspended at 
0, where GO is given to be vertical, C being the mid;point of AB. If 
CD bo drawn parallel' to AO, then D is the middle point of OB, and 
CD-iAO=3i inches. 


Again since 25’*=7*4-24® identically, we 
got and so Z.AOB = l rt. Z.. 

Thus OC =}.4B = 12 J inches. 

Now, if Ti and be the required tensions 
along OA and OB, since the three forces, Ti, 
Ta ftnd the vertical weight of 10 lbs. acting at 
0 are in equilibrium, the triangle ODC, whose 
sides are evidently parallel to the forces, is 
a triangle of force and its sides will accordingly 
be proportional to the magnitudes of the forces. 

Thus 

^ 10 . T, r, iP^ 

CD 0D“0C'*'^' 8J“12“12J' 



Hence Tia2t lbs. wt. and Ta*9{ lbs. wt. 


10 lbs. 
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Alternatively, 

by Lami's theorem in the case, 


sin COB 
or, 


10 


sin CO A sin A OB 


or, 


sin CBO 


2 j ^^10 

7 24 

2^5 25 


* etc. 


= - r*- . 

sin CAO 


10 

sin OO** 


Ex. 3. A smooth ring of weight W can slide freely along a strmg 
v)hich has its ends attached to two fixed points. The ring is pulled 
horizontally on one side with a force P. Find P, if in the eguilibrium 
positionj portions of the string are inclined at angles 6 and 0 to the 
vertical. 

Let T be the tension of the string, which must be same through- 
out the string, as it passes through a smooth ring. 

Now the ring at 0 is in equilibrium under forces, namely, the 
tension T, T on the two sides along OA and OP, the weight vertically 
downwards, and the horizontal force P, 



Besolving. horizontally and vertdoally for equilibrium, we get 
P+T sin 0-r sin d«0, or, P*»P(sin ^-sin 
and TT— T cos 0- P cos ^ — 0, or, W^T (cos 0+ cos ff), 

• g — sin 0 ^ 2 sin j 0) cos j (^+0) 

" ’ TT^cos ^+oos 0*2 COB J (^+0) cos J (tf-0) 

■Stan i(9-0). 

/. P« TT tan 1(4-0), 
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Examples on Chapter III 


1. Three forces of magnitudes 3, 5 and 7 lbs. wt. acting 
on a particle keep it at rest. Find the angle between the 
two smaller forces. 


2. Can a partible be kept at r^st by three forces whose 
magnitudes are proportional to (i) 4, 5, 9 ; (ii) 4, 7, 9 ; 
(iii) 4. 15, 9 ? 

3. (i) Examine whether three forces whose magnitudes 
are in the proportion 3:2:1. acting on a particle, can be 
kept in equilibrium under any circumstances. [ C, U» 1943 ] 

(ii) A light string suspended from a fixed point 0 has 
attaclied to it three eqtial masses, one at its lowest point 0 
•and the other two at 'A and B, A being above i?. If Ti, 
Tg, Ta be the tensions of the parts OA, AB, BG^ show that 
Ti:T2:T8=3:2:1. 


4. Three equal forces acting at a point are in equili- 
brium ; show that they are equally inclined to one another, 
and inversely. 

Three forces acting at a point are in equilibrium ; if 
they are proportional to 

(0 1,1, s/2: (ii) s/3 + 1, s/3-1, s/6 
find their inclinations to each other. 

Find a point within (i) a triangle, (ii) a quadrilateral, 
such that the forces represented by the lines joining it 
to the angular points may be in equilibrium. 


7. ABC is a triangle ; D,E,F are the middle points 
of the sides BC, OA, AB respectively. Show that the forces 
acting on a particle and represented by the straight lines 
AD, BE, CF will maintain equilibrium. [ B. H. C7. 1940 ] 


8. Three forces in equilibrium act perpendicularly to 
the sides of a triangle through any point in their plane 
within the triangle. Show that the forces are proportional 
to the con*esponding sides of the triangle. 

0. If P be any point in the plane of the triangle ABG, 
and D, E, F the middle points of ite side s BO, CA, AB 
resp ectively, show that the forces AP, BP, OPr-PD, PEt 
PF are in equilibrium. • 
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10. Three forces act in given directions at a point 0, 
and are in equilibrium. If a circle is drawn through 0 to 
cut the lines of action of the forces in A, B, G respectively, 
prove that the forces are proportional to the sides of the 
triangle ABC. 

11. OA, OB, OG are three straight lines of equal length 
in one plane, and they are not all on the same side of 
any straight line passing through 0. Forces P, Q, It act 
respectively along these lines, such that 

P ^ Q . 

area OBG area OGA area GAB * 
show that P, Q, B are in equilibrium. 

12. Forces P, Q, B acting along lA, TB, IG, where I 
is the in-centre of the triangle ABG, are in equilibrium ; 
show that P : Q : B = cos iA : cos iB : cos iC. 

13. Forces P, Q, B acting along OA, OB, OG, where 0 
is the circum-centre of the triangle ABG, are in equilibrium ; 
show that 


_ Q__ _ « B 

c^(a^+b^-c^) 

14. 0 is the circum-centre of the triangle ABG, and 

L, M, N are the feet of the perpendiculars from A, B, G 
respectively on the opposite sides. If forces acting along 
OA, OB, OG are in equilibrium, show that they are propor- 
tional to the sides of the triangle LMN. 

16« Forces X, Y act along the sides AB, AD respectively 
of a cyclic quadrilateral ABGD, If they are balanced by 
a force Z which acts along the diagonal GA from G to A, 
show that X \Y\Z^ CD ; GB : BD. 

16. A transversal cuts the lines of action of three forces 
P, Q, B which act at the point 0, and are in equilibrium, 
at the points A, B, C ; show that (with a convention 
regarding sign) 

P ^ Q ' B 
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17. If forces represented in magnitude, direction, and 
sense by {^n - n) OP, (71 - Z) OQ, (Z - m) OB be such that they 
are in equilibrium, prove that P, Q, B are collinear. 

18. If four forces acting along the sides of a quadri- 
lateral are in equilibrium, prove that the quadrilateral is 
a plane one. 

19. (i) If one of the two intersecting forces be given in 
magnitude and direction, and the other has its line of action 
only given, prove that the least force which will produce 
equilibrium is perpendicular to the second force. 

(ii) A particle weighing 19 lbs. is supported by two 
strings attached to it. If the direction of one string be at 
30* to the vertical, finjd the direction of the other in order 
that its tension may be as small as possible ; find also the 
magnitude of the tensions in the two strings in this case. 

20. ODy OE, OF are drawn perpendiculars from the 
circum- centre 0 of the triangle ABC upon the sides BG, OA, 
AB, Show that the six forces represented by AO, BO, CO, 
OD, OE, OF are in equilibrium. 

21. Forces acting at a point are represented in magni- 
tude, direction and sense by AB, 2BG, 2CD, DA, DB 
where ABGD is a square. Show that the forces are in 
equilibrium. 

22. Forces acting at a point are represented in magni- 

tude and direction by 2AB, BBC, 2CD, DA, GA and DB 
where ABGD is a quadrilateral. Show that the forces are 
in equilibrium. [ C, U. 1987 ] 

23. A, By G, X, T, Z are six points in a plane, jio three 
of which are collinear. Show that forces BG* GA, AB, 
acting at X, Y, Z respectively are in equilibrium with 
forces ZY, XZ, YX acting respectively at A, B, C. 

24. Goplanar forces whose magnitudes are proportional 
to the sides of a closed polygon act perpendicularly to those 
sides at their naiddle points, all inwards or all outwards. 
Prove that they are in equilibrium. 
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25. Five equal forces so act on a particle that the angles 
between them in pairs in order are equal ; show that the 
forces are in equilibrium. 

26. If a transversal cuts the lines of action Oil 1 , Oilgi 
0il8,...0iln of the forces' Pi, Pg, Pa,...P»i, which are in 
equilibrium, at the points ili, A 2 , A 3 ,., .An, then. 


jPi + 

OAi OA2 


+ ... 


+ 


OAn 


= 0 . 


27. A uniform plane lamina in the form of a rhombus, 
one of whose angles is 120®, is supported by two forces 
applied at the centre in the directions of the diagonals so 
that one side of the rhombus is horizontal ; show that if 
P and Q be the forces, and P be the greater, then P® = 3Q^. 


28. Two light rings slide on a smooth vertical circular 
wire and a thin string passing thrpugh the rings has two 
weights tied at its extremities. A third weight is attached 
to a point of the string between the rings, and the system is 
in equilibrium with the rings resting at points distant 30® 
from the highest point of the circular wire. Find the rela- 
tion between the weights suspended. 

Find also the pressure on the wire at one ring, if the 
middle weight be 10 lbs. 


29. A light string is fastened to two points A, D at the 
same level, the length of the string exceeding the distance 
AD, and particles of weights 2 lbs/ and 1 lb. are fastened to 
it at two points B and G respectively. If AB, BC, CD make 
angles a, /?, V respectively with the horizontal, prove that 


tan a » 2 tan Y ±3 tan 

30. A series of equal weights are knotted at different 
points of a string, the two extremities of which are tied to 
two fixed points. Proye that, in the equilibrium position, 
the tangents of the inclinations to the horizontal of the 
successive portions of the string are in A. P. 

31. A string ABC has its extremities tied to two fixed 
points A and B in the same horizontal line ; to a given 
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point C in the string is knotted a given weight 
that the tension in the portion GA is 


TTi 
4c A 




W. 


Prove 


where' a, b, c are the sides and A the area of the triangle 
ABC. 


32. (i) Three smooth nails are stuck on a vertical wall so 
as to form an equilateral triangle with its base horizontal. 
A light string carrying two equal weights at its extremities 
passes on them. Find the pressures on the nails. 

(ii) Six smooth pegs form a regular hexagon. A loop 
of string passes round the pegs, fitting tightly against them. 
Prove that the pressure on each peg is the same. 

C'' 

33. If B be the pressure of a body of weight W on an 
inclined plane when the supporting force acts horizontally, 
and B' the pressure when the supporting force acts along 
the plane, then JSjB'* 

34. Two forces P, Q acting parallel to the length and 
base of an inclined plane respectively, would each of them 
singly support a weight W on the plane ; prove that 

35. Two planes AB, AG having a common height are 
inclined to the horizon at angles a and P respectivly. Two 
weights, one in each plane, are kept in equilibrium by 
a string attached to the weights and passing over A, Show 
that the weights are as AB : AG. 

36. A body is supported on a smooth plane inclined at 
an angle a to the horizon by a force Pi acting along the 
plane, and a horizontal force P 2 « The inclination a, as also 
each of the forces Pi and P 2 being halved, the body is 
still found to be at rest. Show that Pi : P 2 * 2 cos®ia : 1. 

37. A weight of 30 lbs. is supported by a string fastened 
to a point on a sn^ooth plane inclined at an angle Id"* to the 
horizon and the string is only just strong enough to support 
a weight of 16 lbs. The inclination of the plane to the 
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horizon being gradually increased, find when the string 
will break. 

38. A weight is supported on a smooth plane of inclina- 
tion a to the horizon by a string inclined to the vertical at 
an angle y. If the slope of the plane be increased to P and 
the slope of the string is ^unaltered, the tension of the string 
is doubled to support the weight. Prove that 

cot a - cot y = 2 cot p, [ C, U. 1945 ] 

39. A smooth tube in the form bf a parabola is placed 
with its axis vertical and vertex downwards, and a heavy 
particle is placed within it ; show that the particle can be 
kept at rest by an outward force along an ordinate which 
varies as the ordinate, and that the corresponding reaction 
of the tube^ varies as the square root of its distance from 
the focus of the parabola. 

40. A small bead can slide on a smooth elliptic wire 
being acted on by forces towards the foci which are propor- 
tional to the corresponding focal distances. Prove that the 
only positions of equilibrium are the extremities of the axes. 


ANSWERS 

1. 60®. 2. (i) Yes. (ii) Yes. (iii) No. 

8; (i) Yes, when all the three forces act in the same line, the last 
two being in the same sense, and the first one opposite. 

6. (i) 135®, 135®, 90®. (ii) 75®, 165® 120®. 

6. (i) The point of intersection of the medians. 

(ii) the mid-point of the line joining the middle points of any 
pair of opposite sides. 

19. (i) At right angles to the first string ; 5 ^/S lbs. wt. and 
6 lbs. wt. 

28. The weights are equal ; 10 lbs. wt. 

32. (i) W s/5 on the upper, and i 1Y( n/3- s/ 5) on either of the lower. 
87. When the inclination is 30®. 



CHAPTER IV 
PARALLEL FORCES 

4’1, In the previous chapters we have considered forces 
acting on a particle i,e., forces which pass through a point. 
We shall now consider forces acting on a rigid body. In 
such cases, it is often necessary to find the resultant of two 
forces which are parallel. 

Two parallel forces are said to be like when they act 
in the same sense and thef" are said to be unlike when they 
act in opposite senses. 

4'2. Resultant of two like parallel forces. 

Let two like parallel forces P, Q acting at points A, B 
respectively of a rigid body be represented by the lines AX, 
BY, Join AB. 



At A apply a force of any magnitude F along AB, At 
B apply an equal and opposite forces F along BA. Since 
these two forces balance each other» they will not affect 
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the required resultant. Let these forces be represented by 
AD and BE. 

Complete the parallelograms ADLX, BEMY ; let the 
diagonals AL, BM be produced to meet at 0. Through 0 
draw 00 parallel to AX or BY to meet AB in 0, and 
draw HOO parallel to AB. 

Now, the forces P A and Q at B are equivalent to the 
forces P and F at A, and Q and F at B. 

But the forces P and F Skt A are equivalent to their 
resultant, say Pi, represented by the diagonal AL. Let 
its point of application be transferred on its line of action 
to 0. Then Pi at 0 can be resolved into two component 
forces, parallel to their original directions, one F along 
OG, parallel to and in the sense AB^ and the other P 
along CO. 

Similarly, the forces Q and P at P are equivalent to 
their resultant, say P 2 , represented by BM. Let its point 
of application be also transferred to 0. Then Pg at 0 can 
be resolved into two component forces, one F along OH 
parallel to BA, and the other Q along CO. 

Thus the given forces are equivalent to two forces P 
and Q along 00, and two more forces each equal to F, 
acting in opposite directions Off and OH. The first two 
forces are equivalent to a single force (P + Q) along CO, and 
the last two forces balance one another. 

Hence the resultant P of two like parallel forces P and 
Q is a like parallel force (P + Q) acting through a point 0 
in AB between the points of application of P and Q. 

Position of the point 0 through which P acts. 

Since A* ACO, ADL are similar, 

• • OO^DL^AX"^ P* 

/. P.AC^F.OO. ( 1 ) 
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Again, since A* BCO, BEM are similar, 

. BG BE F 

*• go~em"'q' 

Q.BC = F.CO ••• (2) 

From (1) and (2), P,AC=Q.BC. ••• (3) 


AG^ <3. 
GB P 


i.e., G divides the line AB internally in the inverse ratio 
of the forces. 


4*8. Resultant of^ two unlike (unequal) parallel 
forces. 



Let two unlike unequal parallel forces P, Q (P > Q) 
acting at points A, B respectively of a rigid body Ito 
represented by the lines AX, BY, Join AB. 
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At A apply a force of any magnitude F along AB. 

At B apply an equal and opposite force F along BA, 

Since these two forces balance each other, they will pot 
affect the resultant. Let these forces be represented by 
AD, BE. 

Complete the parallelograms ADLX, BEMY ; let their 
diagonals AL, BM when produced, meet at 0. ( Since the 

given forces are not equal, the diaggnals are not parallel, 
and hence they always meet ). 

Draw OG parallel to AX or BY to meet BA produced 
at 0, and draw HOO parallel to AB. 

Now, the forces P ^t A and Q e^t B are equivalent to 
forces P and F at A, and Q and F at B. 

But the forces P and F at A are equivalent to their 
resultant, say represented by the diagonal AL, Let its 
point of application bo transferred on its line of action to 0. 
Then B^ at 0 can be resolved into two component forces 
parallel to their original directions, one F along 00 parallel 
to and in the sense ABy and the other P along OG. 

Similarly, the forces Q and F s,t B are equivalent to 
their resultant, say B 2 f represented by BM. Let its point 
of application be also transferred on its line of action to 0. 
Then i ?2 at 0 can be resolved into two component forces, 
one F along OH, parallel to and in the sense BA, and the 
other Q along GO. 

Thus the given forces are equivalent to two forces, P 
along OG and Q along CO, and two more forces, each equal 
to F acting in the opposite directions 00 and OPT. 

The first two forces are equivalent to a single force 
(P Q) acting along Op, and the last two forces balance one 
another. 

Hence the resultant B of the two unlike unequal parallel 
forces P and 0 (P > Q) is a parallel force (P - Q) acting in 
the direction of the greater force, through a point G, outside 

points of application of the forces. 
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Position of the point C where B acts. 

Since A' OOA, AXL are similar, 

. OC AX^AX^P 
•' AC’“XL AD"'f' 


P.AG = FOC - (1) 

Similarly, since A* OCB, MEB are similar, 

, OC ME BY^ Q 

" gb'"eb^be°‘ f‘ 


Q.CB^F.OC. 

From (l) and (2), P.AC - 


Q.GB 


or 


AG 

GB' 


P 


• ( 2 ) 

• (3) 


G divides AB CTtemally in the inverse ratio of the 
forces. 

Note. When the parallel forces P tmd Q are unlike and equal, 
A* PJSilf being identically equal, A,I>AL^ A^EBM. Therefore, 

ATj, BM are parallel ; and hence they cannot meet at any finite 
distance. Hence the geometrical construction for finding the resul- 
tant fails in such, a case. Thus we see that two equal unlike parallel 
forces cannot be compounded into a single force; in other words 
there is no single force of which the effect on a body will he equivalent 
to the joint effect of two equal and unlike parallel farces. Such a pair 
of forces is said to constitute a couple [ see Chap, TT]. This case 
accordingly is called a case of failure for finding the resultant of two 
unlike parallel forces. 

In case of two like parallel forces however, they always have 
a single resultant whether they are equal or unequal, for in this case 
AL and BM [ Fig,, Art, ^^2 ] will never be parallel, as can be easily 


4*4. SumminjK up* 

If the parallel force P and Q (whether like or unlike) 
have a resultant jS, then 
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(i) B is parallel to P and Q in the sense of the greater 
force 


(ii) B^P±Q (algebraic sum of P and Q) 


(m) 


q“ca 


If P > Q, BG > GA. Hence the resultant passes 
near the greater force, dividing AB internally in case of 
like, and externally in case of unlike,forces. 

{iv) Again, from the above ratio, we get 
P^^ P±Q B 
BG GA^ BG±~CA^'AB 


Hence it follows that if three parallel forces are in 
equilibrium, one is equal and opposite to the resultant of the 
other two, and each is proportional to the distance between 
the other two. 

(v) The position of the point 0 is independent of the 
directions of P and Q. This point is usually referred to 
as the centre of the parallel forces P and Q, whatever be 
their common direction. 


4*6. Resultant of a system of parallel forces. 

(i) When the forces are all like. 

Let Pi,P2, Pst be a system of like parallel forces. 

First find the resultant Bj, of Pi and P2« Then B^ is 
a like parallel force, and is equal to Pi + P2‘ Next obtain 
the resultant B2 of JSi and Ps ; then B2—BX + P3'- 
P1 + P2 + Pa, and i?a is a like parallel force. In this way 
the final resultant B would be obtained, which will be a like 
parallel force and 

i? = Pi + Pa + P8 + 

(ii) When the forces are nol all like. 

Divide the forces into two sets of like parallel forces and 
let JSi, B2 be the resultants of the two sets, which are 
obviously unlike parallel forces. 
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If Bi 7^ B 21 suppose El > Jis ; then Ei — E 2 is the 
required resultant, which is parallel to the system of forces, 
and is equal to their algebraic sum. 

If El =E 2 , and their lines of action are coincident, the 
system is in equilibrium ; but if their lines of action are not 
coincident, they form a couple. 

4*6, Illustrative Examples. 

Ex. 1. T 1 V 0 men are carrijing a straight uniform bar 16 ft long 
and weighing 160 lbs. One man supports it at a distance of 3 ft from 
one endt and the other man at a distance of 3 ft from the other end* 
What weight does each man hear ? [ 0. Z7. 1945 ] 

Let AB be the uniform i)ar 16 ft. long and O be its middle point, 
so .that its wt. 160 lbs. acts at O. [ because the weight of a uniform 
bar acts at its middle point, see Art. 10' 5 ] 

AC Q OB 

“T 

'pi 


160 ibs. 


VQ 


Let the two men support the bar at C and A so that ^0 = 2 ft., 
and 3 ft., and let P and Q bo the downward pressure on their 
shoulders. Then P, Q are the parallel components of the weight 160 lbs. 
of the bar acting at Q. Hence by Art. 4'2, 

P+0* 160 — (1) and P.CG=Q.DG, ».e.. 6P-60 (2) 

whence, P«72x®f, Q^87^i. 

Hence the men bear the weights of 72 tt lbs. and 87^^ lbs. respec- 
tivdy. 

Ex. 2. Two men have to carry a block of stone of weight 311 lbs, 
on a light plank. How must the block be placed so that one of the men 
should bear the weight 205 lbs, more than the other 9 IC, U, 1935 ] 

Let AB be the plank and G the point on AB where the stone is 
to be placed. Let Wi, W^(W^> W%) be the weights which the two 
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men at A and B have to bear. Then the weight of the stone acting at 
O is the resultant of the parallel forces 


1 

W, 

TF. + F,-3U; ... (1) 

and W^.AC=W,.BO. ... (2) 

Also, by the condition of the problem, 

IT. -IT, =205. ... (3) 

From (1) and (3), W, = 268, IF, = 53. 



Wi 311 lbs 


from (2), 


AG Tr,_62 
CB’^W^ 258 


Thus, the stone must be placed on the plank at a point dividing it 
m th^ratio 53 : 258. 


Examples on Chapter IV 


1. A horizontal rod AB which is 4 ft. long (whose 
weight is negligible) rests on two props at its extremities ; 
a body of mass 60 lbs. is suspended from a point G such 
that AC ~ 1 ft. Show that the pressure at A is three times 
that at B. 


^ The extremities of a straight bamboo pole 8 ft. long 
rest on two smooth pegs P and Q in the same horizontal 
line. A heavy load bangs from a point B of the pole. 
If PB^SBQ, and the pressure at Q be 325 lbs. more than 
that at P, find the weight of the load. [ C, U. 1941 ] 

^ A heavy uniform rod rests on two pegs in the same 
horizontal line, 1 foot apart. If the pressure on the pegs 
are in the ratio 1 : 2, find the distances of the pegs from the 
middle point of the rod. 


A 


uniform see-saw 


plank, 16 ft, Ipi^, weighs 1 owL 
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Find the position of the support when two children weighing 
44 lbs. and 68 lbs. respectively, sit at the two ends. 

[ P. U. 1945 ] 

6. Two men, one stronger than the other, have to 
remove a block of fitone weighing 300 lbs. with a light pole 
whose length is 6 feet ; the weaker man can not carry more 
than iOO lbs. Where must the stone be fastened to the pole 
so as just to allow him his full share of weight ? 

[ P. E. Allahabad ] 

6. A light horizontal plank of length 8 ft., on which is 
placed a load of 32 lbs. at a point 1 foot from one end, rests 
on supports at its ends. If the load be removed from its 
position and placed at the middle of the plank, find by how 
much the pressure on each support is altered. 

7. If the position of the resultant of two like parallel 
forces P and Q is unaltered, when the positions of P and 
Q are interchanged, show that P-Q, 

8. Two like parallel forces P and Q act at given points 
of a body , if Q be changed to P^lQf show that the line of 
action of the resultant is the same as it would be if the 
forcesl were simply interchanged. 

^ A man carries a bundle at the end of a stick which 
is Iflaced horizontally over his shoulder if the distance 
between his hand and his shoulder be changed, how does 
the pressure on his shoulder change ? 

10. A man carries a bundle at the end of a stick 6 ft. 
long, which is placed on his shoulder. What should be the 
distance between his hand and shoulder, in order that the 
pressure on the shoulder may be three times the weight of 
the bundle ? 

11. Show that the algebraic sum of the resolved parts 
of a pair of parallel forces, (not forming a couple), along 
any line in their jriane is equal to the resolved part of their 
resultant along the same line. 

IS* (i> Show that the reecdtant. of three Muil like ' 
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parallel forces acting at the angular points of a triangle 
passes through the centroid of the triangle. 

(ii) Three equal like parallel forces act at the mid- 
points of the sides of a triangle ; show that their resultant 
passes through the centroid of the triangle. 

13. Three like parallel forces P, Q, B act at the angular 
points of a triangle. If their resultant passes through the 
centroid of the triangle, whatever be the common direction 
of the forces, then 

P«Q = P. 

14. Three like parallel forces P, 0, B act at the vertices 
A, Bt C of the triangle ABC, and are respectively propor- 
tional to a, 6, c. Show that their resultant passes through 
the in-centre of the triangle. 

15. A force P acts along AO, where 0 is the circum- 
centre of the triangle ABC. Show that the parallel 
components of P acting at B and G are in the ratio 
sin 2B : sin 20. 

16. Three like parallel forces P, Q, B act at the vertices 
of the triangle ABC. If their resultant passes through the 
circum- centre in all cases, whatever be the common direc- 
tion of the forces, show that 

_P. Q. B.. . 

sin 2A sin 2B sin 20 

17. ABO is a triangle, and 0 any point within it ; like 
parallel forces act at A, B, 0, which are proportional to 
the areas BOO, COA, AOB respectively. Show that the 
resultant acts at 0. 

18. A line AB is divided into two parts at 0. The 
resultant of two like parallel forces P and Q acting through 
the mid-points of AO and OB passes through 0. If P and 
Q be interchanged in position, show that their resultant 
will pass through the mid -point of AB. 

19. The resultant of two parallel forces P, Q at A, B, 
&cts at 0 when like, and at D when unlike. Prove that if 
parallel forces whose magnitudes are equal to these resultant 
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forces, act simultaneously at C, D, then A, B will be the 
points at which their resultant will act in the two cases of 
like and unlike directions. 


20. If the magnitude of two unlike parallel forces P, Q 
(P > Q) be increased by the same amount, show that the 
line of/action of the resultant will move further off from P. 




P, Q are like parallel forces. If P is moved parallel 
to itself through a distance x, show that the resultant of P, 
Q mo^s through a distance Pa:/(P + Q). 

^22f. If the two like parallel forces P and Q acting on 
a rigid body at A and B be interchanged in position, show 
that the point of applfcation of the resultant will be 
displaced along AB through a distance d where 


^"P~+ g • (P > 0) [0. U. 1954 ] 


23. There are two like parallel forces P, Q. If two 
equal and unlike parallel forces S, S having their lines of 
action parallel to those of P and Q and distant b from one 
another be introduced anywhere in the plane, show that 
the resultant is displaced through a distance bSl{P + Q). 


The resultant of two like parallel forces P, Q passes 
through a point 0 ; when P is increased by B and Q by S, 
the resultant still passes through 0, and also when Q, B 
replace P, Q respectively ; show that 




iQ-BV 

P-Q ‘ 


ANSWERS 

2. 650 lbs. 8. 4 inches, 8 inches. 4 . 7} ft. from the heavier child. 
6. 4 ft. from the weaker n^n. 6. 12 lbs. 

9. The pressure varies inversely as the distance between his hand 
and shoulder. 

10. 2 ft. 
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MOMENT OF A FORCE 

5*1* Forces acting; on a particle can produce a motion 
of translation only ; but forces acting upon a rigid body 
may produce either a motion of translation or of rotation 
or of translation and rotation both. > The case of rotation 
introduces the idea of the turning effect or moment of a force 
which is defined as follows : 

Def. The moment of a force about a point is the 
product of the force and the perpendicular distance of the 
point from the line of action of the force. 

Thus, if P be a force, and p the length of the perpen- 
dicular ON drawn from a point 0 upon AB, the line of 
action of the force, then the moment of P about 0 
is P X ON i,e,, Pp, 



Note. It is olear from above that if the line of action of P passes 
through 0, its moment about that point is zero. 

5*2« Physical significance of a Moment. 

Let a body be capable of turning in a plane about 
a point ; for instance, let a plane lamina' resting on a smooth 
bpriaontal table be pinned at O, about which it can turn. 
Iiet « force P be applied in jits plane at a point say with 
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the help of a string, one extremity of -which is tied at A. 
Now if it be pulled in a direction which when produced 
passes through 0, it is common experience that the lamina 
does not move. If however the force be applied in a 
different direction, say LA, as in the figure, we can see that 
the body will turn about 0 in an anti-clockwise direction. 



If instead, a force Q be applied at £ in a direction BM^ as 
in the figure, the lamina will turn about 0 in a clockwise 
direction. ,If both the forces be applied simultaneously, the 
direction of rotation about 0 due to a joint effect of these 
will depend not simply on the magnitude of P and Q, but 
also on the distances OL and OM of their lines of action 
from the point 0. It will be experimentally observed that 
if P.OL = Q.OM, the body will not turn at all. On the other 
hand, it will rotate anti-clockwise or clockwise according 
as P.OL or Q.OM is the greater. 

Thus it is experimentally, found that the magnitude of 
the tendency of rotation about 0 due to a force depends on 
the moment of the force about the point, and not on the 
magnitude of the force only. The moment of a force about 
a point, therefore, is a fitting measure of the tendency of 
rotation of the body about the point caused by the application 
of the force, 

5*8. Sign of a^moment. 

As mentioned above, the moment of a force about a point 
in a body represents the tendency of rotation of the body 
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about the point due to the application of the force on it. 
Now, as already pointed out, on account of the situation 
of the point with respect to the line of action of the force, 
in some cases, the application of the force may cause the 
body to rotate anti-clockwise (as in the case of P along LA) 
and in other cases (as in the case of Q along BM), the rota- 
tion may be clockwise. The moments of the forces in the 
two cases about 0 are to be regarded as of opposite signs. 

Although either direction of rotation may be chosen as 
positive, the usual convention is to regard the moment in 
case of anti-clockwise tendency of rotation as 'positive, and 
in case of clockwise tendency of rotation, the moment is 
negative. 


5*4. Graphical representation of a Moment. 



Let the force P be represented in magnitude, direction 
and line of action by AB, Let 0 be any point, and p the 
length of the perpendicular ON from 0 upon AB or AB 
produced. Join OA, OB, The moment of P about 0 is 
Pp i,e, AB X 0N=2A0ilS. Thus the magnitude of the 
moment of a force about a point is represented by twice the 
area of the triangle formed by joining the point to the 
extremities of the line representing the force. 

When proper sign is given to this expression as explained 
in the previous article, we get the moment completely in 
magnitude and sign. 

6*5. Unit of Moment. 

The moment of a unit force about a point at a unit 
perpendicular distance from the line of action of the force 
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is defined as the unit for the measurement of moments. If 
the unit of force be a pound weight, and unit of distance be 
one foot, the unit of moment is a foot-pound. Similarly if 
the unit of force be a gramme weight, and unit of distance 
be one centimetre, the unit of moment is a centimetre- 
gramme. 

5'6. Varignon’s Theorem. 

The algebraic sum of the moments of two forces'^ about any 
point in their plane is equal to the moment of their resultant 
about that point. 

There are two cases^4jo be considered. 

Case (i). When the forces meet at a point. 

Let the two forces P and Q act at a point if [ as shown 
in figures (i) and (ii) ] along AX and AY respectively, and let 
0 be any point in their plane. 



Fig. (i) Fig. (ii) 

Draw 00 parallel to P to meet the line of action of Q 
in 0. Now choose scale so that the length AO may 
represent the magnitude of and on the same scale let 
AB represent P. 

Complete the .parallelogram ABDG, and join AD, OA, 
and OB. Then AD represents the resultant B of P and Q. 


Whioh do not form a couple. 
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Now in either figure, the moments of P, Q and B about 
0 are represented by 2A0AB, 2 A 0-40, and 2 AO AD 
respectively. > 

In fig. (i), where 0 lies outside the ABAG^ the moments 
of P and Q about 0 are both of the same sign, (positive in 
this figure), and their algebraic sum is represented by 

2A0AB + 2AOAG^2ADAB + 2A0AC 

= 2 AG AD + 2 AOilC - 2A0AD 
= moment of J?.’ 

In fig. (ii), where Olies within the ABAG, the moment 
of P being positive and that of Q being negative, their 
algebraic sum is equal to 

2 A OilB - 2 Ail 00 « 2ADAB - 2 Ail 00 
^2AGAD-2AA0G 
^2 AO AD 
= moment of P. 


Case (il). When the forces are parallel. 



Fig. (i) . Pig. (ii) 

Let P, Q be two like parallel forces, and let 0 be any 
point in their plane. 


Through 0 draw a line perpendicular to the lines of 
action of the forces P and Q to meet them in -4, B 
respectively. Then by Art. 4*2, their resultant is the like 
parallel force P-P + Q, acting through 0 on AB, such that 
P.4b= Q.J50. 
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In fig. (i), the algebraic sum of the moments of P and Q 
about 0 is 

P.OA + Q.OB 

= P{OC- AG) + QiOG + GB) 

= (P + 0) OC - P.AG + Q.GB 
= (P + Q) OG = B.OG 
= moment of B about 0. 

In fig. (ii), where 0 is within AB, the algebraic sum of 
the moments of P and Q about 0 

= - P.OA + Q.OB 
= - P.iOC + AGH Q (BC - OC) 

= -(P-^Q) OC- P.AG + Q.BG 
= “(P+g) 0G= -E.OG 

= moment of B about 0 

( taking into account its sign as in the figure ) 

Note. If the parallel forces are unlike and unequal, the theorem 
can be proved exactly in the same way. 

Cor. It easily follows from above that the algebraic sum of the 
moments of any two forces about any point on the line of action of 
their resultant is zero, and conversely, if the algebraic sum of the 
moments of any two coplanar forces (which are not in equilibrium) 
about any point in their plane is zero, their resultant passes through 
that point. 

5*7. Generalised theorem of Moments. 

If any number of coplanar forces acting on a rigid body 
have a resultant the algebraic sum of their moments about 
any point in their plane is eqtial to the moment of their 
resultant. [ Extension of Varignon's Theorem ] 

Let Pi, Pg, Pst--* be the forces acting in a plane, and 
let 0 be the point in it about which the moments are taken. 
Further let the resultant of Pi and Pa be JBi, and the 


6 
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resultant of Bx and Ps be B^ \ then B^ is the resultant of 

Pit ^2t Pa* 

« 

Similarly, let the resultant of Bz and P 4 be P 3 and 
so on, till the final resultant B is obtained. 

Now, by Art. 5*6, the algebraic sum of the moments of 
Pi and Pfl about 0 is equal to the moment of B^ about 0. 

Again the algebraic sum of moments of Pi and Ps i.e., 
of Pi, P 2 , Ps about 0 is equal to tfie moment of Pg about 
0 ; and so on, till all the forces have been taken. If we 
denote the perpendiculars from 0 on the lines of action of 
the forces Pi, P 2 , P 3 ,... by Pi, P 2 » and if d be the 

perpendicular distance from 0 of the line of action of the 
final resultant P, then we have 

SPp = Pd. 

Cop. 1. It follows from above that if a system of coplanar forces 
he in equilihriumt the algebraic sum of their moments about any poimt 
tn the plane is zero. 

Cor. 2. If 0 lies on the line of action of the resultant, d = 0 and 
hence XPp^O. Hence, the algebraic sum of the moments of any 
number of coplanar forces about any point in the line of action of their 
resultant is eero. 

Cor. 3. Again if ZPp=0, then Bd=0; hence either d=0, or P=0. 
Thus, if the algebraic sum of the moments of any number of coplanar 
forces about any point in their plane be sero^ either the resultant passes 
through the point, or the forces are in equilibrium. 

The above property enables us to determine the line of 
action of the resultant of a number of coplanar forces by 
determining the points through which the resultant passes. 

5*8. Moment of a force about an axis. 

So far we had confined ourselves to the consideration of 
two dimensional cases only, where forces are confined to 
act in one plane, and the body capable of turning^ in the 
same plane about some point in it. Now let us consider 
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the more general case of a solid body capable of turning 
about a fixed line as an axis (a door capable of turning about 
the line of hinges being an example). A force acting on the 
body at any point in any manner, it is seen that if the line, 
of action of the force passes through the axis of rotation, 
or else is parallel to that axis, the body will not turn. On 



Fig. (i) Pig. (ii) 

the other band if the line of action of the force does not 
intersect the axis of rotation, nor is parallel to it, the body 
will turn about the axis. The measure of the tendency of 
rotation in this case, necessitates the definition of the 
moment of a force about a line as follows : 

When a force P acts on a body in a direction perpendi- 
cular to a line AB in the body, but not intersecting it, 
when P acts in a plane perpendicular to AB^ as in 
Fig* (i)i the moment of the force P about the line AB 
is defined to be P»ON, where ON is the perpendicular 
distance between the line of action of P and the lineM^JS 
about which the moment is to be taken. 

When P acts in any direction (not necessarily perpendi- 
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cular to AB) as in Fig. (ii), let ON be the shortest distance 
between AB and the line of action of P, If now P, assumed 
to be acting at N on its line of action, be resolved into two 
perpendicular components, one parallel to AB and the other 
perpendicular to it, the moment of P about AB is the 
product of the resolved part of P perpendicular to AB and 
the shortest distance ON between AB and the line of action 
of P ; in other words, the moment of P about AB in this 
case is P sin 6 • ON. 

Note 1. The moment of P, about AB is zero, if either (i) P is 
parallel to AB or else (ii) if the line of action of P intersects AB, 

Note 2. It must be borne in mind that when in the two dimen- 
sional case we speak of a body in the form of a lamina rotating about 
a point in its plane, it realy rotates about an axis perpendicular to the 
plane through the point in question. Moment of a force about a point 
in its plane in two dimensions is therefore nothing but the particular 
case of the moment about an axis perpendicular to the plane of the 
force through the point. 

Note 8. As in case of Varignon’s theorem in two dimensions, we 
can show in the general case of a solid body acted on by a system of 
forces, that if a system of forces actmg on a body have a resultcmt^ the 
algebraic sum of their moments about any line in the body is equal to 
that of their resultant. 

Hence if a system of forces^ acting on a body generally keeps it at rest, 
the algebraic sum of their moments about any line in the body is zero, 

5*9. Illustrative Examples. 

Ex. 1. Three forces P, Q, B act along the sides BO, CA, AB of 
a triangle ABC. Their resultant lies in the line joining in-centre 
and centroid of the l^ABC, Show that 

a(b-c)"b{f-ar7{^' 

Let I and O be the in-centre and centroid of ^ABO and r the 
in-radius. Then the perpendiculars from I on the sides are each 
equal to r. Lot OL, OM, GT be the porps. from G and, Pi, jpg, jp, 
be the perps. from A, B, C on BO,OA,AB; then and 
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ap^ = 2AABC. GX,=3A.-. Similarly, GJIf=SA.i • 

CL 0 C 

Since the resultant passes through I and G, hence the algebraic sum 
of the moments of the forces about each of the two points is zero ; 

P.T+Q.r-h i.e., P+Q + B=Of ... fl) 

and P,OL+Q.GM+ R.GN= 0, 

i.e., P.3A-i+0.3A-|+B.5A-~ =0, 

or, P* ^ + (J)* ” =0, i,e,t P.bc+Qxa-h B.ab = 0. (2). 

From (1) and (2) by cross-multiplication, we get the required 
result. 

Ex. 2. A narrow uniform plank 20 ft, long weighing 100 lbs, is 
supported in a horisontal position on two posts^ one 5 ft, from one end 
and the other 8 ft, from the other end of the plank, A boy weighing 
60 lbs, walks on it starting from the latter post towards the corresponding 
end. Find how far it is safe for him to walk. What are the reactions 
of the posts tvhen he is furthest from the starting point without upsetting 
the plank [ C, U, 1033] 


A 


C 



100 lbs. 



60 .lbs, 


Let AB bo the plank placed upon two posts C and D, so that 
,iC = 5 ft. and PI)s8 ft. The wt. of 100 lbs. of the plank acts at G, 
the mid-point of AB ; then DO ^2 ft. 

Let P bo the position of the boy between D and B, beyond which 
ho cannot walk safely without upsetting the plank, and let DP=^x, 

In this position as the plank is on the point of being upset about 
P, the contact with the support at C is just broken and the reaction 
at 0 is zero then. Now taking moment about P, we have 

60.PP*100.GP, t.e., 60®«100x2, a:«3J£t. 
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For tho position, as already remarked, reaction of the post C is 
zero and reaction of tho point D balancing the resultant of the weights 
at O and P (which are like parallel forces) is equal to 

100+60 = 160 lbs. wt. 

Ex. 3. One end of a stout rope of length 20 ft* is fixed to a vertical 
telegraph post standing on the ground^ and a man pulls at the other end 
with a given force. Find the i)oint of the post at which the rope is to he 
fixed in order that the man toill have the best chance of over-turning 
the post * [C. U. J944] 

Let AB be the telegraph post, A being tho base and C the point to 
which tho rope CD must be fixed where D is the position of the man 
on the ground. 



Then CD =20 ft. 

From A draw AM porp. to CD and lot /iADC=0, Lot F be the 
force acting along CD. 

The moment of F about A 

= Fx AM= Fx AD sin B=Fx CD cos 0 sin 0 
= FxiCD sin 20 
= 10 F. sin 20, 

This is greatest when sin 2^ ~1, «.e., 2^ = 00^ t.e., ^ = 45^ 

Then AO - OB sin 46" = 20 x j = 10 /^/2 ft. 

Thus, the rope is to be fixed at a height of 10 h]2 ft. from the 
ground. 
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Ex. 4. A round table of weight W stands on three legs, of whicK the 
upper ends are attached to its rim so as to form an eguilateral triangle. 
Show that a body whose weight does not exceed W may be placed any- 
where on the table without the risk of toppling it over. [ C. U. 1943 ] 



Let ABC he a circular table and let A, II, C be the upper ends of 
the legs attached to the rim such that ABC is an equilateral triangle 
and let A\ B\ C' be the points of contact of the legs with the floor. 

Lot O be the centre of the table through which its weight W acts. 
There is a chance of overturning if any weight is placed on the portion 
of the table outside the triangle ABC, say in the portion BEC, and the 
table will, if it turns at all in this case, turn about the line B'C\ and 
when it is on the point of being overturned. A* just loses contact With 
the floor and the weight placed and the weight of the table have equal 
moments about B*C', i.e., about BC, Now, the weight will clearly have 
the greatest turning effect when placed farthest away horn BO i.e,, 
when placed at E, the mid-point of the arc BEC, 

Since ABO is an equilateral triangle, AQDE (D being the mid-pOint 
of BC) is perp. to BC. Let X be the weight placed. Then taking 
moment about BC, 


X.ED^W.QD. 


• •• 


( 1 ) 
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Since from AOCD, OD"»OC sin 30®= JGC- JGJS, 

/. OD^DE. 

£rom(l). X=Tr, 

i.e,, the greatest value of X when the table just not overturns is W. 

The same value of X would be obtained when placed in the portion 
on the side of AB or ACt opposite to the triangle ABC, 

Hence W is the greatest weight that can be placed anywhere on the 
table without toppling it over. 

* 

It may bo noted that if the weight be placed within the triangle 
ABCt its moment about BC or CA or AB being of the same sign as 
that of the weight of the table, there is no chance of the table being 
overturned whatever the weight may be. 


Examples on Chapter V 

1. AB is a diameter of a circle and AG, AD are chords 
at right angles to one another. Show that the moments of 
the forces represented by AC, AD about B are equal. 


2. Forces 2, 4, 6, 8, 10 and 12 lbs. wt. act respectively 
along the sides AB, BC, CD etc. in order, of a regular 
hexagon each of whose sides is ^3 feet. 0 is the centre of 
the hexagon and on AB an equilateral triangle O' AB is 
drawn on the side opposite to the hexagon. Find the 
algebraic^ turn of the moments of the forces about 0, 
A and Q\ 


A uniform beam AB is 16 feet long and weighs 50 lbs. ; 
masses of 20 and 60 lbs. are suspended from A, B respec- 
tively. At what point must the beam be supported so that 
it may rest horizontally ? 


4. A metre rule , of negligible weight carries weights 

1, 2, 3, 100 gms. attached to marks 1, 2, '3, 100 c.m. 

Find the/]^int about which it will balance. 


v5/Mi 


Masses of 1 lb. 2 lbs., 3 lbs., 4 lbs., and 6 lbs. are 
suspended from a uniform horizontal rod AB, 10 ft. long, ' 



MOMENT OF A FORCE 


73 


weighing; 3 lbs. and supported at its ends, at distances of 
1 foot, 2 feet, 3 feet, 4 feet and 5 feet from A. Find the 
pressure on the supports. 

The horizontal roadway of a bridge AB is 36 ft. 
long, weighs 5 tons and rests on two supports at its ends. 
What is the pressure on each support when a lorry of 
weight 3 tons starting from A is two-thirds of the way 
across the bridge ? 

7. Prove that if four forces acting along the sides of a 
square are in equilibrium, they must be equal in magnitude. 

8. (i) Show that the sum of the moments of the forces 
represented in magnitude, direction, sense and line of action 
by AD, BE, OF wher6' D, E, F are the mid-points of the 
sides BC, GA, AB of A ABC, about each of the points A^ 
B, G is zero. 

(ii) If D, E, F be points on the sides BG, GAt AB of 
a triangle ABG such that BD : DO = GE : EA - AF : FB^ 
prove that the algebraic sum of the moments of the forces 
represented by AD, BE, GF, about each of the points 
A, B, G equal. 

\9^ Three forces P, Q, B acting at the vertices A, B, 0 
respectively of a triangle, each perp. to the opposite side, 
keep it in equilibrium. Prove that 

P : Q : B = a :b : c. 

10. If three forces P, Q, B acting along the bisectors of 
the angles of a triangle, at the angular points A, B, C 
respectively, keep the triangle in equilibrium, show that 

P : Q : B = cos iA : cos iB : cos iO. 

11. Three forces acting along the medians of a triangle, 
all from the vertices, are in equilibrium. Show tb|tt the 
forces are proportional to the lengths of the medians. 

12. Forces P, Q, B act from the angular points of 
a triangle ABG, perpendicular to the opposite sides. Prove 
that if their resultant passes through the circum-centre 

P (6 cos C - c cos B) + Q{o cos A^a cos 0) 

+ B (a cos B - 6 cos A) = 0. 



74 


INTERMEDIATE STATICS 


18. Forces l.BGt m.CA, n.AB act along the sides of 
a triangle ABC taken in order ; show that their resultant 
passes through the centroid of the triangle if Z + m + » = 0. 

14. Three forces act along the sides of a triangle 
taken in order. If the sum of two of the forces be equal 
in magnitude but opposite in sense to the third force, then 
their resultant passes through the in-centre of the triangle. 

15. If four forces, each acting along a side of a cyclic 
quadrilateral, be in equilibrium, sho^iv that each force is 
proportional to the opposite side. 

Three forces P, Q, B act in the same sense along 
the sides BG, CA, AB of a triangle ABG ; show that if 
their resultant passes through 

(i) the centroid, P cosec A + Q cosec B + B cosec 0 = 0 

(ii) the circum-centre, P cos A-^ Q cos P + P cos 0 = 0 

(iii) the ortho-centre, P sec + Q sec P + P sec 0 = 0. 

Forces P, Q, B act along the sides PO, 04, AB of 
the triangle ABG. If the line of action of their resultant 
passes through the in-centre and circum-centre of the 
triangle, prove tliat 

P 9 _ B 

cos P - cos 0 cos 0 - cos A cos A - cos P 

[ 0. U. 1939, '46 ] 

18. Three forces P, Q, P act in the same sense along 
the sides PO, 04, 4P of the triangle 4P0. If their result- 
ant passes through 

(i) the ortho- centre and centroid, 

P Q_ 

sin 24 sin (P - 0) sin 2P sin (C— A) 

. ^ ^ 

sin 20 sin (4 - P) 

(ii) the ortho-centre and circum-centre, 

P Q ^ P 

(6* - c®) cos 4 ” (c* - a®) cos P " (a* - 6*) cos 0 
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19. A uniform beam 10 ffc. long and weighing 60 lbs. 
rests on two props at equal distances from the ends. Find 
the maximum value of this distances so that a man weighing 
10 stones may stand anywhere on the beam without upset- 
ting it. 


20. Eiglit feet of a plank, 24 ft. long and weighing 
200 lbs. project over the side of a quay. What least weight 
must be placed on tlie end of the plank so that a man 
weighing 150 lbs. may be able to walk to the other end 
without the plank tilting over ? 

A uniform rod of length 6 ft. and weight 2 lbs. rests 
horizontally on two props at its extremities, each of which 
will bear a maximum weight of 13 lbs. Find on what part 
of the rod a weight of 16 fbs. can be placed without breaking 
either support. 

22. A liOn-uniform rod 16 inches long rests on two 
pegs 9 inches apart, with its centre midway between them. 
The greatest masses that can be suspended in succession 
from the two ends without disturbing the equilibrium are 
4 lbs. and 6 lbs. respectively. Find the weight of the rod 
and the position of the point at which its weight acts. 

23. A uniform plank of length 2a and weight W is 
supported horizontally on two vertical props at a distance 
b apart. The greatest weight that can be placed at the two 
ends in succession without upsetting the plank are TTi and 
W 2 respectively. Show that 

...Fi 

W+W± TF + TF3 a 

A heavy carriage wheel of weight W and radius r, 
is TO be dragged over an obstacle of length h, by a horizontal 
force P applied to the centre of the wheel. Show that 
P must be slightly greater than 

r-h 

25. A man tries to uproot a tree with the help of 
a rope of length 80 feet, by fastening one extremity at soma 
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point of the vertical stem and pulling at the other end from 
the ground. The least moment about the foot of the tree 
necessary to uproot it is 1200 ft. -lbs. Find the least force 
that the man has to apply. 

26. A smooth bamboo pole just stands vertically on 
the ground, and a horizontal rope which is once wrapped at 
its top has the two portions at right angles to one another. 
The pole is kept in position by pulling it with a rope 
attached at one-third the height of the pole. If this latter 
rope be inclined at an angle 45® with the horizon, prove 
that the tension in it must be six times that of the rope 
at the top. 

27 . If the moments of two given intersecting forces 
about a point in their plane be equal and of the same sense, 
prove that the point must be on a certain straight line. 

28 . The magnitude of a force and also its moments (of 
the same sign) about two given points are given. Find its 
line of action. 

29 . Forces are represented in magnitude, direction 
line of action and sense by the perpendiculars drawn from 
the angular points of a triangle to the opposite sides. If 
their sum of moments about each of the angular points is 
zero, show that the triangle is equilateral. 

80. If three forces represented in magnitude and 
direction by the bisectors of the angles of a triangle, all 
acting from the vertices, be in equilibrium, the triangle must 
be equilateral. 

31 . The sums of the moments of a system of forces 
acting at a point about two given points are equal in 
magnitude. Show that their resultant is parallel to a fixed 
line or passes through a fixed point. 

32 . Of four coplanar forces in equlibrium, one is given 

completely, a second and a third, which are not parallel, 
have their lines of action given, while the fourth has its 
magnitude only given. Prove that the line of action of the 
fourth force must touch a fixed circle. [ C. (7. 1934 ] 
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33. AEG is a right-angled triangle, the sides BC, CA^ 
AB being 13, 12 and 5 units of length respectively. The 
moments of a force F about A, B, 0 are, 

(0 0, 25 and 144 units of moment respectively ; 

[ 0. U. 1936 ] 

(ii) 0, - 25 and 144 units of moment respectively ; 
find in each case the magnitude, direction and line of action 
of F. 


34. AEG is an isosceles right-angled triangle whose 
equal sides AB, AG are 4 ft. in length ; the moments of 
a force about the points A, B, G are respectively 8, 8 and 
16 units in the same sdihse ; find the magnitude and the 
line of action of the force. 

35. Forces 1, 2, 4, 5 lbs. wt. act, all in the same sense, 
along the sides of a square taken in order. Prove that 
their resultant is parallel to a diagonal and find where it 
cuts the side along which the first force acts. [ 0. U, 1037 ] 

36. The moments of a force about the points (0, 0), 
(10, 0), (0, 5) are 184, -- 46 and 249 foot-pounds. Find 
where the force meets the axis of x and find its components 
parallel to the co-ordinate axes. 

37. OX and OT are two straight lines at right angles, 
and a force acting in their plane at 0 has moments O and 

about the two points whose co-ordinates are (a?, y) and 
{x\ y) respectively with respect to the line OX and OF as 
axes of co-ordinates. If {xy - xy) is not zero, prove that 
the magnitude B of the force and the angle 0 between its 
line of action and OX are given by 

Ixy'-se'y)* 

and tan 0 = [ C. U. 2946 ] 

xkjt “■ a; Cr 

88. Like parallel forces P, Q, B act at the vertices of 
a triangle ABO perpendicular to its plane. If the resultant 
passes through 
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(i) the in-centre of the triangle, 

P : Q : E = sin 4 : sin J5 : sin 0 

(ii) the circum-centre of the triangle, 

P : Q : B = sin 2A : sin 2B : sin 20 

(iii) the ortho-centre of the triangle, 

P : Q : B = tan A : tan B : tan 0. 

89. A square table stands on four legs placed at the 
mid-points of its sides. If the total weight of the table and 
legs be TT, find the greatest weight which can be put at 
one of the corners of the table without upsetting it. 

40. A circular table of weight W has four legs spaced 
at equal distances round its edge. Show that the least 
weight sufiicient to overturn the table is ( ^2 + 1) W, 

ANSWERS 

2. G3, 63 and 81 ftdbs. respectively. 

8. 6 ft. from B, 4. 67th mark. 5. 7 lbs. wt. ; 11 lbs. wt. 

6. Bi tons 'wt. at A, ii tons wt B. 19. 1^ ft. 20. 25 lbs. 

21. Within a distance 1} ft. from the middle point on either side. 

22. 3^ lbs., i inoh from the mid>point. 25. 80 lbs. wt. 

83. (i) F= 13, acting along the tangent at i4 to the oircum-oircle of 
I^ABC. (ii) F= 13, acting along the perpendicular from A on BC. 

84. 2 units acting parallel to AB at a distance 4 ft. from it on the 
opposite side of C, 

86. Divides it externally in the ratio 2:3. 

80. At a distance 8 ft. from the origin ; 13 lbs. wt. along a;* axis and 
23 lbs. wt. along ^-axis. 


89. TT. 



CHAPTER VI 


COUPLES 

6*1. We have seen in Chapter IV that the general 
method of finding the resultant of two equal and unlike 
parallel forces fails, i.e,, there is no single force whose effect 
is the same as the joint effect of two equal and unlike 
parallel forces. Hence such a pair of forces acting upon 
a rigid body cannot produce a motion of translation. 

Two equal and, unlike parallel forces (whose lines of 
actions are not the same) are said to constitute a couple. 

The arm of a couple is the 
perpendicular distance between 
the lines of action of the two 
forces forming the couple. 

The moment of a couple is 
the product of either of the forces 
forming the couple^ and the 
perpendicular distance between 
their li'nes of action (i,e, the arm). 

A couple, each of whose forces is P and whose arm is 
p, as in the above figure, is very often denoted by (P, p). 

The whole effect of a couple acting on a rigid body 
is to produce rotation without imparting to it any motion 
of translation. 

The moment of a couple id considered positive or negative 
according as the couple tends to rotate the body in the anti- 
clockwise or clockwise direction. 

Examples of a couple are the forces applied to the key of 
a clock in winding it up, or the forces applied by the hand 
to the handle of a door in opening it. 

Couple is called by some writera Torqtie. 
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6*2. Theorem. 

The algebraic sum of the moments of the two forces 
forming a couple about any point in their plane is constant 
and equal to the moment of the couple. 

Let each of the two forces forming the couple be P and 
0 be any point in their plane. Through 0 draw a line OAB 
perpendicular to the lines of action of the forces meeting 
them in A and B. 


% 


O 


B 


The algebraic sum of the moments of the forces about 0 
= P,0B - P.OA " P.{0B - OA) 

•-P.AB 


which is constant {i,e„ independent of the position of 0) 
and which is equal to the moment of the couple. 


Note. The moment of a couple can never be zero, for then the 
two forces cancel each other. 


*3. 


Equilibrium of two couples. 


Theorem. If two couples, whose ^mments are equal and 
opposite, act in the same plane upon a rigid body, they balance 
one another. 


Let (P, p) and {Q, q) be the given couples, so that 
P.p =* Q.q in magnitude. ••• (1) 
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Case 1, When the forces forming the couples are not all 
parallel. 

Let one of the forces P of one of the couples intersect 
one of the forces Q of the other in A, and let the other two 
forces naeet in B, 

Now, rtthe sura of the raoraents about A oi P and Q 
acting at P = Pp - 0(7 = 0 by (l). 



the resultant of P and Q at P passes through 4, 
and hence acts along BA from P to A. Similarly the 
resultant of P and Q at A acts along AB, from A to P. 

Since the two forces at A are respectively equal and 
opposite to those at P and since both pair act at the same 
angle, their resultants must be equal in magnitude and 
opposite in sense ; and as they act along AB and BA, they 
cancel each other. 

Thus the resultant of the forces forming the two couples 
is nil, and hence the two couples balance one another. 


6 



Since the moments of the couples are equal in magnitude, 
we have 

P.AB = Q.CD. - (1) 

Let the resultant (P + Q) of the like parallel forces 
P at B and Q at C act at 0 ; then 

P,BO=^Q.CO. — (2) 

Subtracting (2) from (1), 

P{AB-BO) = Q{CD-CO), 
i.e., P.AO-Q.DO. 

Thus the resultant (P + Q) of the like parallel forces 
P at and Q at Z> also acts at 0. 

Since these two resultants are equal in magnitude and 
opposite in directions and act at the same point, they are in 
equilibrium, and hence the two couples balance each other. 
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6*4. Equivalence of two Couples. 

As a corollary to the above theorem we get the 
following : 

Two couples in the same plane whose moments are equal 
and of the same sign; are equivalent to one another. 

For, by reversing the constituent forces of any couple, 
all the forces will be in equilibrium. 

It follows therefore, that a couple acting in any manner 
in a plane can be replaced by any other couple in the same 
plane, provided the moment of the latter is equal to that 
of the former, and of thejsame sign. It is immaterial what 
the direction of the constituent forces of the second couple 
may be, or their magnitude, or the arm. 


Thus a couple (P, p) may be replaced by a couple 
in the same plane with its constituent forces each 

equal to P, the arm being such that the moment remains 

unaltered. ’ Also one force F may be taken to be acting in 

Pp 

any line and sense, the other at the distance being 

on that side so as to make the sign of the moment same 
as that of (P, p). 

Similarly a couple (P, p) may be replaced by a couple 
® j with a given arm x anywhere in the plane. 


6*5. Couples in parallel Planes. 

The effect of a couple is not altered if it is transferred 
to a parallel plane^ provided its moment is unchanged in 
magnitude and sign. 

Let AB be the arm of the couple (P, p) and let CD be 
a straight line equal and parallel to AB, lying in a plane 
parallel to the plane of the couple. 
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Join AD, BG and lefe 0 be their point of intersection. 
Then 0 is the middle point of both AD, BG, 

At each of the points G and D introduce two equal and 

opposite forces, each 
being equal and 
parallel to P. 

Now, like parallel 
forces P at A and P 
at D may be replaced 
by their resultant 2P 
acting at 0, along OE 
parallel to them. 

Again, like parallel 
forces P at B and P 
at C may be replaced 
by their resultant 2P 
acting at 0, along OF 
parallel to them. 

Being equal, oppo- 
site and collinear, these two resultant forces balance, and 
we are left with two unlike parallel forces, one P acting 
at G in the same sense and direction as P at A, and the 
other, P acting at D in the sense and direction of P at B. 

Thus, the given couple (P, p) with the arm AB is 
equivalent to the couple (P, p) of the same moment in 
a parallel plane, having its arm GD equal and parallel 
to AB, 

Now the couple (P, p) with arm GD can be replaced in 
its plane by any other couple, provided the moment is 
unchanged in magnitude and sign, as in Art. 6*4. Hence 
a couple in any plane can be replaced by any other couple 
in a parallel plane, provided its moment, remains unchanged 
in magnitude and sign. 

Note. From above it is clear, that the effect of a couple 'remains 
unaltered so long as its moment remains the same in magnitude and 
sense, whatever be the magnitude of its constituent forces, the length 
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of its arm, and its position in any one of a set of parallel planes in 
'which it may be supposed to act, 

A couple is therefore completely specified if we know (i) the 
direction of the set of parallel planes, (ii) the magnitude of its moment, 
(iil) the sense in which it acts : 

These three characteristics of a couple can be aptly represented by 
a straight line drawn 

(i) perpendiouJar to the set of parallel planes, to indicate the 
direction : 

(ii) of a measured length to indicate the magnitude of the 
moment : 

and (iii) in a definite sense, to indicate the sense of the moment. 

A lino so drawn to represent a couple is called the axis of the 
Couple. 

6*6. Resultant of coplanar couples. 

Any number of coplanar couples acting on a body is 
equivalent taa single couple whose moment is equal to the 
algebraic sum of the mo^nents of the couples. 



Let (P, p), (Q, g), (P, r) ... be a number of couples acting 
in the same plane upon a body. 
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Let AB represent the arm p of the couple (P, p) whose 
component forces P, P act along AX and BY. 

The moment of the couple (0, q) = Q,q^--^p. Hence 

V 

the couple (0, g) may be replaced by another couple whose 
arm coincides with AB and whose component forces of 

magnitude act along AX and BY, 

P 

Similarly the couple (P, r) may ber replaced by another 
couple whose arm coincides with AB and whose component 
B‘T 

forces of magnitude — act along AX and BY, 

Eeplacing all the other couples in this way we get 
a single couple with the arm AB, each of whose component 
forces 

\ p V I 

Hence the given system of couples is equivalent to 
a single couple whose moment 

•=(p+^^ + — + *-\xp 
\ p p I 

■=Pp+ Qq+Br+ ••• 

= the algebraic sum of the moments 

of the different couples. 

Note. If the moment of any of the couples, say Pr, be negative, 
as in the figure, corresponding component along AX will be negative 
i.s.t opposite to the sense of P there, and similarly for the component 
at B, Hence Ihe resultant single force along AX or BF is the algebraic 
sum of these component forces. 

y 

6*7. Resultant of a couple and a force. 

. A force and a couple in the same plane are equivalent to 
a single force, eqyal and parallel to the given single force. 

Let F be ihe given force acting at 0 along OA and (P, p) 
the given couple. 
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Beplace the given couple by another couple having its 
forces each equal to F. If x be the length of the arm of 




this new couple, its moment = = Pp, the moment of the 

original couple. 

Hence x ■■ 

F 

Place the. couple such that one of its component forces 
F acts at 0 along the line of action of the given force F but 
•in the opposite sense z.c., acts along OB. 

Now the two equal and opposite forces acting at 0 
along the same line balance, and we are left with a single 
force F at 0 which is in the direction of the original force, 
and at a distance Pp/P from it. 

Thus a force F and a couple of moment G are equi- 
valent to a single parallel force P, displaced to a distance 
GIF from its original position. 

Cor. A force and a couple acting in the same plane cannot prodtuie 
eqvMibrium. 

^’8. Theorem. If three forces acting upon a rigid 
body be represented in magnitude, direction, sense and line 
of action by the sides of a triangle, taken ith order, they are 
equivalent to a couple whose moment is equal to twice the 
area of the triangle. 
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Let three forces P, Q, B acting upon a body be repre- 
sented in magnitude, direction, line of action and sense by 
the sides PC', C/1, AB respectively of the triangle ABC. 



Draw BAD parallel 
to BG, and introduce 
at A two equal and 
opposite forces equal 
to P, acting in the 
directions AD and 
AE. Draw AN perp. 
to PC. The three 


forces P along AD, Q along GA, and B along AB, acting 
at A, and being represented in magnitude, direction and 
sense by the sides of a triangle taken in order, are in 
equilibrium, by the triangle offerees. 


We are thus left with forces P along AE and P along 
PC, which form a couple of moment P x AN, i.e,, BG x AN, 
i.e., equal to twice the area of the A-4PC. 


Alternative method : 

The forces Q and B acting at A and represented by CA and AB are 
equivalent to a force acting at A represented in magnitnde and direction 
by CB, i.e„ equivalent to a force P acting at A parallel and opposita 
in sense to the given force P. Hence the three forces are equivalent to 
a couple of moment PxAN, i.e., BCxAN, i,e,, twice the area of 
A ABC, where AN is the perpendicular from A on BC. 


6'9. Theorem. If a system of coplanar forces acting 
upon a rigid body be represented in magnitude, direction, 
sense and line of action by the sides of a polygon taken 
in order, they are equivalent to a couple whose moment is 
represented by twice the area of the polygon. 

Let the forces be completely represented by the sides 
AB, BO, CD, DE, EA of the polygon ABODE, Join AG 
and AD. 

Let us introduce in the body two pairs of equal and 
opposite forces represented by AC, CA and AD, DA acting 
along those lines. These do not affect the given system. 
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Now the forces represented by the sides AB, BG, 
OA of the AABCt actually acting along these lines, are 
equivalent to a couple of 
moment 2AABC, 

Similarly the forces repre- 
sented by the sides of AAGD 
and AADE are respectively 
equivalent to couples of mo- 
ment 2AAGD and 2AADE. 

Now, these three couples 
are equivalent to a single 
couple whose moment is equal to 2{AABG-hAAGD 
+ AADE) = twice the ^rea of the polygon ABGDE, 

6*10. Theorem. A force acting at any point A of a body 
is equivalent to an equal and parallel force acting at any 
other arbitrary point B of the body, together loith a couple. 

Let P be a force 
acting at A along AX, 
and B any arbitrary 
point, and let p be the 
distance of B from AX. 
At B apply two equal 
and opposite forces, each 
equal and parallel to P, 
along BC, BD. These two 
forces will have no effect 
on the body, and the three 
forces P may now be 
regarded as P along AX 
and P along BD forming a couple of moment Pp, and 
a force P at P along AG, parallel to the original force and 
in the same sense. 

Note. THo moment of the couple is equal to the moment of the 
original force at A about B. 

6*11. Theorem. If a system of coplanar forces reduces 
to a couple, the algebraic smn of the •moments of the forces 
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about any point in their plane is constant, and equal to the 
moment of the couple. 

Let P, Q, B, S,... be a system of coplanar forces, and 0 
any arbitrary point in their plane. 

As in the previous article, we can replace the force P 
by an equal and parallel force at 0, together with a couple 
whose moment is equal to the moment of P about 0. 
Dealing with each of the other forces in the same manner, 
we get the given system of forces equivalent to a set of 
concurrent forces at 0, together with a number of couples, 
which latter can be compounded into a single couple, whose 
moment being equal to the algebraic sum of the moments 
of the couples, is ultimately equal to the algebraic sum of 
the moments of the given forces about 0. The concurrent 
forces at 0 must in this case be in equilibrium, for other- 
wise they would combine into a single resultant force, 
which along with the couple would give us a single force 
as our resultant, and not a couple. 

Thus, when the given system of forces reduces to a 
couple, the algebraic sum of the moments of the forces 
about 0, which is arbitrary, is always the same, namely 
equal to the moment of the resultant couple. 

6*12. Illustrative Example. 

Ex. Four forces are completely represented by the sides AB, BC, 

CD, DA of a qudrilateral ABCD : 
show that they are equivalent to 
a couple, consisting of two equal 
forces through B and D, 

Forces AB and BC are equi- 
valent to a force at B represented 
in magnitude, direction and sense 
by AC. 

Similarly, forces CP and DA 
are equivalent to a force at D 
represented in magnitude, direc- 
tion and sense by CA. 

Thus the four foroes are equivalent to two equal, parallel and unlike 
forces at B and P and hence they are equivalent to a couple. 
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Exampleg on Chapter VI 

1. Forces equal to 3, 5, 3 and 5 lbs. wt. respectively 

act along the sides of a square taken in order ; find their 
resultant. [ 0. U. 1932 ] 

2. Show that the forces 3, 8, 7, 11 and 5 lbs. wt. acting 
respectively along AB, BC, GD, DA and AG of a rectangle 
ABGD are equivalent to a couple, if AB = 6 ft. and 
BC“4jft., and show that the moment of the couple is 
79i ft.-lbs. 

8. Forces of magnitudes 1, 2, 3, 4, 2 J2 act respectively 
along the sides AB, BG, GD, DA and the diagonal AG of 
the square ABGD, Sho'p that their resultant is a couple, 
and find its moment. [ C. U, 1947 ] 

4. Forces P, 2P, - P, 2P act along the sides AB, BG, 
GD, DA of the square ABGD, and a force P ^/2 acts along 
each of BD and GA, Show that the forces reduce to 
a couple of moment 2aP, where a is the side of the square. 

5. Unlike parallel forces each equal to 4 lbs. wt. act 
along a pair of opposite sides of length 2 ft. of a rectangle. 
Find the magnitude of the forces which acting along the 
other sides of length 6 inches, will form with these a system 
in equilibrium. 

6. Two couples with forces acting along the sides of 
a parallelogrom are in equilibrium ; find the ratio of the 
forces of the couples. 

7. Four forces acting along the sides of a parallelogram 
are equivalent to a couple. Show that the forces along the 
opposite sides are equal in magnitude and opposite in 
sense. 

8. Three forces acting along the sides of a triangle 
taken in order, are equivalent to a couple. Show that they 
are proportional to the sides of the triangle. 

9. If the algebraic sum of the moments of two given 
coplanar forces about any point in their plane is a constant 
(other than zero), show that the given forces form a couple. 

[ 0. U. 1921 ] 



92 


INTEBMEDIATE STATICS 


10. Forces represented in maf^nitude and line of action 
by the sides of two triangles, taken opposite ways round, 
are in equilibrium, provided the triangles are of equal area. 

11. Three forces proportional to the sides of a triangle 
act perpendicular to these sides, all inwards. Show that 
they are in equilibrium or they form a couple. 

12. P and Q are like parallel forces. An unlike parallel 
force P + Q acts in the same plane at perpendicular distances 

b respectively from the forces and between them. Find 
the moment of the resultant couple. 

13. Find the resultant of a force of 7 lbs. wt. and a 
couple in the same plane whose arm is 34 ft. and whose 
forces are each 4 lbs. wt. 

14. Three parallel forces P, Q, B acting at the angular 
points of a triangle ABG are in equilibrium when they are 
perpendicular to the side BC. If their lines of action are 
turned through a given angle in the same sense, show that 
they are equivalent to a couple. 

16. D, F7, F divide the sides BG, OA, AB respectively 
of an equilateral triangle ABG of side a in the ratio 5:1. 
Three forces each equal to P act at P, -B, P perpendicular 
to the sides and outwards from the triangle. Show that 
they are equivalent to a couple of moment Pa. 

[ 0. U. 1943 ] 

16. ABGD is a rectangle such that AB = GD = a and 
BG = DA ■= b. Forces P act along AD and GB and forces 
Q act along AB and GD. Prove that the perpendicular 
distance between the resultant of the forces P, Q ht A and 
the resultant of the forces P, Q at 0 is 

Pa-Qb 
>/P‘" + Q*‘ 

17. If three forces P, Q, B acting at the angular points 
of a triangle ABG along the tangents to the circum-circle 
are equivalent to a couple, show that 

P : Q : B = sin 24 : sin 2B : sin 20. 

[ Momenta about the vertices of the triangle formed by three tangents 
are equal, ] ' 
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18. P and Q are two like parallel forces. If a couple, 
each of whose forces is and whose arm is a, in the plane 
of P and Q, is combined with them, show that the resultant 
is displaced through a distance 

. Fa 
P+Q 

19. The constituent forces of a couple of moment 0 act 
at A and B ; if their lines of action are turned through 
a right angle, they form a couple of moment H. When 
they both act at right angles to AB^ show that they form 
a couple of moment 

20. ABGD and A'B'C'D' are any two coplanar parallelo- 
grams. If forces act along AA\ B'B, CC\ D^D represented 
by these respective lengths, show that they reduce to 
a couple. 


ANSWERS 

1. A couple of moment 8a, where a is a side of the square. 

3. 5/z, where a is the side of the square. 

5. 11b. wt. 

6. Proportional to the sides of the parallelogram. 

12. Paf^Qh, 

13. 7 lbs. wt. acting parallel to the given force 7 lbs. wt. and at 
a distance 2 ft. from it. 



CHAPTER VII 

REDUCTION OF COPLANAR FORCES IN GENERAL 


7*1. /Theorem I. Any system of coplanar forces acting 
on a ri^^ body can he reduced ultimately to either a single 
force^ or a single couple, unless it is in equilibrium. 



Let P, Q, E, S, r,..* etc. be a system of coplanar forces 

acting on a rigid body. 

/ 

Take any three forces P, Q, B of the system. The two 
forces P and Q can be combined into a single resultant by 
parallelogram of forces if they meet, or by the method of 
combining parallel forces when they are parallel, like or 
unlike, excepting in the case when they form a couple. In 
case P and Q form a couple, we can combine P and E into 
a single force, unless P forms a couple with E also. Now 
if P forms a couple with Q, as well as with E, Q and E 
must be like parallel forces which can be combined into 
a single force. In any case therefore, the three forces can 
be reduced to two. 

With these two, take another force B of the system. 
These three forces again, just as before, can be reduced to 
two. Proceeding in this way, when all the forces of the 
system are exhausted, we get ultimately two forces. These 
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two, if they are equal and opposite acting along the same 
line will produce equilibrium. Otherwise, if they are equal 
and unlike parallel forces, they form a couple. In case 
they do not form a couple, we can finally combine them into 
a single resultant. 

7*2. Theoi^em II. Any system of coplanar forces acting 
on a rigid body can ultimately he reduced to a single force 
acting at any arbitrarily chosen point in the planey together 
with a couple. 

Also the resolved part in any direction of the single force 
obtained above, is equal to the algebraic sum of the resolved 
parts of the given forces in that direction, and the moment of 
the couple is equal to the algebraic sum of the moments of the 
given forces about the chosen points 



Let P, Q, B, S,... be a system of coplanar forces acting 
at A, B, C, D,... etc. of a rigid body, and let 0 be any 
arbitrary point in the plane. 

Consider a force P of the system. If we introduce at 
0, two equal and opposite forces, each equal and parallel 
to P, these two forces, balancing one another, will not affect 
the given system. Now the given force P, along with the 
equal and unlike parallel force P at 0, form a couple whose 
moment is equal to Pp, where p is the perpendicular 
distance from 0 on the line of action of P, and we get in 
addition a force P acting at 0, which is equal and parallel 
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to the original force P at A, Exactly in the same manner 
the force ^ at S is equivalent to an equal and parallel force 
Q at 0 in the same sense, together with a couple of 
moment Qq, which is equal to the moment of the given 
force Q at jB about 0 ; and similarly for every force of the 
system. 

Thus the given system of forces is ultimately reduced to 
a system of concurrent forces acting at 0, equal and parallel 
to the original forces, together with a number of couples 
whose moments are respectively equal to the moments of 
the individual forces of the given system about 0. The 
concurrent forces at 0 can ultimately be combined into 
a single resultant force acting at 0, and the couples can be 
combined into one single couple. 

Also the resolved part of the single resultant in any 
direction, is equal to the algebraic sum of the resolved parts 
in the same direction of the constituent forces at 0, ^.c., of 
the given forces which are equal and parallel to them. 

Again, the moment of the resultant couple, being equal 
to the algebraic sum of the moments of the individual 
couples, is equal to the algebraic sum of the moments of 
the given forces about 0. 

Hence the theorem. 

7*3. Analytical reduction of a system of coplanar 
forces. 

Let OX and OF be any two perpendicular lines which 
are chosen as the axes of co-ordinates in the plane of 
a given system of coplanar forces which consists of forces 
Pit P 2 t Psf^ etc., acting at the points A 2 t Ast--» etc. 
whose co-ordinates are {x 2 , 2 ^ 2)1 (^st 2/s)i«.- etc. 

Let the direction of Pi make an angle oi with OX, and 
let Xi, Fi be the resolved parts of Pi along OX and OF 
respectively, so that Xi — Pi cos ax and Fi = Pi sin ai. 

At 0, introduce a pair of equal and opposite forces 
Xi, Xi acting in the line OX, and a pair of equal and 
opposite forces Fi, Fi acting in the line OF. These forces. 
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balanciDg one another, will have no effect on the given 
system. 

Now the component force Xi at Ai, and the equal and 
unlike parallel force at 0 , form a couple whose moment 
is clearly equal to - 2/1X1, since its tendency of rotation 



is clockwise. Similarly the component Yi at Ai, and the 
equal and unlike force Yi at 0 form a couple of moment 
flJiFi as is easily seen. Also there are left a force Xi along 
OX and a force Yi along OF at 0 . 

Thus the force at A i («.«.» oJi, i/i), having the resolved 
parts Xi, Fi parallel to the axes, is equivalent to the 
components Xi and Fi along the axes at 0 , together with 
a single couple of moment (a?iFi - ViXi). 

Exactly in the same manner, the force P 2 at A 2 can be 
replaced by the resolved components X2 and Fg along the 
axes at 0, together with a couple of moment (tTgFg *'^gXa); 
and similarly for every force of the system. 

Combining all the components along OX and OF 


98 


INTERMEDIATE STATICS 


separately, and combining all the couples, we ultimately 
get the given system of forces reduced to : 

a component force JSXi^SP^ cos Oj) along OX, 
a component force sin aj along OY^ 

and a single couple of moment Q^E{x^ Y^ 

The two components SXand EY along OX and OF will 
give rise to a single resultant force B acting at 0 in a direc- 
tion d with OX, where 

B cos 0 = SX and B sin 6 — SY 

so that JS = J(SX)^ + (SYj\ 

Thus the given system of complanar forces is reduced to 
a single resultant force B at the origin 0 (which may be 
chosen arbitrarily in the plane), together with a single 
couple O. 

Note 1. From the results R cos JR sin 0-ZF, we see that 

the resolved parts of the single resultant at 0 in any two perpendicular 
directions are respectively equal to the algebraic sum of the resolved 
parts of the given forces along the same two directions. 

Again, the moment of acting at A, about 0, being equal to the 
algebraic sum o! the moments of its components Xi and Fi at 
about 0, is easily seen to be XiYi—y^X^, Hence - j/iXi), 

is the algebraic sum of the moments of the given forces about 0, and 
this also represents the moment of the resultant couple as already 
mentioned. 

Note 2. The origin 0 is chosen arbitrarily to be any point in the 
plane. The given system may thus be reduced to a single force at any 
point, together with a couple. For difEerent points chosen, the single 
force is always the same in magnitude and direction, for its resolved 
part in any direction, being always equal to the algebraic sum of the 
resolved parts of the given forces, will not depend on the origin chosen. 
The couple however, having its magnitude equal to the algebraic sum 
of the moments of the given forces about the chosen origin, will he 
Afferent for different cases* 
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Note 3. If R=0, the given system of forces reduces to a couple 
only, which in this case will bo the same, whatever point is chosen as 
origin. 

If Gs=0, the given system reduces to a single resultant force R 
at 0. 

If G^O, then also, the single force and single couple can 

bo combined into a single resultant force, same in magnitude and. 
direction as R at O, but shifted in position. 

If R«0, Gs=0, the system will bo in eguilihrium, 

7 '4. Equation to the line of action of the resultant. 

We have seen that the given system of forces can be reduced to 
a single force R acting at th^origin 0, having components ZX and ZF 
along the axes, together with a couple G = S In case 



these can be combined into a single resultant force, the magnitude 
and direction of it will be the same as those 'of R at 0. To get its 
position, let a;, y be the co-ordinates of any point on its line of action. 
Then the algebraio sum of the moments of the given forces about this 
point, being equal to that of the resultant, must be zero. In other 
words, the algebraio sum of the moments of the components ZX 
along OX, ZF along OF, and of the couple O about the point re, y 
must also be zero, for this set is equivalent to the given system. 

Thus, S^ZX-»ZF+O*"0, or, (BZF-yZX-O«0, 
is the relation which must be satisfied by the co-ordinates cb, y of any 
point on the line of action of the resultant, and thus represents the 
equation to that line. 
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7*6. Illustrativre Examples. 

Ex. 1. Forces St 2t 4t 5 lbs. wt. act respectively along the sides AB 
BCt CDt DA of a square. Find the magnitude of their resultant and 
the points where its line of action meets AB and AD. 



The resultant of the t^o unlike parallel forces 5 lbs. wt. along DA 
and 2 lbs. wt. along BG are equivalent to a force 5 - 2 3 lbs. wt. 
parallel to DA along some line OE say, external to ABt but nearer AD, 
along which the greater force acts. Similarly the resultant of 4 lbs. wt 
along CD and 3 lbs. wt. along AB have a resultant 1 lb. wt. parallel 
to CD along some line FO. Now the resultant of 8 lbs. wt. along OE 
and 1 lb. wt. along FO which are mutually perpendicular will give 
a resultant 

,yi5 lbs. wt, 

along some line FOX, meeting BA and ADt let us suppose, at X and 
7 respectively. Let a be the side of the square ABCD, and let AX^x* 
Then equating the algebraic sum of the moments of the given forces 
about X to the moment of the resultant, we get 
2 (a+x)+4a^5x'^0, 
or, a:e2a, i.e., AX*>^2ABk 

Similarly, assuming AY*^y, and considering moment about F, 
3i/+2a-4 (p-a)«0, 
whence y«*6a, i.e., A7^6AD, 

Thus the line of action of the resultant is obtained. 


REDUCTION OF COPLANAB FORCES IN GENERAL 101 


Ex. 2. Forces of magnitude 5, 4, 5, 5, 7, 5 act id order along the 
sides ABt BC, CDy DE^ EF^ FA of a regular hexagon. Find their 
resultant completely. 



Let 0 bo the centre of the regular hexagon. It is known from 
Geometry that the opposite sides AB^ .£71) and the diagonal FOC are 
parallel, and similarly for other sets. Also tho angles A OB, BOO, etc. 
are each equal to 60**. 

Now reducing each force to a parallel' force at 0, together with 
a couple, we get the giyon system of forces equivalent to forces 8, 4, 5, 
6, 7, 8 along 00, OB, OB, OF, 0-4, OB respectively, together with 
a couple of moment p(3 + 4+ 5 + 6+7+ 8) = 332?, where is the perpendi- 
.oular from 0 on any side of the hexagon. 

Combining the forces at 0 in pairs we get tho forces 3 along OF, 
3 along 04 and 3 along OB. Now 3 along OF and 3 along OB give 
2 x 3 X 008 60** => 3 along 04 as resultant. Hence we ultimately get 
a single resultant 6 along 04, together with a couple of moment 33j7. 
The single force and the couple combine finally into a single force 
equal and parallel to 6 along 04, but shifted from 0 towards the left 
through a distance x, where, considering moment about 0, 

6 X a; =3327, or, a;=-VF« 

Hence CM being perpendicular on BF, the resultant meets OJIf 
produced at N, where 

or, OJ7;27Af»ll:9. 

Thus the magnitude, direction and line of action of the resultant 
are oompletdy obtained. 
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Ex. 3. If a system of coplanar forces reduces to a couple whose 
moment is 6r, and when each force is turned round its point of applica- 
tion through a right angle^ it reduces to a couple U, prove that when 
each force is turned through an angle a, the system is equivalent to 
a couple whose '^noment is 

O cos a + H sin a. 

Let P, acting at the point 
(^i. Vi) at an angle 6y_ to the 
.T-axis be any one force of the 
system. The components parallel 
to the axes are P^ cos 0i and 
Pi sin ^ 1 , and the algebraic 
sum of their moments about 
O is 

XiPi sin Oi-yiPi cos Oi. 

Hence, since the system 
reduces to a couple G, wo must have, SP^ cos ^i=0, SP^ sin 0^ = 0, 
and Q- 2(®iPi sin - yiPi cos di). 

When each force is turned through an angle a, the system reduces 
to a force component ZP^ cos (fl>.i + o) 

= cos a SPj cos - sin a SP* sin *0 along Oas, 
a force component SPi sin (^i + a) 

= cos a SP^ sin 0i + sin a 2Pi cos = 0 along Oy, 

and a couple 0'=Z{xiPi sin (^i + o)-?/iPi cos + 

= cos aZixiPi sin Bi — yiPi cos ^i) 

+ sin a S {xiPi cos Bi + ViPi sin 
In other words, the system in this case reduces to a couple 

cos a+sin a2(aJiPi cos Ox + ViPi sin $i). 

Now when a=90®, wo are given 
/, H*2(«iPi cos Oi + ViPx sin 
Thus Goosa+B sin a. 
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Examples on Chapter VII 

1. Prove that a force acting in the plane of the 
triangle ABC can be replaced uniquely by three forces acting 
along the sides of the triangle. 

2. Show that a system of coplanar forces can be 
reduced to 

(i) two forces acting through two given points 

(ii) two forces, one of which acts through a given 
point, and the other along a given straight line 

(iii) three forces acting along the sides of a given 
triangle, in the same plan'e. 

3. If two coplanar systems of forces have equal 
algebraic sum of moments about each of three non-coUinear 
points, they are equivalent to each other. 

4. The sum of the moments of a system of coplanar 
forces about each of three non-collinear points in the plane 
of the forces is the same (without being equal to zero). 
Prove that the system is equivalent to a couple. 

Hence show that three forces represented in magnitude, 
.direction and position by the three sides of a triangle taken 
in order are equivalent to a couple. [ 0. U. 1937 ] 

6. The algebraic sum of moments of a system of 
coplanar forces not in equilibrium, is zero about each of 
two points A and B. Show that the algebraic sum of the 
resolved parts of the force system in the direction perpendi- 
cular to AB is zero. 

6. Forces P, Q, B act along the sides BO, CA, AB of 
the triangle ABG. If F be the magnitude of their resultant, 
then 

P® - P® + 0® + - 2QB COB A - 2EP cos B - 2P0 cos 0. 

7. The moments of a system of coplanar forces (not 
in equilibrium) about three collinear points A, B, 0 in 
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their plane are C?i, G^, (ts ; prove that (with due regard 
to the sign) 

Gi.BC + G2.GA + G^.AB = 0. [ P. U.1989] 

8. The moments of a force lying in the plane of the 
triangle ABC about At B, G are L, N respectively. If 
the force is the resultant of three forces P, Q, B acting 
in the same sense along BG, GA, AB respectively, then 

P: Q:B = aL:hM:cK , 

9. A system of forces acts in the plane of an equilateral 
triangle of side 2 units. The algebraic sum of the moments 
of the forces about the three angular points are (ti, G^a* <3^3- 
Prove that the magnitude of their resultant is 

+ G,® + Gf,* - 

10. The algebraic sum of the moments of a system of 

coplanar forces about three non-collinear points A, P, C 
in their plane are L, If, N respectively. Prove that their 
resultant B is given by {L - M){L - i^)/4zl® 

where a, b, c are the sides of the triangle ABCt and A its area. 

11. Two systems of forces P, Q, B and F\ Q', P' act 
along the sides PG, CA, ABofa. triangle ABC ; prove that 
their resultants will be parallel if 

(QB' - g'P) sin A + (BP' - P'P) sin P 

+ (PQ' - P'Q) sin G = 0 [ Lucknow, 1929 ] 

12. Three forces each equal to P act along the sides 
of a triangle ilPG in order. Prove that the resultant Pi is 

given by P = P (1 - 8 sin ^A sin iP sin iG)^ 

and find the distance oi its line of action from A, Examine 

the case when the triangle is equilateral. 

13. Forces l.BG, m.GA, n.AB, where Z, m, n are positive, 
act along the sides PG, Gil, AB respectively of a triangle 
ilPG, in the senses indicated by the order of the letters. 
Show that the line of action of their resultant divides PG, 
CA, AB externally in the ratios 

What happens if Z"w*n ? 
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14. ABG is an equilateral triangle ; forces of 4, 2 and 
1 lb. wt. act along the sides AB^ AG, BG respectively, in 
the senses indicated by the order of the letters. Find the 
magnitude, direction and the line of action of the resultant. 

[ P. U. 1932 ] 

15. The algebraic sum of moments of a system of forces 
about the three vertices A, B, G of an equilateral triangle 
whose sides are 2 ft. long are + 10, + 20 and - 10 foot- 
pounds. Find the magnitude of the resultant force, and 
the points where its line of action intersects AB and AG. 

16. Forces proportional to 1, 2, 3, 4 act along the sides 

AB, BG, AD, DG respectively of a square ABGD, the length 
of whose sides is 2 ft. Find the magnitude and the line of 
action of the resultant. [ Bombay, 1934 ] 

17. ABGDEF is a regular hexagon of which 0 is the 

centre. Forces of magnitudes 1, 2, 3, 4, 5, 6 act along 
AB, GB, GD, ED, EP, AF in the senses indicated by the 
order of the letters. Eeduce the system to a force at 0 and 
a couple, and find the point in AB through which the single 
resultant passes. [ I. G. 8. 1938 ] 

18. If six forces of relative magnitudes 1, 2, 3, 4, 5 and 
, 6 act along the sides of a regular hexagon, taken in order, 

show that the single equivalent forces is of relative magni- 
. tude 6 and that it acts along a line parallel to the force 6, 
at a distance from the centre of the hexagon 3} times the 
distance of a side from the centre. [ M. T. 1908 ] 

19. Six coplanar forces act on a body along the sides 

AB, BG, GD, DE, EF, FA of a regular hexagon ABGDEF, 
in which AB is one foot long ; their magnitudes are 10, 20 
30, 40, P and Q lbs. wt. respectively. Find P and Q so that 
the system reduces to a couple. [ P. CT. 1930 ] 

20 . ABG is an equilateral triangle and D, E, F are 
the mid-points of the sides BG, GA, AB. Forces P, 2P 
3P act along BG, GA, AB and forces 4P, 5P, 6P act along 
FE, ED, DF. Find the line of action of the resultant. 

21. Forces 1, 2, 4, 6 lbs. wt. act along the sides AB, 
BG, GD, DA of a square ABGD and a force P acts at the 



106 


INTEBMEDIATE STATICS 


centre of the square. If the five forces are equivalent to 
a couple, find magnitude and direction of P. 

22. Forces 1, 2, 3, 4, 5, 6 lbs. wt. act along the sides of 
a regular hexagon, taken in order, and a force acts at the 
centre of the hexagon. If the several forces.are equivalent 
to a couple, find the moment of tlie couple and the magni- 
tude and the direction of the force at the centre. 

23. ABGD is a quadrilateral in wfiich the sides BO and 
AD are parallel. If forces p.ABj q.BC, r.GD, s.DA acting 
along ABf BG, GD, DA are equivalent to a couple, show 
that p = r and (p-s) AD = (r - <?) BG. 

24. ABGD is a square whose side is 2 units in length. 
Forces a, 6, c, d, act along the sides AB, BG, GD, DA, 
taken in order, and forces p J 2, q act along AC and BD 
respectively. Show that if p + q = c-a, and p-q — d-b, 
the forces are equivalent to a couple of moment a + b + o + d, 

[ Mad^ 1940 ] 

25. A force has moments 6 units, - 26 units and 36 units, 
about the origin, the point (8, 0) and the point (0, 10) respec- 
tively. Find the magnitude and line of action of the force. 

26. Find the intercepts made on the rectangular axes 
OX, OF by the line of action of the resultant of a force of 
7 units along OP, where the co-ordinates of P are (3, 4) and 
a counter-clockwise couple of moment 21 units. 

27. Forces 2, 4, 6, 8, 8 act along the sides AB, BC, 
CD, DA and the diagonal BD of a square of side 2 units in 
the senses indicated by the order of the letters. Taking 
AB, AD as axes of x and y respectively, find the magnitude 
of the resultant force, and the equation of its line of action. 

28. A system of coplanar forces Pi, Pa, Pa,... acting at 
the points i^i), (* 2 , 1 / 2 ), (® 3 , ^a)-.- are equivalent to 
a couple. The components of Pi, Ps,... parallel to the 
axes are (Xi, Fi), (X 2 , Fa),... etc. Prove that by turning 
the forces about their respective points of application 
through a certain common angle, the system can be reduced 
to equilibripm. 
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29. Moments of the resultant I? of a system of coplanar 
forces about three points 0, A and B lyinj? in the plane of 
the forces are O, G + J^ and G + respectively. If 
referred to 0 as ori^jin the polar co-ordinates of A and B be 
(ri, 0i) and (rg, 62 ), show that 


sin® 


(01 -62) 


I tT 9 COS 0®) 

2 “»■ a ~~ A • 

ri rg rirg 




30. The alf^ebraical sums of the moments of a system of 
coplanar forces about points whose co-ordinates are (l, 0), 
(0, 2 ) and (2, 3) referred to rectangular axes, are Gg* ^3 
respectively. Find the tangent of tlie angle which the 
direction of the resultant force makes with the axis of x. 

[ C. TL 1956 ] 


81. The straight line 4a; + Si/ = 6 meets the rectangular 
axes OX and OF at the points A and B respectively. If 
forces P, Q, B act along the lines OB, OA and AB, find the 
magnitude of the resultant and the equation of its line of 
action. ^ [ 0. 1958 ] 


32. A plane system of forces is equivalent to a couple of 
moment M, and if the forces are turned through a right 
.angle about the respective points 'of application in the same 
sense, they are equivalent to a couple N, Prove that when 
each force is turned about its point of application through 
an angle a in the same sense, the system will be in equili- 
brium if tan a = - MfN. [ C. H, 1959 ] 


Show that if the forces be turned through an angle 
2 tan”^ the system is equivalent to a couple of moment M, 


33. The moments of a system of coplanar forces acting in 
the ix, i/)-plane about (0, 0), (a, O), (0, a) are aW, 2 a W, 3aW 
respectively. Find the components parallel to the co-ordinate 
axes and the line of action of the single force to which the 
system is equivalent. [ C. H. 1960 Old ] 
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34. A system of coplanar forces has the total moments 
7J, 27/ respectively about points whose co-ordinates are 
{2a, 0), (O, a), referred to fixed rectangular axes. The total 
resolved parts of the forces along the \\nQy = x vanishes. 
Find the points in which the line of action of the resultant 
meets the co-ordinate axes. [ 0. TT. 1961 ] 


ANSWERS 


12. 2PAlaB. 

14. 3 sJS lbs. wt. in a direction perpendicular to EG, dividing EG 
internally in the ratio 1 : 2. 

15. lbs. wt. through the mid-pb. of 04» intersecting BA 
produced 2 ft. from A, 

18. 5 parallel to AG dividing AD internally in the ratio 2 : 3. 

17. Force at 0 is 2 /s/3 perpendicular to EF ; couple is - 3p, where 
p is the perpendicular distance from 0 on a side. The Anal single 
resultant passes through the middle point of AB. 

19. P= -10 lbs. wt., 0=60 lbs. wt. 

20. Parallel to CB, dividing DA in the ratio 1 : 5. 

21. 3 lbs. wt. along AC, 

21 173 

22. Y) where a is a side of the hexagon ; 6 parallel to the 

A 

force 2. 

25. 6, in a direction joining the points (0,-2) to (f, 0). 

26. 3}, 6. 27. iJWix+3y^9. 

80. (8ff,-2(?,-Gi)/{(?, + ff,-2fl>i). 

81. ,J¥* + Q*+ji^ +iPB^iQB ; 

x(6P+ 4B) - j/(5Q- 3B)- 0. 

88, 3W, -W; x+2y+a-‘0. 

84. (3a, 0) and (0, 3a). 



CHAPTER VIII 


EQUILIBRIUM OF COPLANAR FORCES IN GENERAL 

8*1. Equilibrium of three coplauar* forces. 

Theorem. If three coplanar forces acting on a rigid body 
be in equilibrinm^ they nmst either all three meet at a point, 
or else all must be parallel to one another. 

Let the three 
coplanar forces P, 

Q, B acting on 
a rigid body, be in 
equilibrium. 

Let P and Q 
meet at 0. Then 
by parallelogram of 
forces they can be 
combined into a 
single resultant at 0. 

Since P, Q, B are 
in equilibrium, B 
must balance the resulant of P and Q, and thus must be 

equal and opposite to it, 
acting along the same 
line. Thus B must pass 
through 0. Hence P, 
Q, B all meet at 0. 

If P and Q be 
parallel (like or unlike), 
their resultant is a 
parallel force, and S, 
balancing their resultant 
must be acting in the 
same line in opposite 
sense. Hence P, Q, E are all three parallel to one another. 




*See note 8. 
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Note 1. P and Q can never form a couple in this case, for then 
P* Qt B, a couple and a force) can never be in equilibrium. 

Note 2. The above theorem gives a necessary condition, of equili- 
brium of three coplanar forces, but not sufficient* For sufficient condi- 
tions, (i) when the three forces meet, they must also satisfy Lami*s 
theorem, or the converse of the triangle of forces (ii) when they are 
all parallel, one being equal and opposite to the resultant of the other 
two, their algebraic sum must be zero, and the moments of any two 
about a point on the third must be equal and opposite. 

Note 3. If three forces acting on a rigid body he in equilibrium^ 
they must automatically be coplanar ; for in this case the algebraic 
sum of their moments about any line in space must be zero. We can 
first of all consider lines drawn through any point of P intersecting 
Q, whereby it will be shown that each of them intersects B, so that 
Q, and B are coplanar. Then P, balancing the resultant of Q and B, 
must be in that plane. 


8*2. Illngtrative Examples. 


Ex. 1. 4 heavy uniform rod of length a rests with one end against 



a smooth vertical wally the other end being 
tied to a point of the wall by a string of 
length I, Prove that the rod may remain in 
equilibrium at an angle 0 to the wall, given by 

cos* [ C. TI. 

AB is the rod of length a, BC is the 
string of length I, The three forces which 
keep the rod in equilibrium are, the weight 
of the rod acting vertically downwards 
through the middle point Q, the tension 
along the string BC, and the reaction of the 
smooth wall at A whioh must be normal to 
the wall and therefore horizontal. The 
three forces in equilibrium, not being all 


parallel, must meet at a point 0, as shown in the figure. 
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Now B boing the inoliiiation to the vertical at which the rod rests, 
from the figure, 

AO- AO sin 0= ^ 00- AG cos 0— ^ cos B, 

Also GO boing parallel to AG through the mid-point G of AB, 
GO-\CB-il and AG=200=aoo^ 6, 

Hence, from the triangle AGO, CO^ =AC^ + AO^ , 

i,e. [ g-j =(a cos + sin • 

or, P = 4:a^ coa^ B+a^ sin’ 5 = 3a* oos*0+a*. 


Note. For the above equilibrium position to be possible, cos*^ 
must bo positive and not greater than unity. Hence, Z* > a* and 
Z*-a* ^ 3a*. Therefore, I > a but^ 2a. 

Ex. 2. A uniform square lamina rests in equilibrium under gravity 
in a vertical plane with two of its sides in contact loith smooth pegs m 
the same horizontal line at a distance c apart. Show that the angle 6 
made by a side of the square loith the horizontal in a non-symmetrical 
position of equilibrium is given by 

c{sm B+cos B)^a 

where 2a is the length of a side of the square, [ C, U, 1946 ] 

ABCD is the square lamina (of side 2a) whose weight acts vertically 
downwards along GO through its centre G, P and Q are the smooth 
pegs whose reactions are normal to the edges APB and AQD, As these 
are the only three forces which keep the lamina in equilibrium, they 
meet at a point 0 as shown in the figure. ON being drawn perpendi- 
cular to AB, N is the mid-point of ABt so that AN^NO’^a, PQ is 
horizontal and equal to c. Let 0 be the inclination of the side AB of 
the square to the horizon. 

Then AP^c cos B, OP^AQ^c sin B. 

Now from the G-eometry of the figure, since GO is vertical, the 
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horizontal distance of G from -4 = the horizontal distance of O 
from A, 


C 



whence c (cos 0 + sin 6) = a. 

The other possibility, cos ^-sin ^=0, i.e., tan 6=1, or, ^ = Jtt gives 
the symmetrical position of equilibrium. 

Ex. 3. Show that the greatest inclination to the horizon at which 
a tmiform rod can rest partly within and partly without a fixed smooth 
hemispherical howl placed with its rim horizontal, is js/5). 

AB represents the rod, O its middle point. The reaction of the 
smooth bowl at A being along the normal AOD passes through the 
centre 0 of the bowl. The reaction at C whore the rod is in contact 
with the rim is along the normal CD to the rod and the rim. The 
weight of the rod vertically downwards through O and the two reaction 
at A and C, keeping the rod in equilibrium, must meet at a common 
point D, Let DG produced meet the bowl at E ; join AE. 
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Now AO being along a diameter, ACD a right angle, the point 
D must be the extremity of the diameter. Hence AED is also a right 
angle and so AE is horizontal. 

Thus 0 being the inclination of the rod to the horizon, 

e^/LEAB--/LACO=/:.OAC. [’. - 0 ^ 4 = 00 ] 



Thus if a be the radius of the bowl, and I the length of the rod, 

2a cos 20 = A£!= AO cos ] cos 0, or. 

2 cos d 

But part of the rod being out, I 41 AC^ 

or, cos 2fl g cos 2# < oos*». 

cos o 

2(1-2 sin’ 0)<(1-Biu’0). 

8in’^>-g» sin^>^y; 

in other words, B ^ sin"'(J 

Ex. 4. Equal weights P and P are attached to two strings AGP and 
BCP passing over a smooth peg C. AB is a heavy beam of weight W, 
whose centre of gravity is a feet frofn A and h feet from B ; show that 
AB is inclined to the horieon at an angle 

The rod AB is in equilibrium under the two tensions along AC and 
BC, and the weight W vertically downwards through its centre of 


8 
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gravity G, These three forces then must meet at a common point G, 
The tensions in the strings, supporting the equal weights P, P at the 


C 



other ends, are equal. The resultant 
of the two equal tensions balancing 
the weight along CG, CG must 
bisect the angle AGB, Thus 

^ACG^ LBGG = 90* - a (say). 
Then 

2P cos (90® — o) = 2P si n o, 
or, o = sin ‘ - 


Again 0 being the required inclinatibn of the rod to the horizon, 
^^GGB = 90®-^. Hence Z^GAG = (90®-^) - (90® -o) = a- 0 and 
Z.GPG = (90® + tf) - (90® - a) = a+ 

^ AG _AG GG sm AGG sin GBG 
PG GO PG^sinCAG sinPGG 


cos a _ ^sin (a+0)_sin (o+tf)^ 
' sin (a - 0) cos a ^ sin (a ~ $)* 


and as ilG=a and GP- 6 (given), 

a _sin (g +g) ^ , g — 6_ cos a sin 9 

b sin (a — 0) * ’ a+6"~sin a cos d 


we got 


- tan B cot a. 




tan"‘ 


fg-b 

lg+6 


tan 



Examples on Chapter Vlll(a) 

( Three forces in equilibrium ) 

1. A heavy rod is suspended from a point 0 by two 
strings OA and OB, Show that the plane OAB is vertical. 

[ C, U. 1925 ] 

2. If a uniform heavy rod be supported by a string 
fastened at its ends and passing over a smooth peg, show 
that it can only rest in a horizontal or vertical position. 

8. Show that it is impossible for a heavy rod to rest 
in equilibrium with its ends on two smooth planes, one of 
which is horizontal and the other inclined to the horizontal 
at any angle. 
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4. Prove that a uniform rod cannot rest entirely within 
a smooth spherical bowl, except in a horizontal position. 

5. A uniform rod has its lower end fixed to a hinge, and 
its other end attached to a string which is tied to a point 
vertically above the hinge ; show that the direction of the 
action at the hinge bisects the string. 

6. A uniform rod can turn freely about one of its ends, 

and is pulled aside from the vertical by a horizontal force 
acting at the other end of the rod, equal to half its weight. 
Prove that the rod will rest at an inclination of 45® to the 
vertical. [ G. U. 1951 ] 

7. A uniform rod AB is suspended with its end in 
contact with a smooth vertical wall AG by a string GE ; if 
AE = iAB, show that GB will be horizontal. [ P. U. 1928 ] 

8. A uniform rod of weight W and length 21 has one 

end against a smooth vertical wall and rests at an inclina- 
tion of 46* with the vertical upon a smooth rail parallel to 
the wall. Find the distance of the rail from the wall, and 
the reactions. [ 0 . U, 1914s ] 

9. A heavy uniform rod of length 2a rests in equili-. 
brium, having one end against a smooth vertical wall, and 
being placed upon a peg at a distance h from the wall. 
Show that the inclination of the rod to the horizon is 

cos"^(6/a)^ 

10. A heavy uniform rod is in equilibrium with one end 
resting against a smooth vertical wall, and the other against 
a smooth plane inclined to the wall at an angle 0. Prove 
that if a be the inclination of the rod to the horizon, then 

tan a = i tan 5. [ P. ( 7 . 1982 ] 

11. Two strings have each one of their ends fixed to 
a peg, and the others to the ends of a uniform rod. When 
the rod is hanging in equilibrium, show that the tension of 
the strings are proportional to their lengths. 

12. A uniform beam of length I and weight W hangs 
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from a fixed point by two strings of lengths a and b. Prove 
that the inclination of the rod to the horizon is 

cb^ “ b^ 

Pind also the tensions of the strings. 

13. A uniform beam is hinged at A, and is kept in 

equilibrium at an angle of 60° to the horizontal i)Iano 
through A by a string BG which connects J5 to a point G 
in this plane behind A. If AG = AB^ find the direction of 
the reaction at 4. * L G. U. 1943 ] 

14. A uniform rod AB of weight W can turn freely about 
a hinge at A, and to the end B is attached a string which 
passes over a small smooth pulley at C, vertically above A, 
and carries a weight w hanging freely. Prove that in the 
position of equilibrium 

BG : AG = 2w : W. 

16. One end of a uniform rod of weight 40 lbs, is 
attached to a hinge, and it is supported by a string attached 
to the other end and to a point at the same level as the 
hinge, the rod and the string being inclined at the same 
angle 30® to the horizontal. Find the tension in the string, 
and the action at the hinge. 

16. A uniform rod 4 inches long, is free to turn in 
a vertical plane about its upper end which is hinged. To 
a point of the rod 3 inches from the hinge is attached a string 
which running perpendicular to the rod passes over a pulley 
aqd supports a weight P. The rod is in equilibrium at an 
angle of 60® to the horizontal. Prove that P is one-third 
of the weight of the rod, and the reaction at the hinge makes 
an angle tan"^ (4 ^/3) with the horizontal. [ Allahabad ] 

17. A uniform beam AB which is 6 feet long and weighs 
40 Ibsi can turn freely about its end A which is attached to 
a vertical wall, and the beam is kept in a horizontal position 
by a rope attached to a point of the beam li feet from 
A and to a point of the wall vertically above A. It the 
tension of the rope is not to exceed 120 lbs. wt., show that 
the height above A of the point of attachment of the string 
to the wall must not be less than li ft. 
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18. A uniform rod AB is m -equilibrium afc an angle a 
with the horizontal, with its upper end A resting against 
a smooth peg, and its lower cmd B attached to a light cord 
which is fastened to a point G on the same level as If 
the cord is inclined to the horizontal at an angle P, then 

tan j5 = 2 tan a + cot a. 

19. A uniform rod of weight W rests witli its ends in 
contact with two smooth planes, inclined at angles a and p 
respectively to the horizon and intersecting in a horizontal 
line. If 0 he the inclination of the rod to the vertical 
show that 

2 cot d = cot p “ cot a. 

Also find the reactionsT at the ends of the rod. 

[ P. U. 1933 ] 

20. A uniform rod of length 21 rests with its lower end 
in contact with a smooth vertical wall. It is supported 
by a string of length a, one end of which is fastened to 
a point in the wall and the other end to a point in the rod 
at a distance h from its lower end. If the inclination of 
the string to the vertical be 0, show that 

. 21. A uniform rod whose weight is W is supported by 
two fine strings one attached to each end, which, after 
passing over small fixed smooth pulleys, carry weights 
and TTa respectively at the other ends. Show that the 
rod is inclined to the horizon at an angle 

22. A uniform bar of length a rests suspended by two 
strings of lengths I and V fastened to the ends of the 
bar and to two fixed points in the same horizontal line at 
a distance b apart. If the directions of the strings produced 
meet at right angles, and if Ti and T 2 be the tensions of 
the strings, then 

Pi al + bl' 
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23. A picture of weight 5 lbs. is hung from a nail by 
a cord 5 feet long fastened to two rings 3 feet apart. Find 
the tension in the cord. 


24. A heavy equilateral triangle hung upon a smooth 
peg by a string, the ends of which are attached to two of 
its angular points, rests with one of its sides vertical. 
Show that the length of the string is twice the altitude of 
the triangle. 


26. A square of side 2a is placed with its plane vertical 
between two smooth pegs which are in the same horizontal 
line and at a distance d. Show that it will be in equili- 
brium when the inclination of one of its edges to the horizon 
is either 


n 

4 


or i sin 


a® -d® 




26. A uniform square lamina of side 2a rests in a vertical 
plane on two smooth pegs in a horizontal line. Show that 
if the sum of the distances of the pegs from the lowest corner 
is equal to a, there is equilibrium. 

27. A beam whose centre of gravity divides it into two 
portions a and h is placed inside a smooth sphere. Show 
that if 0 be its inclination of the horizon in the position of 
equilibrium, and 2a be the angle subtended by the beam at 
the centre of the sphere, 

tan 0 “ t . ^ tan a. [ C. U, 1924 ] 

b-ra 

[ The centre of gravity of a body is the point at which its weight 
may he assumed to act, ] 

28. A rod of length I rests wholly inside a fixed smooth 
hemispherical bowl of radius a placed with its axis vertical. 
The centre of gravity of the rod divides its length in the 
ratio m : n. Show that the inclination of the rod to the 
horizon is 

2 + nj®a® - mnl^ 

29* A fixed smooth hemispherical bowl of radius a is 
placed with its axis vertical, and a uniform rod of length I 
rests with one end inside the bowl, and the other projecting 
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over the rim. Prove that the length of the rod outside the 
bowl is 

J(7Z- + 

and hence deduce the shortest length of a rod that can rest 
in this manner. 

30. A smooth hemispherical howl of radius r is placed 
on the ground with its rim in contact with a smooth vertical 
wall. A heavy uniform rod is placed with one end inside 
the bowl, and the other in contact with the wall. If B be 
the inclination to the horizon at which the rod rests, 
prove that the length of the rod is 

r sec e{l + - 

I vl+4tan®0J 

31. A smooth bowl in the form of a part of a sphere is 
placed with its axis vertical, and a rod rests with one end 
within it, and a part of it projecting out over the rim. If 
a be tlie angle made by any radius to the rim with the 
vertical axis, and p, that made with the same axis by the 
radius to the lower extremity of the rod in the position 
of equlibrium, prove that the length of the rod is 

4a sin P sec J (a - p). 


32. A solid cone of height h and semi-vertical angle a 
is placed with its base against a smooth vertical wall and 
is supported by a string attached to the vertex and to 
a point in the wall. Show that the greatest possible length 
of the string is 

h + 

[ The centre of gravity of a solid right circular cone is on the osis 
at a distance ith from the vertex. ] 


12 . 

18. 

16. 

19. 


AN8WEBS 

TTand 

^ TTft 

^/2 (a* •+• Va (a* + d») - P 

At an angle tan*^ ts n/^) to the horizon. 

20 lbs. wt. ; 20 n/ 3 lbs. wt. at an angle 60* with the horizon. 

sin tt ^ 1^ BID P Aj| Q 1 |V- 

sin(o+/3) flm(a+i9)‘ . J . . 


29. 2a 
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8 '3. General conditions of Equilibrium of any system 
of coplanar forces. 

(A) The necessary and sufficient conditions that a system 
of coplanar forces acting on a rigid body may be in equili- 
brium are that : 

(i & ii) the algebraic sum of the resolved parts of 
the forces in any two mutually perpendicular" directions 
should be separately zero. 

and (iii) the algebraic sum of the moments of the 
forces about any point in their plane should also be 
zero. 

To prove that the conditions are sufficient : 

Let Pi, P2, P3,... be a system of coplanar forces acting 
on a rigid body, and 0 any point in their plane. 



By introducing at 0 two equal and opposite forces each 
equal and parallel to Pi (which neutralise each other) the 
given force Pi may be taken as equivalent to an equal and 
parallel force Pi at 0, together with a couple. Dealing 
with each of the other forces in a similar manner, and then 

* or any two different direotions in the plane. 
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recombining, the given system of forces can be reduced 
ultimately to a single resultant force B at 0 together with 
a couple O (See Art, 7' 2), Moreover, the resolved part of B 
in any direction, say OX, is equal to the algebraic sum of 
the resolved parts of the given forces in that direction, and 
the moment of the couple G is equal to the algebraic sum 
of the moments of the given forces about 0. 

Now if the algebraic sum of the resolved parts of the 
given forces in any two perpendicular directions OX and 
OF, namely 2JX and ^F, be separately zero, these being 
also the resolved parts of the resultant B in these direc- 
tions, =(SX)^ +(^F)''^ *0. If in addition, the algebraic 
sum of the moments of 4rhe given forces about 0 be zero, 
we get 0 = 0. Hence both B and O being zero, the force 
system is in equilibrium. 

Thus the above three conditions being given, the force 
system will be in equilibrium. Hence the conditions are 
sufficient. 

To profe that the conditions are necessary : — 

Let the given force system be in equilibrium. As 
proved above, the given system is reducible to a single 
force B at 0, together with the couple G. In this case 
B and 0 must be separately zero, for a couple and a single 
force can never produce equilibrium. Now the algebraic 
sum of the moments of the given forces about 0, being 
equal to the moment of G, must therefore be zero. Again 
the algebraic sum of the resolved parts of the given forces 
in any two perpendicular directions, being equal to the 
resolved parts of B in those directions, must be separately 
zero, since B is zero here. 

Thus the force system being in equilibrium, the three 
above conditions follow as a necessary consequence. 

Note. Analytioally, if OX and OF be any two perpendicular 
directions in the plane of a system of ooplanar forces, and 2Z, 2F, the 
algebraic sum of the resolved parts of the given forces *along OX and 
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OY respectively, and G*=2(ajF— j/X) be the algebraic sum of the 
moments of the given forces about O, the conditions of equilibrium are 
2X«0, 2y=0, G=2(xY-yX)=0. 

(B) Another set of necessary and sufficient conditions of 
equilibrium of a given system of coplanar forces is that : 

(i), {ii) S (a) the algebraic sum of the moments of 
the given forces about any three non-collinear points 
in their plane should separately vanish. 

Let a given system of coplanar forces acting on a rigid 
body be such that the algebraic sum of the moments of 
the forces about three non-collinear points A, B, G in their 
plane are separately zero. 

Now we know that a given system of coplanar forces 
can always be reduced either to a single force, or to a single 
couple. In this case, the force system cannot reduce to 
a couple, for then the moment of this couple, being equal to 
the algebraic sum of the moments of the given forces about 
any point A, is zero, and so the couple vanishes. Again, 
if the force system reduces to a single resultant force B, 
its moment about A, being equal to the algebraic sum of 
the moments of the given forces about that point, is zero. 
Thus the resultant, if it be not zero, must pass through A. 
Similarly, it will pass through B and C. Now A, B, C 
being not in the same straight line, the resultant, which 
is in a definite direction, cannot pass through all three 
simultaneously. Thus the resultant must vanish. Hence 
the given system of forces, being neither reducible to a single 
resultant, not to a couple, must be in equilibrium. 

Thus the three conditions above being given, they are 
sufficient to ensure equilibrium of the given system. 

Conversely, if the given system be in equilibrium, 
reducing to a single force at any arbitarary point A together 
with a couple, which must both be zero, we can conclude 
that the algebraic sum of the moments of the given forces 
about A must vanish ; and similarly for B and 0. Thus 
the conditions follow necessarily. 
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8*4. Illustrative Examples. 

Ex. 1. Forces P, 0, P, S act along the sides AB, BC^ CD^ DA of 
the cyclic quadrilateral ABCD, taken in order^ where A and B are the 
extremities of a diameter. If they are in equilibrium^ prove that 

P* = P» + 0* + 5* + 2PQSfR. [ C, U. 194$ ] 



Hore the'* resultant of P and Q acting at B at an angle 160^ ~P 
balances the resultant of P and S at D acting at an angle 180*’ 

[ *.' the quadrilateral is cyclic. ] 

Ilenoe P* + 0’*-2Pg cos P=P» + S“ + 2P5 cos P (i) 


Again, for equilibrium of the whole system, taking moment 
about P, 

BC S 

B,BC sin C+5.AP sin A = 0, or, 

[ ••• A« 180 *-a] 

Thus, since ACB is a right angle for AB is diameter, 


T, BC 
cos P»^. 


S 

P' 


Now from (i), 

P’ + Q*+a^=2l*+S*-2S*, 

B^„P' + Q*+S*+2PQSIB. 

Ex. 2. A gaie 6 feet high and 8 feet wide weights 112 lbs,, and is 
supported by two hinges, one foot from the bottom and top respectweiy 
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The lower hinge can only exert a horizontal reaction. Find the reactions 
at both hinges^ ifji hoy of loeight 43 lbs. is sitting on the end of the gate, 

[ C. U. 1942 3 



Let X, Y be the horizontal and vertical components of reaction at 
the upper hinge C/’, and Z' the reaction of the lower hinge L, which is 
given to bo horizontal only. These reactions at the hinges, together 
with the weight of the gate at its centre 6', and the weight of the boy at 
the end B of the gate, keep it in equilibrium. 

For equilibrium, resolving horizontally and vertically, we get 
X'-X=0, or, X'=Z 
r- 112 -52 = 0, or, r=164 lbs. wt. 

Also, taking moment about the lower hinge, (since = 6-2 = 4 fty 
AB^8 ft., distance of O from the line AD is 4 ft.), 

Z.4- 112.4- 62.8 = 0, 

whence Z=2161bs. wt. 

Thus total reaction at the upper hinge 

= = /s/2f6“”+ 164“ «= 271*2 lbs. wt. nearly.. 

The reaction at the lower hinge- Z'«Z=2163lbs. wt. 

Ex. d. A ladder of weight 24 lbs. rests on a smooth horizontal ground 
leaning against smooth vertical wall oJL an inclination tan*'^ 2 with 
the horison a/nd is prevented from slipping by a string attached at its 
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lowe7' endf and to the junction of the wall and the floor. A boy of weight 
72 lbs. begins to ascend the ladder. If the string can bear a tension of 
30 lbs. tot., how far along the ladder can the boy rise toith safety ? 



AB being the ladder at an inclination 9 = tan" ^2 to the horizon, 
let T be the tension in the string AO^ when the boy rises a distance 
AG^x along the ladder. Let AB^a, and let IV and R be the reactions 
at A and B which, since the floor and wall are both smooth, are vertical 
and horizontal respectively. 

Now for equilibrium, resolving horizontally, and taking moment 
about A^ we get 

R-T^O, i.e., 

and B.a sind — 24*^ cos ^ — 72. jc cos 0 = 0, 

whence, ^ tan 9- ^ g “ge" 6 ’ 

Now maximum value of T that the string can bear is SO lbs. wt. 
Hence the greatest possible value of xia consistent with equilibrium is 
ISr greatest value of x possible is %a. 

Thus the boy can rise a distance f of ladder with safety* 
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Ex. 4. A triangle formed of three rods is fixed in a horizontal 
position^ and a homogeneous smooth sphere rests on it ; show that the 
reaction of each rod is proportional to its length, 

O Let D, E^ F ho the points where 

the sphere touches the rods BG, CA, 
AB. The reactions of the rods on 
the sphere being along the normals, 
must pass through the centre 0 of 
the sphere. 

Let R^, Rs be these reactions. 
The section of the sphere by the piano 
of the triangle is a circle which 
touches the sides of the triangle ABC 
at D, E, F, and is accordingly the 
in-circle of the trmnglo. Its centre 
J is at the foot of the perpendicular 
from the centre 0 of the sphere on 
the plane ; thus 01 is vertical, and along this line the weight of the 
sphere acts. 

Now DI^EI^FI, and so which represent the tan- 

gents of the angles ODI, OEI, OFI are also equal. Thus DO, DO, FO 
are inclined at the same angle {d say) to the horizon. 

The reactions Da, D, along DO, DO and DO, together with 
the weight of the sphere are in equilibrium. Hence resolving horizon- 
tally, the horizontal components of Da, D, which are evidently 
along DJ, DJ, and FI are in equilibrium. 

Thus, by Lami’s theorem, 

Dj cos ^ D a cos B _ D s cos 9 ^ 
sin EIF^ sin DID sin DID 

Now, sin DID=sin (180® — 4) * sin A, ( •.* AEIF is cyclic ) 

Similarly sin DID » sin D, sin DID"* sin 0. 

Thus Di : Da : D^a gin : sin D : sin O, 

™ a • b • Cf 

f .€», the reaction of the rods are proportional to their lengths. 
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Examples on Chapter Vni(b) 

1. A uniform beam whose weight is 200 lbs. and which 
is 12 ft. long is hinged to a vertical wall. A string attached 
to the other end keeps the beam horizontal and is fixed to 
the wall 9 feet above it. A weight of 300 lbs. is hung from 
this end. Find the tension of the string and the thrust 
on the beam. 

2. A ladder of length 2Z and weight W rests against 

a smooth vertical wall. Its lower end is in contact with 
the floor which is smooth and is prevented from slipping 
by a string of length a, connecting it with the junction of 
the wall and the floor. If a person of weight 2W stands 
on the rung of the ladder distant H from its lower end, 
determine the reactions *»Lt the two ends of the ladder, and 
the tension of the string. [ C. U. 1941 ] 

3. A ladder resting on a smooth floor and against 
a smooth vertical wall is prevented from slipping by a rope 
tied to a point on it with its other extremity fixed at the 
junction of the floor and the wall. If the centre of gravity 
of the ladder divides it in the ratio 7n : n, and the ladder 
and the rope be inclined at angles 0 and ^ respectively to 
the horizon, show that the tension of the rope is 

^ ^ COSJ9 

m + n sin {6 - 4) 

■ where W is the weight of the ladder. 

4. A heavy rod of weight W is hung from a point by 
two equal strings, one attached to each extremity of the 
rod. A weight w is suspended half-way between the mid- 
point and one end of the rod. If and T 2 be the tensions 
in the strings, show that 

Tt ^ 2TF4’ Sw 

5. A uniform beam of length 2a and weight W rests 
with its ends on two smooth planes inclined at angles 30^ 
and 60** respectively to the horizon. A ring of weight 2W 
can slide along its length. Find the position of the ring 
when the beam rests in a horizontal position. 
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6. A square lamina A BCD of weight W is hinged to 
a vertical wall at A with its plane vertical. A weight W is 
suspended from its corner C and it is supported with AG 
horizontal by means of a horizontal string joining B to the 
wall. Find the tension of the string and the reaction at 
the hinge. 

7. A door ft. high is hung from two hinges placed 
9 inches from the top and the bottom. If the weight of the 
door be 36 lbs. wt., and its 0. G. is at a distance 2i ft. from 
the lino of hinges, show that the tofal force on each hinge 
is 22i lbs. wt., it being assumed that the weight of the door 
is supported by eacli hinge. 

8. A gate is supported by two hinges in such a way 
that the action of the upper hinge is entirely horizontal. 
The distance between the hinges is 3 ft., and the weight of 
the gate, 60 lbs., acts along a vertical line 3i ft. from the 
line of the hinges. Find the force exerted by each hinge. 

[ C. U. 1944 ] 

9. Forces P, Q, B, S acting along AB, BG, GD, DA 
of a quadrilateral ABGD are in equilibrium ; show that 

^ P^B ^ Q X 
AB ^ Ct) BGy^ DA 

10. Forces P, Q, B act along the sides PC, GA, AB 
of a triangle ABG and forces P\ Q\ B' act along AG, BO, 
GG, where G is the centroid of the triangle. If the six 
forces are equilibrium, show that 

PP' . OQ' . BB' 

AO.BG BO.GA GG.AB 

11. Forces P, Q, B act along the sides BG, GA, AB of 
the triangle ABG and forces P', Q\ P' act along OA, OB, 
OG, where 0 is the circum-centre, in the senses indicated by 
the order of the letters. If the six forces are in equilibrium, 
show that 

P cos A + Q cos B + B cos 0-0 

PP' + QQl + BB'^ 

a i) c ' 


and 
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12. Forces Pj, P 2 * ^ 3 # -P 41 Fs, Po act along the sides 
of a regular hexagon taken in order. Show that they will 
be in equilibrium, if 

2 ;P = 0 and Pi-P^ = P 3 -Po=P 5 -P 2 . 

13. Three uniform rods AB, BC, CD whose weights 
are proportional to their lengths b, c are jointed at B 
and C, and are resting in a horizontal position on two smooth 
pegs, the distance between which is x. Show that 

CL . C m f 

^ 2a + b 2c + b 

14. A weight W is attached to an endless string of 
length Z which hangs over two smooth pegs distant c apart 
in a horizontal line. Prove that the pressure on each peg is 

16. A uniform rod of weight W is supported in equili- 
brium by a string of length Z, attached to its ends and 
passing over a smooth peg. If now a weight W' be sus- 
pended from one end of the rod, prove that the system 

IW 

may bo placed in equilibrium by sliding a length 2(w+ W') 
of the string over the peg- 

16. Two uniform rods AB, AO, each of length 2a, are 
smoothly jointed at A and rest symmetrically in a vertical 
plane on two smooth pegs in the same horizontal level at 
a distance 2x apart. Show that they are in equilibrium if 
each rod makes with the vertical an angle sin”^ V{xta), 

17. Two equal uniform heavy rods are connected at 
one extremity by a thin string, and the system is placed 
symmetrically in a vertical plane with the rods resting on 
two smooth pegs in the same horizontal line. If a be the 
length of each rod, b the distance between the pegs and 
Z (< b) is the length of the connecting string, show that in 
equilibrium positioi^ the inclination of each rod to the 
horizon is 


9 
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18. A triangular lamina of weight W is supported by 
three vertical strings attached to its angular points, so that 
the plane of the.triangle is horizontal. A particle of weight 
W is placed on the triangle at its ortho-centre. Prove that 
if Ti, 2 ^ 2 , Tq be the tensions in the three, strings, then 

Ti ^ Tp, _ 2^3 

1 + 3 cot B cot G 1 + 3 cot G cob A 1 + 3 cot A cot B 

19. A circular lamina is hung up from three points 
A^ B, G on its rim by equal strings attached to a fixed 
point. If 2’i, 2^21 2^3 he the tensions in the strings, then 

sin 2A sin 2B sin 2G 

20. A heavy triangular lamina is suspended with its 
plane horizontal from a fixed point by strings attached to 
its corners ; show that the tension of each string is propor- 
tional to its length. 

Prove that the same result is true even it the plane 
of the triangle is not horizontal. 

21. A sphere rests on three smooth pegs, which lie in 
a horizontal plane, and are at distances a, b, c from one 
another. .Prove that the pressures on the pegs are in the 
ratios 

a* (6* + - a") : (c® + - 6®) : (a^ + 6* - c*). 

22. A light table stands on three equal vertical legs and 
a weight is placed at the in-centre of the triangle formed 
by the points of intersection of the legs with the table. 
Show that the pressures on the legs are proportional to the 
lengths of the opposite sides of the triangle. 

28. Two equal smooth spheres, each of weight W and 
radius r, are placed within a thin hollow vertical cylinder 
of radius a ( < 2r), open at both ends, and resting on 
a horizontal table. Prove that the least weight of the 
cylinder so that it may not be upset, is 
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24. Two equal uniform ladders of length Z, freely jointed 
at Ay are connected by a horizontal rope PQ and rest on 
a smooth horizontal plane ; a man of weight W climbs 
a distance x up one of the ladders. If w be the weight of 
each ladder, 2& = length of the rope, and AP = AQ^a, show 
that the tension of tl\e rope is 


TFir + wl b 
2a 


25. ABy BGy CD are three equal rods jointed at B and 
G, The rods ABy GD rest on two smooth pegs in the same 
horizontal line, so that BG is horizontal. If a be the 
inclination ot AB and P that of the reaction at B to the 
horizon, prove that 

3 tan a tan 1. 


26. A solid hemisphere of weight W and radius a is 
placed with its curved surface on a smooth horizontal table 
and a string of length I {l < a) is attached to a point on 
its rim and to a point on the table ; show that the tension 
of the string is.- 




a-l 

J2al - P 


27. Two smooth balls of the same material of radii a* 
and b are placed inside a hemispherical bowl of radius B ; 
prove that the line joining the centres of the balls will be 
horizontal, if 


j,Ja + b){a^-^bn 


28. Inside a fixed vertical ring of tradius B, there are 
placed symmetrically two equal small rings of radius r, and 
a third equal ring is placed symmetrically on them. Prove 
that the rings will remain in contact, provided 

B <r (1+2^7). 

29. Two uniform spheres of equal weight but unequal 
radii a, b are connected by a cord of length I attached to 
a point on each surface. They rest in contact, the string 
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hanging over a smooth peg. Show that the two portions of 
the string make equal angles 


sin 


a + h 
+ ^ 


with the vertical. 


30. Two smooth spheres of radii a and 6, of equal 
density, are connected by a light string of length I, the ends 
of the string being attached to points on the surface of tlie 
spheres. Tlie string is slung over a smooth fixed peg and 
the spheres hang freely in contact with one another. Show 
that in the position of equilibrium, the peg divides the 
length of the string in the ratio 

(6 + Z)-a^ (a + Z) 

31. The height of a solid homogeneous right circular 
cone is h and the radius of its base is r ; a string is 
fastened to the vertex and to a point on the circumference 
of the circular base, and is then put over a smooth peg ; 
if the cone rests in equilibrium with its axis horizontal, 
show that the length of the string is 

[ 0. H, 1960 ] 


ANSWERS 

1. 666§ lbs. wt. ; lbs. wt. 

fiJV 

2. Tension = reaction of the wall = ! 

reaction of the floor=3W. 

5. from the end on 30° plane. 

6. 3Tr ; W making an angle tan'^S with the horizon. 
8. 70 lbs. wt., and 10 a/SS lbs. wt. 



CHAPTER IX 


FRICTION 

9’1, Hitherto we have considered examples of bodies 
acted on by forces, which in some cases had been in contact 
with other smooth bodies or surfaces. SucJi a surface, from 
the very definition, can exert a reaction in the normal 
direction only, and is incapable of exerting any force in tlie 
tangential direction. A perfectly smooth body or surface 
is however an ideal one, as is never to be met with in nature, 
and all bodies or surfaces which are experienced by us are 
more or loss rourjlu 

When a body is in contact with a roicyh surface (or 
some other rouqh hody)^ and is acted on by external forces 
lohercby it is uryed to slide over that surface, it experiences 
a tangential resistance at its point of contact, which is known 
as the force of friction betiveen the body and the surface 
(or between the two bodies). 

As an illustration, let us consider a book resting on 
a rough horizontal table. Evidently, tlje reaction of the 
.t^ible, which is vertically upwards, balances the weight of 
the body. Now suppose we apply a horizontal pull on the 
body by a string ; for instance, a string attaclied at one 
extremity of the book, after passing over the table, has 
a weight hanging from it at the other end. If the weight be 
not sufficiently large, it is found that the book does not 
move. This shows that the table (in addition to the vertical 
reaction balancing the weight of the body), exerts a hori- 
zontal force opposing the tension, and keeps the book in 
equilibrium. This is the force of friction. If now the 
hanging weight is increased a little, i)rovided it does not 
exceed a certain limit, the body is still found to remain at 
rest. The force of friction must accordingly have increased. 
If the weight be diminished or removed, the body con- 
tinues to remain at rest, which shows that the frictional 
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force also diminishes or disappears simultaneously, or 
otherwise the body would move in the opposite direction. 
The direction of the horizontal pull may be altered and the 
experiments repeated. The results in all cases will indicate 
that the force of friction is a self-adjustinf? force, of the 
nature of a passive resistance, appearing only when neces- 
sary and being always (up to a certain limit) just sufficient to 
prevent motion, and in the requisite direction. 

Now suppose the external force urging the body to slide 
over the rough surface (the tensicfH in the above case) 
be gradually increased. A time comes when the urging 
force is sufficiently large, and friction is no longer able 
to keep the body in equilibrium, and the body begins to 
move. There is thus a limit to which friction can rise. 
The value of this limiting friction depends on the weight 
of the body on the table, (or more generally, on the normal 
reaction between the body and the rough surface), as can 
he verified by placing different additional weights on the 
book, and finding the limiting friction in ea^ch case by 
increasing the tension and seeing when the body just 
begins to move. 

All these experiments performed suitably and repeated 
under different circumstances ultimately lead to certain 
laws satisfied by the force of friction which are given below. 
For experiments, the students are referred to any book on 
General Physics. 

As wo have already mentioned, perfectly smooth bodies 
are never to be met with in nature. In fact friction plays 
a very important part in our everyday life. If there were no 
friction of the ground, walking would have been impossible. 
Screws or nails would not stick to wood. Nothing would 
rest on any slope, and would slide down. Ladders would 
not rest on the ground leaning against a wall. Wheels and 
carriages would not roll. No heat could be generated without 
friction, and our everyday life practically would be upset. 

9*2. The laws of Statical Friction, 

When a body rests in contact with a rough surface (or 
another rough body), and is acted on by forces urging it 
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to slide On the surface, the force of friction at the point of 
contact satisfies the following laws. 

Law I. The direction of the force of friction is always 
opposite to that in which the point of contact 1i.as the tendency 
to slide. 

Law IL The magnittide of the force of friction is such 
as would he just sufficient to prevent the sliding motion of the 
point of contact, subject to a certain maximum limit. 

When the forces acting on the body urging the sliding 
motion are sufficiently large, such that the limiting value 
of the friction is reached, and the body is on the point of 
sliding, the law satisfied by this limiting friction is as 
follows : 

Law III. The magnitude of the limiting friction ahoays 
bears a constant ratio to the normal pressure bettoeen the 
two bodies in contact, and this ratio depends only on the 
nature of roughness of the inaterials of which the bodies are 
composed, but not on the shape or extent of the surfaces in 
contact. 

The law ol Dynamical Friction. 

When a body in contact with a rough surface is acted on by forces 
such that it actually slides on the surface, the force of friction at the 
point of contact is in a direction opposite to that in which the point of 
contact slides, and its magnitude l^cars a constant ratio to the normal 
pressure between the bodies in contact. 

In fact in this case the maximum amount of friction that can be 
called into play between the bodies is exerted at the point of contact. 

9*8. Definitions. 

L imiting Equilibrium and Limiting Friction. 

When a body in contact with a rough surface (or another 
rough body) is acted on by forces, and is in such a condition 
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that it is about to slide on the surface^ the force of friction 
at the point of contact having reached a maximum limit, the 
body is said to be in limiting equilibrium, and the force of 
friction then called into play is known as limiting friction. 

Coefficient of friction. 

When a body in contact with another rough body or 
surface is about to slide on it, the constant ratio which the 
limiting friction bears to the normal ^reaction between the 
two bodies in contact is defined as the coefficient of friction 
betioeen the bodies. 

Thus in case of limiting equilibrium of a body on 
a rough surface, if F be the limiting friction at the point of 
contact, B the normal reaction between the bodies, then 

F 

^ -#i, or, F-#*R 

where ^ is a constant which represents the coeflicient of 
friction in this case. 

Note. The value of fi is different for different pairs of bodies in 
contact. Even if one of the pair of bodies in contact has got its rough- 
ness altered, say by rubbing or otherwise, the value of alters. 

As far as is known, in no case /i has been found to be greater 
than unity. 

The coefiioient of dynamical friction, though very nearly equal to 
the coefficient of statical friction, is strictly speaking, between the same 
pair of bodies, slightly less than it, for experiments show that the 
least tangential force necessary to start into motion a body resting 
on a rough surface, is slightly greater than that required to continue 
the motion once started, though the normal pressure between the 
bodies is the same in the two cases. 

Angle of friction. 

In case of limiting equilibrium of a body on a rough 
surface, the angle made by the resultant of the forces of 
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limiting friction and the normal reaction (ix,^ the remltant 
reaction of the rough surface) with the normal to the surface 
at the point of contact is defined as the angle of friction. 


Thus B beinji the 
normal reaction, the 
limitinj^ friction ■ is 
F=fiB, where fi is the 
coefficient of friction, and 
their resultant S makinj; 
an angle A with the 
normal, A is defined as 
the angle of friction. ^ 

Now from the figure^, 
it is clear that 



tan A = 


F 

B 



(i. 


Thus we may give another definition for the angle of 
friction as follows : 


The angle of friction is that angle of lohich the tangent 
is equal to the coefficient of f riction. 

It may be noted that for a body iil contact with 
a rough surface, if ON represent the normal at the point 
of contact, and if OL and OM be drawn on either side of 
ON making the same angle A with ON, then in case of 
limiting equilibrium of the body, the direction of total 
reaction of the surface (resultant of normal reaction, 
and friction which is limiting) will be along OL or OM 
according as the body is on the point of sliding one way 
or the other. 

In case of non-limiting equilibrium of the body, the 
force of friction F being less than [aB, where B is the 
normal reaction, the angle Q made by the resultant reaction 
with the normal is given by 

tan ^ 


Thus 0 < A. 
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Hence m any case of equilibrium of the body on the 
roiKjh surface^ the total reaction of the surface must be within 
the angle LOM, 

Accordingly, if the resultant of the external forces 
acting on the body be outside the angle vertically opposite 
to LOM, the body can never be in equilibrium, for the 
total reaction of the surface in the case cannot balance the 
resultant of the external forces. On the other hand, if the 
resultant of the external forces be within the said angle, 
the force of friction will adjust itsdf so that the resultant 
reaction will balance the resultant of the external forces and 
will keep the body in equilibrium. 


Cone of friction. 

When a body is in contact with a rough Surface, and 
with the common normal at the xtoini of contact as axis, 
we describe a right circular cone whose semi-vertical angle 
is X — ian“'^li, where (i is the coefficient of friction, this com 
is defined as the cone of friction. 



Every generator of the 
cone of friction, therefore, 
makes an angle equal to 
the angle of friction with 
the normal. 

If the body is capable 
of sliding in any direction 
on the surface, it is clear 
that the resultant reaction 
of the surface can never 
have a direction outside 
the cone of friction. 
Accordingly, for equili- 


brium of the body it is 
essential that the resultant of the external forces on the 


body should be within the vertically opposite cone. 
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9'4. RolliDg of a body on a rough surface. 

Let a body having a point in contact with a rough 
surface be acted on by any system of external forces. If 
this force system reduce to a single resultant through the 
point of contact, then if this resultant force makes an angle 
not exceeding the angle of friction with the produced direc- 
tion of the normal at the point of contact, the total reaction 
of the surface will adjust itself to neutralise the above 
resultant, and the body will remain at rest ; otherwise the 
body will slide. 

If however, the external force system acting on the 
body does not reduce to a single resultant through the 
point of contact, the total reaction of the surface, by any 
adjustment whatever, <ftannot keep the body in equilibrium. 
In this case we can always reduce the external force system 
into a single force acting at the point of contact, together 
with a couple which does not vanish. Now if the total 
reaction of the surface can balance the single resultant 
(which will be the case when the resultant does not make 
with the normal an angle greater than the angle of friction), 
the point of contact will have no sliding motion, but the 
couple will produce a turning effect on the body which 
will turn about the point of contact ; in other words, the 
body will roll. This is the case of pure rolling. 

If on the other hand, the single resultant make an angle 
with the normal greater than the angle of friction, the point 
of contact will slide, while the body will turn due to the 
couple. 

In the case of pure rolling, the force of friction at the 
point of contact is, in general, less than the limiting friction. 

If the body instead of having a point of contact with 
a rough surface, has an area in common with it, then in 
case where the external forces reduce to a single resultant 
intersecting the area of contact, the body will either be in 
equilibrium, or will slide, according as this single resultant 
makes with the normal to the surface at its point of inter- 
section, an angle, not exceeding, or exceeding the angle of 



140 


INTEBMEDIATE STATICS 


friction. If Jjowever the single resultant does not intersect 
the area of contact, the body must topple. 

In working out examples where a body with an area 
in contact with a rough surface, and acted on by external 
forces, has got the equilibrium broken, and it is not known 
whether it will begin by rolling or by sliding, it is always 
advisable to assume rolling first, and work out the magnitude 
of the friction necessary to prevent the sliding motion. If 
it is found to exceed the limiting friction, then sliding will 
take place before this rolling stage is i;eached. Otherwise 
the body will roll, and the necessary friction, not exceeding 
the limiting friction, will come into play to prevent sliding. 


9'5. Equilibrium of a heavy body on a rough in- 
clined plane under any force. 


Let a heavy body 
of weight W be placed 
on a rough inclined 
plane of inclination a 
to the horizon, and be 
acted on by a force P at 
an angle 0 to the plane. 
Let fi be the coefficient 
of friction. 



Case 1. Let the body be just supported, i,e,, just on the 
point of slipping doion. 

If H be the normal reaction of the plane, the friction 
in this case, which is limiting, is (iB up the plane. 

Hence for equilibrium, resolving along and perpendicular 
to the plane, 

P cos B + pB =" W sin a 
P sin 0 + B — TT cos a, 
whence, eliminating B, 

P (cos 0 - ^ sin 0) = TT (sin a- ii cos a), 

• _ TTr sin a — ^ cos a 

cos 0 “ ^ sin 0 
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If A be the angle of friction, so that fi - tan A, 

® cos 0 — sin 0 tan A cos (0 + A) 

giving the necessary value of P in the given direction just 
to support the weight on the plane. 

Case II. Lei the body be on the point of slidinfj vp. 

In this case the limiting friction fiB is down the plane, 
and hence the equations for equilibrium give 

P cos 6 - fjtB = IT sin a 
and P sin 0 + P = ir cos a, 

1 -n Trr siu a + fi COS a Tzr sin (a + A) 

cos 6 + ft sin 0 cos (0 - A; 


Alternative method. 



Fig. (i) Fig. (ii) 


In‘ case I, the total reaction S of the inclined plane is 
making an angle A with the normal to the right as in fig. (i), 
when the body is in limiting equilibrium, about to slide 
down. Thus angle between P and S is 9O‘’-0- A, and that 
between W and S is 90*^ - a + 90® + A. Now for equilibrium 
ofithe three forces P, S and TF, by Lamis' theorem, 


W P . , „ _ ™ sin (a - A) 

sin (90* - 0 -~A) “ sin (ISO* - a + A) ^ ^ cos (0 + A)‘ 
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In case II, when the body is on the point of sliding up, 
A being on the opposite side as in fig. (ii), we get, as before 

W P in- "*■ 

sin (90“ “ 0 + A) sin (180** - a - A) 


Cor. 1. If a ^ X, it is found that for caso I, P= W is 

negative or zero. In other words, no force is required to support the 
body on the plane, which will rest of itself (in non-limiting equilibrium 
in case a < X). The maximum value of a for Pmot to be positive is X. 
Thus the greatest inciwation of the rough i)lane to the horizon so that 
the body will rest on it without support is the angle of friction^ and in 
this extreme caso the body will be in limiting equilibrium, just on the 
point of slipping down. 


Cop. 2. If o > X, and ^=0, the extreme values of P applied parallel 
to the plane, when the body is on the point of slipping down, and when 
it is on the point of slipping up, are respectively W sin (o — X) sec X and 
T^sin (a + X) sec X. If P has any value between these, the body will 
rest on the plane in non-limiting equilibrium. 


Cor. 3. In general, when a > X, the least force that will just 
support the body on the plane is P= Tr sin (a-X), when applied in 
a direction given by -X, and the least force necessary to drag the 
body up the plane is P= W sin (a+X) applied in a direction given by 
^ = X. 

The last result can be put in the form, 'the best angle of traction 
up a rough inclined plane is the angle of friction.’ 


9*6. Illustrative Examples. 

vsjtTi. A uniform ladder is in equilibrium with one end resting on 
the grou/nd and the other against a vertical wall ; if the ground and 
toall be both roughs the coefficient of friction being and respectively ^ 
and if the ladder he on the point of slipping at both endst show that the 
inclmation of the ladder -taihe horizon is given by 


tan 0 = 

[ 0 . 


2m 

U. mo ; U. P. m? ; B. H, U. 1942 ] 
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Let the length AB of the ladder be 2a. R and S denoting the 
normal reaction of the ground and the wall, the limiting friction at 
these points are ptR and fi*S in directions shown in the figure. 



Now for equilibrium, resolving horizontally and vertically, and 
taking moment about A^ we got 


S = m>H 

and 5.2a sin $ + fA'S.2a cos 6— TF.a cos $ — 0 
From (i) and (ii), S 

and then, from (iii), 

25 (tan ff +m')= ir= 5 ^ 1 + Ai' J • 

••• 


(i) 

(ii) 

(iii) 


Ez. 2. A straight uniform beam of length 2h rests in limiting 
equilibrium, in contact with a rough vertical wall of height h, with 
one end on a rough ho^'ieontal plane and with the other eyid projecting 
beyond the wall* If both the wall and the plane be equally rough, 
prove that \ the angle of friction, is given by 

sin 2\BS«n a sin 2», 

where a is the inclination of the beam to the horizon. 


[ C. V, 1944 ] 
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AB is the beam, O its middle point, so that AG=GB=^h. 
CO is tlie Hence AC*=h cosec a. 

Thus GC= h (cosec a — 1). 



Now the equilibrium being limiting, the total reaction at A is 
along AT) making an angle X with the vertical, and the total reaction 
R' at C is along CD, making an angle X with the normal CE to the rod 
at C. As the three forces R, B* and the weight W of the rod at G 
are in equilibrium, they must meet at a common point D, so that DC. 
is vertical, intersecting CE at E say. 

Clearly, /LADG = \ — Z^ECD, Z.CDC = a, and so Z.DDC = a-X, 

„ CC GCGD Bin GDC sm DAG 
"AC^'cD AC“ sin CCD* sin ADG 

i e, (coBQC a — y sin (a — X) ^ sin (90° — a — X) 

'* h “^sin (90° + X)' sin X * 

_v sin (o— X) cos (o+X) 8in2a-sin2X 
sin X cos X sin 2X 

sin 2X coscc a^^sin 2a, or, sin 2XB:sin a sin 2a. 

Ex. 8. Two equal uniform ladders are joined at one end and stand 
with the other ends on a rough horieontal plane, A man whose weight 
is equal to that of one of the ladders ascends one of them. Prove that 
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the other will slip first. Supposing that it slips when he has ascended 
a distance x, prove that the coefficient of friction is 

(a+x) tan al{Qa+x), 

a being the length of each ladder^ and a the angle which each makes 
with the* vertical. 


A 



Let M bo the position of the man on the ladder AB at any instant 
when BM=Xt Rt. R* the normal reactions of the ground, and F^ F* the 
frictions at the instant at B and C respeotively. 

Now considering the two ladders AB and AC as forming one 
^stcm, action and reaction at A on the two neturaliso each other. 
Hence, resolving horizontally and vertically and taking moment about 
B for the equilibrium of the combined system, we get 

F^F^ ... ... (i) 

i2+JR'=3TF — — (ii) 

R\2a sin a » IT- — sin a + TT.a? sin o+ sin a. ••• (iii) 

Again, considering the equilibrium of the ladder AC separately, 
taking moment about A whereby the unknown action at A of AB on 
A 0 will not enter the equation, we get 

F\a cos a— a sin a — sin a. •••’ (iv) 

From (iii), W* and then from (ii), W* 


10 
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Hence, from (i) and (iv)t 


Thus 


j?ssj*'=s tan a j 

_ a+aj . 

“ - tan a, 




a+o; 

2a 


and 


F' a+aj 


tan a. 


’4a“a; B' 2a+aj 

Now (4a- x) - (2a+ ®) *= 2(a- «) is positive, for as < a. 

F* F 

Hence > 7, for all values of aj. 

J\ It 

«• F F' 

One of the ladders wiP slip when either ^ or is equal to the 

F* 

coefficient of friction /i, and as is the greater, this will attain the 

value /I first. Thus the other ladder AC will slip first, and the co< 
efficient of friction is connected to x by the relation 
F' a+x 


^ B'‘2a+x 


tan < 


Note. Initially, when a;»0, «.e., the man is on the lowest rung of 
F F* 

the first ladder, * J tan a, and tan a, and ft must be > J tan a 

in order that the ladders may not slip. Provided this is satisfied, 

F' F^ 


F .F' 
the value ft first. 


^ and ^ both increase with », but being always > ^ ♦ will attain 


Ex, 4. A heavy solid right circular cone is placed with its base on 
a rough inclined planet the inclination of which is gradually increased ; 
determine whether the initial motion of the cone will be one of sliding 
or tumbling- ofoer, 

[ The C.G. of a solid right circular cone is on the axis at a height 
me-fov/rth of the height of the vertex from the base, ] 

The total reaction of the plane (resultant of normal reaction and 
friction at all points of the base) must bo a force, acting somewhere 
on the base AB, Hence if the external force, namely the weight of 
the cone, which acts vertically downwards through its centre of 
gravity 6^, falls outside the base ABt the total reaction of the plane 
will not be able to balance the weight, and the cone will topple. 
Thus assuming 9 to be the inclination of the inclined plane in the 
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marginal case when the weight passes through the extermity A of 
the base, and the cone is on the point of tumbling over about A, the 
base will not slip before this stage is q 
reached provided the external force i.e., 
the weight makes with normal to the 
plane an angle, less than the angle of 
friction X, i.e., provided' Z.AQN^^d < X. 

This requires 

AN 

tan $ < tan X, or, < fi- 

Now a being the semi-vertical angle 
of the cone, 

if V AJJ 

Renee the cone will tumble if 4 tan a < fi. 

If 4 tan a > /A, then before the contemplated position for tumbling 
is reached, the base will slip. 

Hence the initial motioi^ of the cone will be one of slipping or 
tumbling over according as 

ft < or > 4 tan a. 

In case m < 4 tan a, the cone will slip when the inclination of the 
plane to the horizon, «.e., ^^X^ tan^^iu. If /u > 4 tan a, the cone will 
- tumble when $ « tan" ^ (4 tan a). 

Ex. 5. Two weights P and Q(P> Q) are placed on a rough inelinsd 
plsme, being connected by a thin string passing over a small smooth 
pulley on the plane, the parts of the string being parallel to the line of 
greatest slope. The inclination of the plane to the horieon is gradually 
increased. Prove that the weights will begin to slip On the plane when 
ifs inclination 0 to the horieon is given by 

tan ^ 

where X is the angle of friction of the plane, assumed same with respect 
to either weights . . 

0 being the inclination of the plane when P is on the point of 
slipping down, and /( denoting the ooeffloient of friction, if il be the 
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normal reaotion on P, the friction is fiR up the plane. If jS be the 
normal reaction on Q is as Q on the point of moving up, the friction 
ftS will act down the plane. Let T be the tension of the string. 



Now for equilibrium of P and Q, resolving along and perpendicular 
to the plane in each case 

Psintf«P+AiPf Pcos^ = jR 

0 sin 0 ^ 008 ^ = 5. 


From these, 

P (sin ft 008 0)*=T^Q (sin B-^ft cos 9), 
/, sin 0 {P-Q)-tt COB 0 (P+0). 


Examples on Chapter IX 


1, A body of weight W rests on a rough horizontal 
plane, A being the corresponding angle of friction. It is 
desired to move the body on the plane by pulling it with 
the hel|^ of a string. Find the best angle of traction, and 
the lesKt force necessary. 


A body d weight 4 lbs. rests in limiting equilibrium 
on an inclined plane whose slope is 80% Find the co- 
efficient of friction and the normal reaction. 


[ B. E'. Allahabad, 1988 ; 0; U. 1916 ] 
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_3/ How high can a particle rest inside a hollow sphere 


of radius a, if the coefficient of friction be 


^/ 3 ‘ 

[ P. U. 1929y *31, *39 ] 


• 4. Prove that the horizontal force which will just 

sustain a heavy particle on a rough inclined plane, will 
sustain the same particle on a smooth plane whose inclina- 
tion is less than that of the rough plane by the angle of 
friction. 


5. A weight 30 lbs. can just rest on a rough inclined 
plane when its inclination to the horizon is 30^ When the 
inclination is increased to 60^, find the least horizontal force 
which will support it. 


so the least force along the plane, that will drag 

body of mass 100 lbs* is placed on a rough inclined 
plane, and is just supported by a force 40 lbs. wt. applied 
along the plane. When this force is increased to 80 lbs. wt.i 
the body is. on the point of sliding up. Find the coefficient 
of friction. 



7. A body of weight W can just be sustained on 
a rough inclined plane by a force P, and just dragged up the 
'plane by a force Q, P and Q both acting up the line of the 
greatest slope. Show that the coefficient of friction is 

Q-P 

N/4Tr*-(P+Q)* 

8. The force P acting along a rough inclined plane 
just supports a body on the plane, the angle of friction A being 
less than a, the inclination of the plane to the horizon. 
Show that the least force acting along the plane, which is 
sufficient to drag the body up the plane is 

^ sin fa + A)’ 

{g- 

9> The least foroe' which will move a weight ap an 
inclined idane is P. ; Show, that the least force, acting 
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parallel to the plane which will move the weight upwards 
is 

(i being the coefficient of friction of the plane. 

10. A body is resting on a rough inclined plane of 
inclination a to the horizon, the angle of friction being A, 
(A > a). If P and Q be the least forces which will respec- 
tively drag the body up and down the plane, then 

P ^ sin (A + a) 

Q sin (A - a) 

11. If the force, which acting parallel to a rough plane 
of inclination a to the horizon is just sufficient to draw 
a weiglit up, be n times the force which will just let it be 
on the point of sliding down, show that 

, w+ 1 

tan a = u r- 

n-1 

12. Two rough particles connected by a light string rest 
on an inclined plane, the string passing round a smooth 
pulley on the plane, and the parts of the string being parallel 
to the line of the greatest slope. If the weights and corres- 
l)onding coefficients of friction are TTi, W 2 and ^2 
respectively, show that the greatest inclination of the plane 
consistent with equilibrium is 

[ Punjab. 1940 ] 

13. A beam rests with one end on a horizontal ground 
and the other against a vertical wall. Prove that for equili- 
brium, there miist be friction between the beam and ground, 
An^need not be friction between the beam and the wall. 

^14. A uniform ladder rests with one end on the rough 
orizontal ground and the other against a rough vertical 
wall. The coefficients of friction at the lower and upper 
ends are v and i respectively. Determine the angle which 
the ladder makes with the ground when it is about to slip. 

[ C. U. 1943 ] 

^16. A uniform ladder rests in limiting equilibrium with 
its lower end on a rough horizontal plane and its upper end 
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against a smooth vertical wall. If 6 be the inclination of the 
ladder to the vertical, prove that 

tan 0 = 2// 

where // is the coeiBcient of friction. 

What happens if the ladder be non-uniform ? 

16. A uniform ladder rests with its lower end on rough 
horizontal ground and its upper end against a rough vertical 
wall, the ground and the wall being equally rough, and the 
angle of friction A. Show that the greatest inclination of 
the ladder to the vertical is 2A. 

✓ 

17. A ladder, 30 feet long, rests with one end against 

a smooth vertical wall and, with the other on the ground, 
which is rough, the coefficient of friction being i ; find 
how high a man whose weight is 4 times that of the ladder 
can ascend before it begins to slip, the foot of the ladder 
being 6 ft. from the wall. [ B. H, U. 1946 ] 

18. A uniform ladder rests inclined at 46® to the vertical 
with one end on rough horizontal ground, the coefficient 
of friction being f, and the other end against a smooth 
vertical wall. Show that a man whose weight is equal to 
that of the ladder cannot ascend to the top. 

What weight must be placed on the bottom of the ladder 
to enable the man to ascend to the top ? 

"19. A man weighing 140 lbs, climbs up a uniform 
ladder 20 ft. long and 70 lbs. in weight, which rests against 
a rough vertical wall at an angle of 46®. If the coefficient 
of friction at each end of the ladder is 0*6, how far will the 
man be able to climb up the ladder before it begins to 
slip ? 

Find also the greatest weight of a creature which can 
climb to the top. [ B. H. U. 1940 ] 

"^0. A uniform ladder rests in limiting equilibrium with 
one end on a rough horizontal plane and the other against 
a smooth vertical wall. A man then ascends the ladder. 
Show that, whatever his weight, he cannot go more than 
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half-way up. What happens if the horizontal plane also be 
smooth ? Give reasons for your answer. [ C. U. 1942 ] 


21, A uniform ladder rests in limiting equilibrium with 
one end against a rough vertical wall and the other on 
a rough horizontal plane, the angles of friction being A and A' 
respectively. Show that the inclination 0 of the ladder to 
the horizon is given by 


tan 0 


cos (A + A') 

2 sin A' cos A 


[ C. U. 1947 ] 


22. A uniform ladder of weight TF, inclined to the 
Jiorizon at 45®, rests with its upper extremity against a rougli 
vertical wall and its lower extremity on the ground. Prove 
that the least horizontal force which will move the lower 
end towards the wall is just greater tlian 



l-lij 


where ^ and are the coefficients of friction at the lower 
and upper end respectively. [ C. U. 1939 ] 

*^23. A uniform ladder of weight w rests on a rough 
horizontal ground and against a smooth vertical wall, inclined 
at an angle a to the horizon. Prove that a man of 
weight W can climb to the top of the ladder without the 
ladder slipping if 

la ^ 2( 1 - /I tan a )^ 

W 2fi tan a-i 

fi being the coefficient of the friction. [ 0. U, 1933 1 

'^24. Two equal uniform rods AO, OB are freely jointed 
at 0 and rest in a vertical plane with the ends A and B in 
contact with a rough horizontal plane. If the equilibrium 
is limiting, and the coefficient of friction is show that 

Bin ACB = E C. U. 1935 1 

25. Two equal ladders of weight W are placed so as 
to lean against each other at an angle 29, with their 
ends resting on a rough horizontal floor, the coefficient of 
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friction of which with respect to either being where 
tan 0 > /i > J tan 5. If W* be the weight which placed on 
the top causes the ladders to slip, show that 

tan 0 “ /< 

Explain the cas6 when /i < i tan 0 or > tan 0. 

26. A bar rests on two j)Ogs and makes an angle a with 
the liorizontal. The centre of gravity is between the pegs 
at distances a, h from them. Prove that for equilibrium 

tan a > - - 

a + b 

where [i 2 are the coefficients of friction at the pegs. 

[ Aara, 1940 ] 

27. A heavy uniform rod is placed over one and under 
the other of two horizontal pegs, so that the rod lies in 
a vortical plane ; shew that the length of the shortest rod 
which will rest in such a position is 

a (1 + tan a cot A), 

where a is the distance between the pegs, a is the inclina- 
tion to the horizon of the line joining them, and A is the 
angle of friction. 

28. A straight uniform beam is placed upon two rough 
planes whose inclinations to the horizon are oi and o^, and 
coefficients of friction tan A], and tan As. If 0 be the 
inclination of the beam to the horizon in limiting equili- 
brium, 

2 tan 0 = cot (a a + As) - cot (oi - Ai). 

'^29, A heavy uniform rod rests in limiting equilibrium 
within a fixed rough hollow sphere. If A be the angle of 
friction, and 2a the angle subtended by the rod at the 
centre of the sphere, show that the inclination 0 of the rod 
to the horizon is given by 

2 tan 0 * tan (a + A) - tan (a - A). 

[ P. U. 1934, 1943 ] 
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30, A thin uniform rod of length 21 rests in limiting equi- 
librium inside a rough vertical circular hoop of radius a. 
Prove that the inclination of the rod to the horizontal is 


cot’ 


\ a^fi I 

where fi is the coefficient of friction. 

31. A glass rod is balanced partly in and partly out of 
a cylindrical tumbler vrith the lower end resting against the 
vertical side of the tumbler. If a and* p are the greatest 
and least angles which the rod can make with the vertical, 
prove that the angle of friction is 


i tan 


(sin^a 


sin ® _\ 

cos a + sin“/? cos 


32. Prove that the least force, which applied to a uniform 
heavy sphere of weight W will maintain it in equilibrium 
against a rough vertical wall, is W cos A, provided A, 
the angle of friction, is less than 


cos 


33. A rectangular block of wood with a square base is 
placed on a rough inclined plane with two sides of the base 
horizontal, and the inclination of the plane to the horizon 
is gradually increased. If ^ be the coefficient of friction, 
and a side of the base, find t})e greatest height of the block 
so that it may slide down the plane before toppling. 

34. A uniform solid circular cylinder is placed with its 
plane base on a rough inclined plane and the inclination 
of the plane to the horizon is gradually increased ; show 
that the cylinder will topple over before it slides, if the ratio 
of the diameter of the base of the cylinder to its height is 
less than the coefficient of friction. 


35. A solid right circular cone is placed with its base 
on a rough inclined plane the inclination of which to the 
horizon is gradually increased. If the angle of friction be 
30"*, find the angle of the cone when it is on the point of 
both slipping and turning over simultaneously. 
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ANSWERS 


1. X, W sin X. 2. • 2 s/3 lbs. wt. 

3. Jfl(2 - above the lowest point. 

5. 10 /s/3 lbs. wt. ; 20 JS lbs. wt. 

6. i. 15. If the c. g. divides the ladder 

in the ratio m : n, tan ^ = ^ (m + n^lm. 

17. He can rise to the top without the ladder slipping. 

18. 6 of the weight of the ladder. 19. 13 ft. ; 17J lbs. 

25. If /i > J tan 0, the ladders cannot rest without W* being nega- 
tive i.e., the top must be pulle^J' upwards, in which case the ladders will 
be in limiting equilibrium, the lower ends tending to slip outwards. 
If ;i > tan B, the ladders will be in non-limiting equilibrium whatever 
positive value PK' may have, and to put them in limiting equilibrium 
W* must bo negative, i.e., the top must be pulled upwards, when the 
lower ends will tend to approach each other. 

38. '*• ^ 36. COB- > Is- 

fk 



CHAPTER X 


CENTRE OF GRAVITY 

lO'l. Centre of like parallel forces. 

Let Pi, Pg, P3, be a set of like parallel forces acting 

on a rigid body at Ai, A. 21 As, resipectively. Join AiAg 



and divide it internally at such that AiCi : C^As^ 
Pa : Pi. Then the resultant of Pi and Pa is a parallel* 
force Pi +Pa acting at Ci. Join Ci^s, and divide it inter- 
nally at Ca such that O1C2 : CsAs^Fs : Pi + P2» Then 
the parallel force P1 + P3 + P3 acting at O2, is the resultant 
of Pi + P2 at Cl and P3 at A3, z.e,, of Pi at Ai, Pa at As 
and Ps at A3. Next join G3A4,, and divide it at C3 such 
that C2C3 : C3A4, = P4 ; Pi + Pa + P3. Proceeding in this 
manner till all the forces are exhausted, we finally arrive 
at a point C through which passes a force £P parallel to 
the system, which is the resultant of all the given parallel 
forces. 

Now it is evident that the positions of Ci, O3, etc., 

depend only on the magnitudes of Pi, Pa, Ps, on 

the positions of the points Ai, As, A3 where they act, 

but have nothing to do with the common direction of the 
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parallel forces. Hence the point G arrived at, through 
which the final resultant of the parallel forces passes, is 
fixed, whatever be the common direction of the parallel 
forces, so long as their magnitudes and points of application 
remain unchanged. This fixed point C is defined as the 
Centre of the given system of like parallel forces. 

We may note that G being the point through which the 
resultant 2P always passes, whatever be the commoif direc- 
tion of the given parallel forces P|, P3, P3, it is a unique 

point, and will come out to be the same in whatever order 
we proceed to combine the given forces in succession. 

Analytical determination. 

We shall confine ours'^lves to the case of a set of like 
parallel forces acting in one plane. 





Let Pi, Pa, Pa, be a set of like parallel forces acting 

at ill, bn a plane, and let (xi, Pi), (x,, pg), 

(xg, pg), be tbe co-ordinates of ili, Ag, Ag, referred 

to a set of rectangular axes on the plane. 
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The resultant of at and P2 at A2 is P1+P2 
acting at Ci on A^A2 such that A^C^ : 0iil2=P2 • ^1* 
Let ^1, »?i be the co-ordinates of G^. Then, A^Lx, A2L2 
and GxMx being perpendiculars upon OX, since these are 
parallel lines, 

LxMx ^ A I Gx . ^ P2 

MxL 2 GxA 2 Pi 


whence we get . ... (0 


Exactly in a similar manner, the x co-ordinate (i^ say) of 
Oj, where the resultant Pi + P2+P3 of Pi +P2 at Oj and 
Pa at Aa acts, is given by 


i ^{P\ +P 9 ) ^l+-P»®3 
(Pi + P2) + P3 


P 1 ^?! P 2 ®g. ^ 3 ^ 3 , 

"PV+P2+P3 


from (i). 


Proceeding in this manner, when all the forces are exhausted 
the centre of the parallel forces through which the final 
resultant passes having co-ordinates v, we get 


a ^ PxXx + P2X2 + P^_+ — „ XPx 
^ Pi + P3 + P3 + — i;p 


and similarly 

^ ^ PiVi + P2I/2 + + ••• « - 3 S?Py 

^ Pl-i-P 8 +Ps + — ^ 


10*2. Centre of mass. 

Let a. system of particles of masses mat m3,... be 
placed at the points Ax, A2, A3, 

Divide AxA2 at Ox in the inverse ratio of the masses 
at its extremities, t.e,, iliGi : Giila * Wg : mi. Assume 
the total mass mx +ma collected at ( 7 i. Divide O1A3 at O2 
in the inverse ratio of the masses at the extremities, such 
that O1O2 : Gg^s—ms : (??Ji + W2), and assume the total 
mass at the extremities, i.e,, mi + 77^2 +mB collected at Gg. 
Proceeding in this manner, when all the particles have been 
exhausted, we arrive at a final point O which is defined as 
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the centre of inass^ or, centre of inertia of the given system 
of particles. 



Ai 

{mi) 

A s 


It is evident from the mode of construction, that the 
point O is identical with the centre of a set of parallel 
forces proportional to W2, m3, etc. acting at 4 i, ilg, ilg, 
etc., and hence, as proved in the previous article, the point 
is unique. 

Again if the particles mi, 77(2, 77(3, etc. be in one plane, 
and their co-ordinates referred to a set of rectangi^ar axes 
be (a;i, i/i), (a^a. 1/2). l/s) ©tc., the co-ordinates (®, y say) 

of the centre of mass exactly as in the previous article, 
will be given by 

_ 77^1 + 77 ^ 2^2 a 

77^1 + m2 +7718 + ••• -^**1 

^ mi + 771a +7718 + ••• Sm 

The symmetry of the forms of the co-ordinates also 
shows that the point O is unique, and will be arrived at 
finally, in whatever order the masses may be combined 
in succession. 

If instead of discrete particles, we have a finite body 
of any shape, we may consider it as an agglomeration of 
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an infimfi 6 number of infinitely small particles, and define 
its centre of mass as above. It will be a definite point in 
the body. 

Centre ot Mean Position. 

More generally, let there be a set of points A 2, 
As,... and let 9 f^Q, ms,... by any set of numbers which 
are associated with these points respectively. Now join 
any two points A^A^ and divide it at (?i in the inverse 
ratio of the numbers associated at the ends, such that 
A^Gi : QxA2=m2 m^. Assume the number to 

be associated to O^. Join O^As and divide it at Gs such 
that GxG2 *. G2As=ms : + and suppose G2 to bo 

associated with m-i +^2 +ms. Proceeding in this manner, 
we finally arrive at a unique point G which is called the 
centre of mean position of the given points for the system of 
given multipliers. 

If the points A^, As,... etc. are coplanar, with co-ordi- 
nates (xi, 1/1), (a?a, V2), etc., we get exactly as in the previous 
article, the co-ordinates of G given by 

- Emm - Emy 

Efn ^ Em 

Note. The centre of mean position is a more general 
term which includes as special cases such things as the 
centre of a set of parallel forces, and the centre of mass of 
a system of particles. 

When the given multipliers are all unity (or equal), the 
centre of mean position is referred to as the centroid of 
the given points. This also means that the centre of mass 
of a body of uniform density is the same as the centroid 
of the body. 

10*3. Centre of gravity. 

We know the law of gravitation that every material 
particle is attracted towards the centre of the earth with 
a force which is proportional to the mass of the particle, and 
this force, we call its weight. 
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Now given any material body, we can consider it to be 
an assemblage of particles each of which is acted on by 
earth’s attraction, and all these forces passing through the 
centre of the earth, they have got a single resultant which 
we call the weight of the body. If the body be hold in 
different positions, the positions of the line of action of this 
weight relative to the body will be different. Now, in some 
cases, the line of action of the weight passes always through 
a fixed point in the body, however the body may be placed ; 
for instance, in case of a spherical body, by symmetry, 
the line of action of the resultant weight always passes 
through the centre of the sphere. In case such a fixed point 
is available in the body, it is called the centre of gravity of 
the body. 

»r 

Def. The centre of gravity of a body (or a system of 
particles rigidly connected to one another) is that point fixed 
in the body (or tuith respect to the system of particles)^ when 
one such exists, through which the resultant weight of the 
body or the system always passes, in whatever manner the 
body may be' placed. 

It may be mentioned however, that strictly speaking, 
in most cases such a point does not exist ; in other •words, 
in a strict sense, the centre of gravity of a body does not 
exist in all cases. 

Now for bodies of ordinary size which we have to deal 
with in general, the radius of the earth is so large in com- 
parison, that lines drawn from different points of the body 
to the centre of the eartli may be taken to be practically 
parallel. Thus the weights of different elements of which 
the body is composed can be taken as like parallel forces, 
the common direction being the vertical at that point on 
the earth’s surface, and the magnitudes of the forces are 
proportional to the masses of the elements. If the body be 
held in a different manner, the magnitudes as well as 
the points of application of thesp parallel forces remain 
unchanged in the body, only the common direction, which is 
still vertical (i.e., the same in space) changes relative to the 


IX 
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body. Hence there is a fixed point in the body through 
which the resultant weight always passes, and this we call 
the centre of gravity of the body. Strictly speaking, as 
defined in the previous article, this point is the centre of 
mass of the body. But on the above assumption, when tho 
body is of ordinary finite size, and therefore small compared 
to the earth, the centre of gravity and the centre of mass 
coincide. 

It is clear from what has already been said that if we 
proceed to find out tho centre of gravity of a big body, 
a mountain for instance, lines from different points of which 
to the centre of the earth cannot be treated as parallel, the 
body may not have a centre of gravity at all, and even if it 
has, the centre of gravity will not in general be the same 
as the centre of mass, which latter point will always exist* 

In what follows, we shall always assume weights of 
different elements of a body or a material system to be 
parallel, and proceed to determine the centre of gravity, 
which is identical with the centre of mass, and is always 
available, 

10'4. The centre of gravity of a body is unique. 



For if possible, let a body have two centres of gravity, 
O and 0\ The weight of -the body passes through both G 
and 0\ by definition, in whatever manner the body may be 
held. Now hold the body such that GG' is horizontal. 
The weight, which is a vertical force, cannot now pass 
through both O and & unless they coincide. Hence there 
cannot be two distinct centres of gravity of the body. 
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10*6. Determination of centre of gravity in special 
cases. 


1. A thin uniform rod. 


A Q'Q P P' B 

Let AB be a thin uniform rod of any material, O the 
middle point of AB, 

Consider two equal iufinitesimal lengths PP' and QQ' of 
the rod, equidistant from O, so that GP=GQ. Since the 
rod is uniform, the weights of these two elements (which 
can ultimately be treate^l as two particles equidistant from 
G) are equal, both vertically downwards, and the resultant 
of these two equal and like parallel forces, acts at the 
middle point G. 

Since AG = GB, the whole rod can be divided into pairs 
of such equal infinitesimal elements equidistant from (?, 
and for each pair the resultant of the weights acts at G, 
Hence the weight of the whole rod acts at (?, and so G is 
the centre of gravity. 

Thus the C,G. of a thin uniform rod is at its middle 
point. 


II. Four rods forming a parallelogram. 



Let four thin uniform rods 45, BO, CD, DA of the same 
material and thickness form a parallelogram ABGD. Let 
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P and Q be the middle points of AB and CD, and B and 
S those of AD and BC, PQ and BS intersecting at G, we 
easily see from Geometry that PQ and BS bisect each other 
at G, and this is also the point of intersection of the 
diagonals AO and BD of the parallelogram. 

The C.G. of the rods AB and CD are at their middle 
points P and Q, and at these points the weights of the 
rods, Tvhich are equal, act. The resultant of these two equal 
weights at P and Q, (which are like parallel forces, both 
being vertical) passes through the mid-point of PQ, i.e., 
through G. Similarly, the resultant of the weights of the 
two equal rods AD and BG also acts through G, the mid- 
point of BS. Thus the resultant weight of the whole system 
acts at G. 

Thus the C.G. of the system of four uniform rods forming 
a parallelogram is at G, the point of intersection of the lines 
joining the middle points of the opposite pair of sides. This 
point is also the point of intersection of the diagonals. 

*^11. Three rods forming a triangle. 


A 



forming a triangle ABC, Let D, E, F be the middle points 
of BC, GA, AB respectively. 

The weights of the uniform rods AB, AG act vertically 
downwards at their middle points F and E respectively, 
thQir magnitudes being proportional to their lengths. The 
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resultant; of these two weights which are like parallel forces, 
acts at a point X on FE, where 

FX ^ wt. at E length A C . 2T)F ^ ^ DF 
XE " wtT at length AB ' ’ WE ' ’ DE 

Thus DX bisects the angle EDF. 

Now the resultant of the weight of the rod BG acting 
at its middle point 2), and the joint weight of AB and AG 
acting at X, will act at some point on JDX. Hence the 
combined C.G. of the three rods is situated on the 
line HX. 

Similarly, combining' the weights of AB^ BG first, and 
then considering the weight of AG^ the combined C.G. of 
the three rods is shown to bo some point on EY which 
bisects the angle DEF, 

Thus the combined 0.6. of the system of three rods 
being a common ' point situated on botli DX and EY, is 
their point of intersection, the required C.G. is the 
in- centre of the trianale DEF formed by joining the middle 
joints of the rods 

IV. A uniform parallelogram lamina. 



Let ABGD be a uniform thin plate or lamina in the 
form of a parallelogram. 

Imagine the lamina to be divided into an infinite 
number of thin strips by lines parallel to AB or CD, and 
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let; XY represent one such strip. This can be treated as 
a thin uniform rod whose C.G. is at its middle point 0, 
where its weif^ht acts. Now if P and Q be the mid-points 
of AB and CD, from Geometry, PQ bisects every lino like 
XY parallel to AB or CD, and so the middle point 0 of 
XY is situated on PQ. Similarly the C.G. of every other 
strip lies on PQ. Hence the combined C.G. of the whole 
lamina lies on PQ, 

Af^ain, dividinf^ the lamina into ati infinite number of 
thin strips parallel to AD or J5C, we can show exactly in 
a similar way that tlio C.G. of the whole lamina also lies on 
BS joining the mid-points of .4D and BC. 

Hence the regtiired G.O. of the lamina is the common 
point of intersection G of PQ and BS joinina the mid-points 
of the opposite pair of sides, and from Geometry, this is 
also the point of intersection of the diagonals of the parallelo- 
gram. 

V. A uniform elliptic lamina. 



Let AGA^ and BGB' be the major and minor axes of 
a thin uniform elliptic plate. 

Divide the lamina into an infinite number of thin 
strips by lines parallel to the major axis, and let PQ be any 
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such strip. This can be treated as a thin rod whose O.G. 
is at its middle point, which, since the ellipse is symme- 
trical about its minor axis, lies on the minor axis. Simi- 
larly, the C.G. of every strip parallel to AA' lies on the 
minor axis. Hence the C.G. of the whole lamina lies on the 
minor axis. 

Afiain, by dividing the lamina into strips parallel to the 
minor axis, the C.G. of the whole lamina can be shown 
to lie on the major axis as well. 

Th7is thn required C.G, of the elliptic lamina is the 
common point of both the major and minor axes, «.e., the 
centre of the ellipse. 

Cor. By making the two axes equal, the ellipse 
reduces to a circular plate, and we see exactly as before, 
that the C.G. of a thin uniform circular plate is at its 
centre. 

VI. Bodies having an axis ot symmetry. 



X 


Fig. (i) 


Y 



Fig. (ii) 


If a material system he symmetrical about an axis OX^ 
as in Fig. (i), then corresponding to any element P on one 
side of OX, there is an equal and similar element Q situated 
aymn^etrically ou the other side of OX, so that PQ is 
bisected at right angles by OX. Now the O.G. of these 
two equal elements P and Q is at the middle point of PQ, 
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t,e,, lies on OX, As the whole body in this case can be 
divided into pairs of such equal elements symmetrically 
situated with respect to OX, and for each pair the C.G. is 
on OX, the combined 0,0, of the whole body lies on OX, 

If a body in the form of a lamina, or a material system 
in one plane, be symmetrical about two perpendicular axes^ 
say XOX' and YOY* as in Fig. (ii), the C.G. of the system, 
as shown above, will lie on each ©f these axes, and so 
must be the common point 0, which is also the centre 
of symmetry of the system. Similarly for a solid body, 
if it be symmetrical about three mutually intersecting per- 
pendicular axes, and accordingly has a centre of symmetry, 
this point is the C.G. of the body. . 

Thus generally, if a uniform body or a material system 
has a geometrical centre of symmetry, the 0,0, of the bod'y 
or the system will be at this centre. 

Examples of this we get in uniform circular or elliptic 
lamina given above. Among other examples we may cite 
the cases of (i) uniform square or rectangular plate, (ii) icni- 
form circular or elliptic ring, (iii) uniform sphere, solid or 
hollow, (iv) rectangular parallelepiped, (v) tmiform right 
circular cylinder solid or hollow, etc. 

In all these cases the centre of gravity is at the 
geometrical centre of the body, which in case (v) is the 
middle point of its axis. 

n/ 

VII. nnifoTm triangular lamina. 

Let ABO be a uniform triangular lamina, D and E the 
middle points of the sides BG and AG respectively, and let 
AD and BE intersect at O, 

Divide the triangle into an infinite number of thin, strips, 
by lines parallel to BG, and let PQ be any such strip. This 
can be treated as a thin uniform rod whose C.G. is at its 
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middle point. Now if 0 be the point of intersection of PQ 
with the median AD, since POQ is parallel to BDC, 

PO^AO^OQ 
BD AD DC 

But BD = DG. Hence PO==OQ, Thus the mid -point of 
the strip PQ, which is its C,G., lies on AD. Similarly the 


A 



O.G. of every strip parallel to BG will lie on AD, and so 
the C.G. of the entire lamina lies on the median AD. 

Exactly in the same way, by dividing the lamina into 
thin strips parallel to GA, we can show that the C.G. of tho 
entire lamina also lies on the median BE. 

Thus the required G.G. of the triangular lamina is the 
common point of intersection of the medians, i.e., the centroid 
of the triangle. 

Prom Geometry we easily see that G divides each of 
the medians in the ratio 2 : 1, i.e,, it is the point of trisec- 
tion of the medians. 

'^or. The centre of gravity of a uniform triangular 
lamina is identical with that of any three equal particles 
placed at its vertices, 

I 

For, let w, w, w be the weights of any three equal 
particles placed at the vertices A, B, O of the triangular 
lamina. Now the resultant of the equal weights w at B 
and w at 0 is 2w at D, the middle point of BO. Again, the 
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resultant of %w at D and w B,t A acts at a point O on AD^ 
where 

AG : GD = 2w : w = 2 : 1. 

Thus the C.6. of the three particles is at G which is the 
point of trisection of a median, and is thus exactly the 
same as that of the uniform triangular lamina ABC. 

Note. If W be the weight of the uniform triangular lamina, wo 
, may replace it by equal weights Jir, JIF", iW at the vertices instead of 
I placing any three equal weights there, in which case not only the C. G. 
would be unaltered, but also the magnitude of the resultant weight. 

The iveight of a uniform triangular lamina is therefore statically 
equivalent to that of three equal particleSt each of one-third the total 
weight t ^placed at the vertices* 

10*6. Illustrative Examples. 

Ex. 1. ABCD is a quadrilateral whose digonals AC, BD intersect 
at 0* If a point E he taken in BD, such that BE^^ OD, show that the 
C»0* of the triangle AEG is the sanne as that of the quadrilateral ABCD. 

[ C. U. 1936 ] 


0 / 

/ 


Let F be the middle point of BD. Then since BE^OD, we have 
BO^ED, and accordingly i?' is the mid-point of OE &a well. Let 
bo the point of AF such that AO^ : GiF^2 : 1. Then Gi is the C.G. 
of the triangle ABD, as well as that of the triangle AOE* Similarly 
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Oa being tbe point on CF such that CQ^ : Q^F=^ : 1, is the 
C.G. of the triangle CBD as well as that of COE. Let^^i and2>9 be 
the perpendicular distances from A and C on BIJ. Then the weights 
of the triangles ABD and CBD, being in the ratio of their areas, are 
as Jpi. BD : : Pa. Similarly, the ratio of the weights of 

the triangles AOE and COO is alsopi : Pa. 

Now the whole quadrilateral ABCD is composed of the triangles 
ABD and CBD whose weights act at O^ and and are in the ratio 
of Pi :pa. Hence dividing 0^0^ at G such that GiG : GO^^P^ - Pit 
O is the C.G. of the quadrilateral ABCD. 

Again, the triangle AEG is composed of the triangles AOE and 
COE whose weights also act at and and are in the ratio Pi : Pa* 
Hence the C.G. of the whoW.' triangle AEG is exactly the same point 
O on GiGa where Gy^G : GG.^=p.^ : p^. 

Hence the result. 

Ex. 2. A triangular lamina ABC hangs at rest, one of the angles A 
being supported at a fixed point Find the angle which the lower side 
makes with the horizon. 



D being the mid-point of the lower side BC, the O.G. of the triangle 
lies on AD. Now as the lamina hangs in equilibrium under the weight 
acting vertically downwards through G, and the reaction at the point 
of support A, these two forces must be equal and opposite, acting in 
the same straight lino. Thus AGD must be vertical. < 

If 6 be the required inclination of BC to the horizon, the 
Z,ADC^(9(Y-e). 
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Now 

i,e., 

or, 


DD--DC, 


BD _ pC^ sin BAD _ sin CAD 

AD AD * sin ABD sin ACD* 


sin (90° - 0 - 2?) _ sin (^° + $ -C) 
sin D sin C ’ 


cos (^+B)_cos iO — C) 
sin B sin 0 


cos 0 cot B — sin tf = cos 9 cot C+sin 9 , 

tan ^ = J (cot J5 — cot 0). = tan“* } (cot iJ — cot C)* 


Examples on Chapter X(a) 

1 . Show that the O.G. of a uniform triangular lamina 
is situated at the same point as that of three equal particles 
placed at the mid-points of its sides. 

2 . The sides of a uniform triangular lamina are 5, 6 
and 7 inches respectively. Find the distances of its O.G. 
from the shortest and longest sides. 

3. The distances of the vertices of a uniform triangular 

lamina from a straight line in its plane are Find 

the distance of its O.G. from the line. [ C. U. 1947 1 

4 . If a particle is placed at each vertex of a triangle,, 
the mass of each particle being proportional to the length 
of the opposite aide, prove that the centre of mass will bo 
the in-centre of the triangle. 

5. Df E, F are the mid-points of the sides BG, GA, AB 

of the triangle ABG, Masses mi, mg, are placed at 

A, B, G and masses fi 2 , are placed at D, E, F. If 

the two systems have the same C.G., prove that 

- mi_ ^ m2 ^ ms 

//a 

6 . If three men support a heavy triangular board of 
weight W at its three corners, compare the weight supported 
by each man. 

7. A given weight is placed anywhere on a heavy 
uniform triangular lamina ; show that the centre of gravity 
of the system lies within a certain triangle. [ 0. U. 1927 1 
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8. Find the locus of the O.G. of a triangle whose base 
is fixed and (i) whose vertical angle is given, (ii) whose 
vertex moves on a given straight line. 

9. A uniform wire is bent into the form of a triangle. 
Show that if its O.G. coincides with that of the area of the 
triangle, the triangle is equilateral. 

10. If the O.G. of a quadrilateral lamina coincides with 

(i) that of four equal particles placed at its angular points, 

(ii) the point of intersection of the diagonals, show that 
the qudrilateral must be a parallelogram. 

11. A triangle of uniform rods of different densities has 
its O.G. at 

(i) the circum-centre 

(ii) the in-centre ; 

show that in the first case, the densities are proportional to 
sec Af sec B, sec 0, and in the second case, they are 
proportional to cosoc^ cosec cosec® 4 C. 

12. Three rods of unequal length are joined together 
to form a triangle ABG^ If the masses are equal, prove 
that the O.G. coincides with that of the area. If the masses 
of the sides a, h, c are proportional to 2? + c - a, c + a - fc, 
iz + b-'C, prove that the O.G. is the in-centre, 

13. A uniform wire 24 inches long is bent into the shape 
of a triangle ABCt the sides BG, CA, AB being as 3:4:5. 
Particles of weights p, q, r are placed at A, B, G and it is 
found that the O.G. is unchanged. Prove that 

p : q : r = 9 : 8 : 7. 

14. A thin uniform wire is bent into the form of 
a triangle ABG and heavy particles of weights P, Q, B are 
placed at the angular points. Prove that if the centre of 
mass of the particles coincides with that of the wire, then 

b+o c+a a+b 
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15. A thin uniform wire is bent into a triangle ABC. 
Prove that its O.G. is the same as that of three weights 

^ 2 placed at A, B, C respectively, where a, b, 

c are the lengths of the sides BC, GA^ AB. [ C. U. 1946 ] 


16. A uniform wire is bent into the form of a triangle 
of sides of lengths b, c. Prove that the distances of the 
O.G. of the whole triangle from the sides are as 


6 + (3 ^ c + , a + b^ 

a ' h * c 


[ P. U. 1940 1 


17. AB and AG are two uniform rods of lengths and 
26 respectively. If Z.BAC = d^ prove that the distance from 
A of the O.G. of the two rods is 


(a* + 2a®6® cos 0 4-6^)^ 
a + 6 


[ C. U. 1939 ] 


18. ABC is a triangular lamina ; points P, P, F are taken 
in J5C, Gil, AB such that 

BD GE AF 

bg^ea'^fb 

Prove that the O.G. of the triangle DBF is the same aa 
that of the triangle ABC. 

19. Masses proportional to 6 + c, c + a, a + b are placed 
at the points A^ B, C of a triangular lamina, where a, 6, c 
are the sides of the triangle. Show that their C.M. is at 
the in-centre of the triangle joining the mid-points of the 
sides of the triangle ABC. 

20. Three heavy particles are placed at the angles A, B,. 
0 of a triangle, their weights being as a : 6 : c. Show that 
the distance of the O.G. of the particles from A is 

2bo cos iA 
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21. The in-circlo of a triangle ABC touches the sides 
BG, GA, AB in D, E, respectively. Prove that the C.G. 
cf weights proportional to BG, GA, AB placed at A, B, G 
respectively coincides with the C.G. of the same weights 
placed at D, E, F respectively. 

22. 0 is any point within the triangle ABO ; another 
triangle is formed by joining the centres of gravity (j 2 » 
(?3 of the A® BOGj GOA, AOB, Show that AGxG^Gs is 
similar to A ABO, and one-ninth of it. 

23. Prove that the C.G. of four equal particles in any 
position is the same as that of four other equal particles, 
each of which is placed at the C.G. of tlie three of the 
former. 


24. A uniform triangular plate hangs from one angle 
with the base horizontal ; show that the plato is isosceles. 

25. The sides of a heavy triangle are, 3, 4, 5 res- 
pectively ; if it be suspended from the in-centre, show that 
it will rest with the shortest side horizontal. 

26. Two uniform heavy rods AB, BO rigidly united at 
B, are hung up by the end A ; show that BG will be 
horizontal if 

sin C= ^2 sin \B. 

27. A triangle ABG of uniform wire has the side CA 
removed and is hung up by the point A, Show that for 
BG to be horizontal 

+ 2a) = c(c + o)® 

where BG = a,CA^ b, AB = c. [0. U. 1941 ] 

28. A uniform wire is bent in the form of a triangle 
ABC and is suspended from A. Prove that a plumb-line 
hung from A will cut BG in the point D, such that 

BD : DC^a-^b : a fc. 
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29. A uniform triangular lamina in the form of a right- 
angled triangle is suspended by means of a string attached 
to the right angle. Show that the inclinations of the sides, 
otlier than the hypotenuse, to the vertical, are equal to their 
inclinations to the hypotenuse. 

30. A triangular lamina is suspended successively from 
the angles A and B and the two positions of any side are 
found to be at right angles to each other. Prove that 

a^ + b^ = 5c\ 


31. A triangular lamina having a right angle at C is 
suspended from the angle A, and the side AG makes an angle 
a with the vertical. It is then suspended from J5, and the 
side BO makes an angle P with the vertical. 

Show that cot a cot = 4. 


32. A triangular lamina ABC of weight W, obtuse- 
angled at C, stands in a vertical plane with its side BC on 
a horizontal table. Show that the least weight suspended 
from A, which will overturn the triangle, is 


iW 




Interpret the case when > 3a® + 6®. 


38. If G be the centre of gravity of two particles of 
masses and at and P^, and 0 be any given point, 
proVe that 

mi . 0Pi®+m2 . GP^^ + m^ . GP^® 

+ (mi + m2) . 00®. 

generalise this result for any number of particles. 


ANSWEBS 


2. U <s/6 and ^ (s/6 inches. 8. 5{;?i+£ra+^8)* Each supports 

iW. 4 ^ circle, (ii) A straight line parallel to the given straight 

line. 
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10*7. Determination of centre of gravity in special 
cases (continued). 

VIII. A uniform trapezium lamina. 



Let ABCD be a uniform lamina in the form of a trape- 
zium, whose parallel sides AB and CD are of lengths 

and 2b respectively. 

Let h be the height of the trapezium, w the weight per 
unit area of its surface, and let P and Q be the mid-points 
of AB and CD respectively. 

The trapezium is composed of three triangles, DAP^ 
CPB and PCD whose weights are clearly iahw, iahw and 
^,2bhw respectively. 

So far as the weight of ADAP is concerned, we can 
replace it by three weights iahw each at I), A, P, Similarly 
the other two triangles can be replaced by iahw at each 
of 0, P, B and ibhw at each of P, C, D, 

We thus get iahw + ibhw at each of D and C, iahw 
at each of A and P, and {iahw + iahw + ibhw) at P. 

The two equal weights at D and C give rise to a result- 
ant ihw {a + 2&) at Q, the mid-point of CD. Similarly, the 
two equal weights at A and B give a resultant iahw at P. 
We thus finally get a weight ihw {a + 26) at Q and a weight 
ihw (2a + 6) at P as equivalent to the weight of the given 
lamina. 

The required 0*0^ thereof ore is at a point O on PQ such 
that PG : (?0 = (a + 26) : (2a-f 6X 


12 
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IX. A uniform solid tetrahedron. 



Let ABGD be a uniform solid tetrahedron. Let E be 
the middle point of the edge CD, and Gi and Ogi points 
on BE and AE, such that BQi : G^E = 2 : l = 4Ga • G^E. 
Then Q± and G 2 &*re the centroids of the triangular faces 
BCD and ACD respectively. 

Divide the tetrahedron into infinitely thin triangular 
slices by planes parallel to the face BCD, and let PQB be 
one such slice which can be treated as a uniform triangular 
lamina. Now AE intersecting QB at L, since QLB is 
parallel to CD, 

QL^AL^LB^ 

CE AE ED 

and as E is the mid-point of CD, L must be the mid-point 
of QB. 

Again,' in the plane ABB, which evidently contains PL 
and AQxt if 0 point of intersection of PL and AOxt 
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since PL is parallel to BE (as planes PQB and BOD are 
parallel), 


so that 


PP Ap_ OL . 
BG^ Q^E' 

PO BGt 2 


Thus 0 is the centroid of the triangle PQB„ 


Hence the O.G. of the triangular slice PQB lies on AG 
Similarly the O.G. of every slice parallel to BCD will lie on 
-401. Thus the O.G. of the whole tetrahedron lies on AGi. 

Exactly in a similar^way, by dividing the tetrahedron 
into thin triangular slices by planes parallel to the face 
ACD, it can be shown that the O.G. of the whole tetra- 
hedron also lies on the line BG 2 . 


Let -401 and B02f which both lie in the plane AEB, 
intersect at 0. Then 0 is the required O.G. of the tetra- 
hedron. 


Now 402; 02^7 = 2 :l = B0i:0iS, 

0102 is parallel to AB. 

Thus 40 : 001 "-B0 : 002 = 45:0102 
= B-B: 501-3:1. 

Therefore the C^G. of the tetrahedron lies on the line 
joining any angular point to the centroid of the opposite 
triangular facet dividing it in the ratio 3 : i. 

We may note in this case that 00i “i40i. . Therefore 
the distance of 0 from any face is } of the distance of the 
opposite vertex from the face. 

Cor. The C.G. of a tetrahedron is identical with that of four egml 
particles placed at its vertices, 

proof is left as an ezeroise to the student. 
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X. A uniform solid pyramid on any base. 

O 



Let; 0 be the vertex, and ABODE the polygonal base 
of a uniform solid pyramid, and let be the centroid of 
the base. 

By dividing the pyramid into thin similar and similarly 
situated polygonal slices by planes parallel to the base, as 
in the previous article, it can be shown that the G.G. of the 
whole pyramid lies on OGi. 

Again, joining Ox to each of the angular' points of the 
base, the whole pyramid is divided into a number of tetra- 
hedrons, for each of which the distance of O.G. from the 
base is i of the distance of the vertex 0 from the base. 
Hence the combined G.G. of the pyramid is also at the 
same distance from the base. 

Thtis the 0,0, of the pyramid is the point O on OOxf 
the line joining the vertex to the centroid of the base, at 
a distance from the base equal to i of the distance of the 
vertex from the base. 

It follows that (?iG = iGiO, or, 00 : 001*3 : !• 
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X[. A uniform solid cone of any base, Sd a uniform solid right 
circular cone. 



The above result for the C.G. of a pyramid is true, what- 
ever be the number of sides of its polygonal base. 

By making the number of sides infinitely large, the base 
can ultimately be made to coincide with any closed curve, 
and the pyramid reduces to a cone with any base. 

A particular and important case is that of a right circular 
cone. Thus we may state the results : 

(i) The C.G. of a uniform solid right circular cone is 
on the axis at a height i of the height of the vertex from the 
circular base. 

(ii) The C.G. of a uniform solid cone with any , closed 
base is on the line joining the vertex to the centroid of the 
base, at a height i of the height of the vertex from the base. 

Thus OG : GGx = 3 : 1 in either case. 

XII. A hollow right circular cone without base (formed of a thin 
uniform sheet). 

By dividing the conical surface into an infinite number 
of circular rings by planes parallel to the circular base, 
since the C.G. of each such ring is at its centre which lies 
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on the axis of the cone, the G.G. of the whole hollow cone 
lies on the axis 00\ 

Again, dividing the conical surface into an infinite 
number of triangular elements like OAB, OBG etc. with 

common vertex at 0, and infini- 
tesimal arcs of the circular 
base (which may be treated as 
practically straight) as bases, 
we note that for each such 
triangle, the C.G., being at the 
point of trisection of the median, 
is at a height ^ of the height of 
0 above the circular base of the 
cone, and this is the same for 
every such triangle. Hence for 
the whole hollow cone, the height 
of the C.G. is i of the height 
of 0 above the base. 

Thus the C.G* of the hollow right circular cone without 
hase, formed of a thin uniform sheet, is on the axis 00> at 
a height i of the height of the vertex above the circular base. 

Thus OG: G0' = 2 : 1. 



XIII. Some other special cases.* 

We give below, without proof, the positions of the C.G. 
in some other special cases for ready reference. 



(i) A thin uniform circular arc. 

If a be the radius of the arc, 2a the 
angle subtended by it at the centre, 

the C.G, is on the radius bisecting the 

arc, at a distance a — — /rcm the centre. 


For a semi-circular arc this becomes — • 


Proofs of these spooial oases will be given in the subsequent ohapter. 
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the sector^ at a distance fa! 



(ii) A uniform lamina in the form of a sector of 
a circle. 

If a be the radius and 2a be the 
angle at the centre of the sector^ 

the C.O, is on the radius bisecting 

s in a 
a 

from the centre. 

For a semi-circular lamina 
4a 

this becomes 

(iii) A uniform solid hemisphere. 

If a be the radius of hemisphere, 
the C.Q. is on the axis of the 

1(3 \ hemisphere (i.e., radius perpendicular 

to the plane base) at a distance 
■ 2a from the centre. 

(v) A hemispherical surface 
formed of a thin uniform sheet). 

The C.G. is on the axis at 
a distance 2a from the centre, 
where a is the radius. 

s/ 

10*8. Analytical determination of C.O. for a system 
of material particles. 

Case I. When the particles are sitmted on a straight line, 

Wj Wj »3 W4 t.5 




Let Wi, Wa, Wy be the weights of a system of 

particles situated on a straight line, and let their distances 

(with proper sign) be asx, (Ts, Xt measured from any 

fixed point on the line chosen as origin. 
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Let X be the distance of their O.G., namely O, from 0. 
Now since of the position of the O.G. is the same, however 
the straight line containing the particles be held, let ns 
assume the line to be held in a horizontal position. The 
resultant of the weights of the particles which are all 
vertically downwards is + t(; 2 +«^8 + ••*, and this acts 
at O. Hence equating the moment of the resultant about 
0 to the algebraic sum of the moments of the components. 


or, 


x = 


1 + W ^^3^ +„11! 

+ W2 + ••• 


Swx 
Sw ' 


If mi, 97^21 ^8*- •• he the masses of the particles, as the 
weights are proportional to the masses, we may also write 


X 


Em 


Case II. When the 'particles are situated on a plane. 



Let Wi, W 2 f 9(;3,...be the weights of a system of 
particles on a plane, whose co-ordinates referred to a set of 
fixed rectangular axes on the plane are (x^, y^t 

(xst Vs)**** 

Let (x, ^ be the co-ordinates of . their C.G., namely G. 
As the position of the G.G. on the plane is definite, how- 
ever the plane may be held, let us SiSBume the plane to be 
placed horizontally. The resultant of the weights of the 
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particles, which are like parallel forces, being all vertically 
downwards, is + w;2 +^03 + •••, and this acta at G. 
Now equating the moment of the resultant about the 
l/-axis to the algebraic sum of the moments of the 
components, 

{Wx +1^2 + ••*) ® + ••• 

or s = 1 ® ^ „ ^"wx . 

«yi + 2^2 + ••• -Sw 

Similarly, considering moments about jr-axis, 

- ^ Vi + 9 Vq + WaVq + **• „ I^wy 

2yi + iy2 +^3 + **‘ -Sw 

If ??ii, W2, W3,... be^'the masses of the particles, the 
weights being proportional to the masses, we may also 
write 

- Smx - Smv 

10*0. Given the weights and G.G. of two parts of 
a body, to find the G.G. of the whole body. 



Let W\ and TTa be the weights, and and the 
corresponding centres of gravity of the two parts consti- 
tuting a body. 

Join GiGa. and divide it internally at G in the inverse 
ratio of the weights acting at its extremities, so that 

GiG: GGa-TFa: TTi. 

The resultant of the weights and TTa, which are 
both vertically downwards, and enre therefore like parallel 
forces, is W± + TTa acting at G. . 
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Thus, O is the point where the resultant weight of the 
whole body acts, however the body, and accordingly the 
line G1G2 18 placed. 

Thus, O is the required C.G. 

It may be mentioned that if the distances of Oi and Gq 
from some chosen point 0 on the line G1G2 be Xi and X2 
then the distance x ot Q from 0 is given by 

- WxXi + Tr2fl?2 

W1+W2 ' ' 

Note. When the two parts are portions of a thin uniform sheet, 
the weights may be taken proportional to their surface areas. If they 
are parts of a uniform solid, the weights may be taken proportional 
to their volumes. If parts of a uniform thin wire, the weights may be 
taken proportional to the lengths. 

'lo’lO. Given the weight and C.G. ot a whole body, 
and also those of a part of it, to find the C.G. of the 
remaining part. 



Let W be the whole weight and O the centre of gravity 
of a body, and W± the weight, and Gi the C.G. of a part 
of it. Then the weight of the remaining part is W— Wx, 
Let its C.G. be at G,. 

Then W acting at O being the resnltant of Wx acting 
at Ox and W— Wx acting at G.* which are like parallel 
forces. Ox, G, G. must be on the same straight line, G, 
being on the opposite side of G, with respect to Gi, and 

OlO:OOa = (W-Wx): Wx, 


GGa 


Wx 

W-Wx 


0x0. 
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This gives the position of &2f required G.G. of the 
remaining part. 

Analytically if and x be the distances of Gt and G 
measured from any suitably chosen point 0 on the line 
joining them, the required distance X2 of G2 from 0 is 
given by 

_ TFiflJi + W:i)x 2 W^)x 2 

® W^ + {W-Wi) w 

. Wx-W-i^X^ 

whence, X2 1^— iv^ 

This result for determining flJ2i giving the position of (?2» 
may be interpreted as follows : 

Assume W acting at G and a negative weight W± acting 
at (ti, and use the analytical formula to find out the 
resultant O.G. 

Note. The note given below the previous article applies here also. 


10*11. Illustrative Examples. 

Ex. 1. The distances of the angular points and the point of 
intersection of the diagonals of a plane imiform quadrilateral lamina 
from any line in its plane are a, 6 , c, d and e ; show that the distance 
of its C,G. fro7n the sa^ne line is 

J (a+b+c+d— e). 



id 


The quadrilateral is made up of the two triangles ABD and CBD 
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whose weights TTj and are proportional to their areas, and thus 
it AM and CN be perpendiculars from A and C on BD, 

Wi_iAM.BD AM _AE _ (a— e) coaeo d ^a-^e 
TTa iCN . BD “ CN ^ 'EG~(e - c) cosec d " e- c 

[ 9 being the angle made by AEC with the given line XY. ] 

... (i) 

a — e e — t* ' 

Now the weight of the triangle ABD can be replaced by weights 
JWi, JPTi, iW^ at At B and D, and similarly that of the triangle 
CBD by weights j 17,, iW.t i at C, B, D. 

Thus the weight of the quadrilateral is equivalent to those of 
the particles of weights iW,, i (W. + W.,), iW^t HW^+W.,) at A, B, G 
and D respectively. Thus the distance of the required O.G. from the 
given line XF is 

+ (T7,+ T7,) + c.ilV, 

a (a--e) + (6 + <f)(rt — £J + 6-'c) + C (<5-c) r . /.J T 

- 8 ’ - (a-e)+(e-c) iSrom(.)Z 

= 1 -c)j+(6+d)(a-c) 

3 a—c 

= J- (a + c“e + 6+d) = J (<i+6+c+d — e). 


Ex. 2. ABC is a imiform rectangular lamina in which AB=^a, 
BC=b, and a > b, A triangular portion CBE is roviovedt where E is 

a point in AB such that BE^b. 
Show that the distance of the C,Q* 
of the remainder from AB is 
i M3a-6) 

3'(2a-5) 

and find also its distance from AD. 

g The whole weight W of the 
rectangle is abfft where <r is the 
surface density of the lamina, and the O.G. is at O whose distances 
from AB and AD are Jb and ^a respectively. 

Again the weight of the removed portion CBE is and its 
G.G, is at Gi whose distances from AB and AD are easily seen to be 
ib and (a-ib) respeotivdy. 
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Now assuming a whole weight W at G, and a negative weight Wt 
at G^, the distance of the required C.G., namely Gat fi^om AB is 
given by 

^ 6 (Ja - i6) _ h (3a - 6)_ 
a6o--i6V “ [a-^h] 3 (2a -6)’ 

Also the distance of from AD is given by 

« - "■ as ss ~ 3 a& ^ 

a&(r-^6V “ 3 (2a -6) 

Ex. 3. A square hole is punched out of a circular lamina^ the 
diagonal of the square being a radius of the circle. Show that the 
centre of gravity of the remainder is at a distance 
_a 

8jr-'4 

from the centre of the circlet whffte a is its diameter, 

t Allahahadf 194i5 / U, P» 194)5 ] 



<r being the surface density of the lamina, the weight of the 
whole circle, is ^ira^cr, ( a being its diameter ), and the G.G* is at the 
centre G. 


The square portion punched out having a diagonal ^ side is 


2 ^ 2 * and its weight is therefore the 0. G. being at Gx where 

la 1 
2'2 “ 4 ®‘ 


The weight of the remainder is therefore iTa*<r-Ja*<r, and if its 
C.G. be at Gai we get, since the resultant G.G. of the two weights at 
Gx and Ga is at G, ^ 

iaV (2T-l).GGa“iaV.GGx 
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Ex. 4. Weights of i, 2^ 5, 4, 5 and 6 lbs. are placed at the angtdar 
points of a regular hexagon of side 12 inches^ taken in order. Find the 



distance of their C.G. from the centre of the hexagon. 

A^ Bt C, D, Et F being the angular points of a regular hexagon 
where the weights 1,2^3, 4, 5, 6 lbs. are placed respectively, we know 
from Geometry that the diagonals AD, BE, CF bisect each other at 
the centre of the hexagon, and that OA, OB, OC etc. are all equal, 
each equal to the side of the hexagon 12 inches. 

Now wts. 1 lb. at A and 1 lb. at D are equivalent to 2 lbs. wt. at 0. 
Similarly 2 lbs. wt. at B and 2 lbs. wt. at E are equivalent of 4 lbs. wt. 
at 0, and so also 3 lbs. wt. at C and 3 lbs. wt. at F are equivalent to 
6 lbs. wt. at 0, 


Thus the given system is equivalent to 12 lbs. wt. at 0, and 8 lbs. 
wt. each at D, E and F. Again ODEF is a rhombus, and so DF and 
OE bisect each other at H, and so 3 lbs. wt. at F and 8 lbs. wt. at D 
are equivalent to 6 lbs. wt. at H. 

Thus ultimately, the given system is equivalent to 12 lbs. wt. at O, 
6 lbs. wt. at H and 3 lbs. wt. at E, and so the combined C.G. of the 
system is on the line OE at a distance x from 0, where remembering 
that 0227 » 12 inches and 0Zr*»6 inches. 


-^12x0+6x6+3x12^72 

' 'ia+6+3 "ai 


g 

3-^ inches. 


Ex. 6. A pile of six rupees rests on a horieontal table and each 
rupee project^ the same distance beyond one below it. Fvnd the greatest 
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possible horizontal distance between the centres of highest and lowest 
rupees. [ p. JJ, 1937 ] 



P ^ 


Let r be the radius of a rupee, W its weight, and let x be the 
distance which each rupee projects beyond the one below it. Then 
referred to the centre of the lowest rupee as origin, the horizontal 
distances of the centres of the successive rupees above it are respectively 

2x, Sx, 4x and 5x. Thus^'^the horizontal distance from 0 of the 
combined O.G. of the five rupees above the lowest is 

- Wx+W.2x+TV.ax+WAx+W,6x . 

= 3 ® 

and in order that this system may be balanced by the reaction of the 
lowest rupee, the combined G.G. of the upper five rupees must be 
vertically above the surface of the lowest, not going beyond it. For 
this, the condition is 

3x > r, or, x > Jr. 

Hence the greatest possible horizontal distance between the centres 
of the highest and lowest rupees is the greatest value of 5x namely fr. 

It may be noted that this condition also ensures that the combined 
G.G. of any lesser number of rupees from the top will remain verti- 
oally over the surface of the next lower rupee, and there is no chance 
of overturning at any place. 

Examples on Chapter X(b) 

1. Particles whose masses are 1 lb., 2 lbs., 3 lbs., 4 lbs., 
and 5 lbs. are placed at the points (4, 0), (3, 4), ( - 5, 4), 
(0, - 6) and ( - 6; O) respectively. Find the co-ordinates of 
their 0.6. 

2. Find the 0.6. of a uniform square plate ABGD of 
weight 10 lbs. together with weights of 20, 30, 40, 50 lbs. 
placed at. its four corners A, B, C, D respectively. 

[ 0. U. 1946 1 
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8. If masses proportioDal to 1, 5, 3, 4, 2 and 6 are 
placed at the vertices of a regular hexagon, taken in order, 
show that the centre of mass is at the centre of the 
hexagon. 

4. Find the C.G. of particles of weights 2, 5, 7, 1, 6 and 
11 lbs. placed successively at the angular points A, B, 0, D, 
E, F oid* regular hexagon. 

5. Find the C.M. of seven equal particles placed at the 
angular points of a regular octagon. , 

6. At each of n - 1 of the angular points of a regular 
polygon of n sides, equal particles are placed. Show that 
the distance of the C.G. from the circum-centre of the 

polygon is r* where r is the circum-radius. 

W ““ i 

7. Find the C.M. of three equal rods each of length 2a 
forming the consecutive sides of a square. 

8. Find the C.M. of the perimeter of a quadrilateral 
two of whose sides of lengths 6 inches and 14 inches are 
parallel to one another, while the other sides are each 
8 inches long. 

9. Having given the positions of three particles B, C 
and the positions of the C.G.'s of B, C and C, A, find the 
C.G. of A, B, 

10 . Show that the C.G. of a quadrilateral is the same 
as that of four particles of equal weights placed at the four 
corners, together with a fifth particle of equal but negative 
weight placed at the intersection of the diagonals. 

11 . ABGD is a quadrilateral lamina whose diagonals 
intersect at L ; ilf and N are points on the diagonals AG 
and BD respectively such that AM=^GL and BN=DL. 
Show that the C.G. of the quadrilateral ABGD coincides 
with that of the triangle LMN. 

12 . Prove that the centre of gravity of a uniform 
triangular lamina of mass M, bordered with a thin uniform 
rim of mass 7n, and loaded with a particle of mass at the 
in-centre, is at the centroid of the triangle. 
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13. A uniform rod, 18 inches long, is bent so that the 
two parts 8 and 10 inches long respectively are at right 
angles to one another. Find the distance between the C.M. 
of the new shape and original. 

14. A square ABCD is divided into four equal triangles 
by its diagonals which intersect in 0 ; if the triangle OAB 
be removed, find G, the centroid of the remaining portion 
of the square. 

15. The sides of a parallelogram ABCD are bisected, and 
the points of bisection of the opposite sides joined. If these 
lines meet at 0, and if the small parallelogram AO be 
removed, find the C.G. of the remainder. 

16. D, E, F are the ibid -points of the sides BG, CA, 
AB of a triangle ABC, If the triangle DEF is removed, 
show that the C.G. of the remainder will coincide with that 
of the whole triangle. 

17. G is the C.G. of the triangle ABC. If the triangle 
OBG be removed, find the distance of the C.G. of the 
remainder from A. 

18. From a uniform triangular lamina ABG^ a portion 
PBG is removed. Find the position of P so that it may bo 
the centre of gravity of the remainder. 

19. In the triangle ABC, G is the point of intersection 
of the medians AI), BE, CF. If the portion AFGE is 
removed, show that the C.G. of the remainder is on DG at 
a distance DG from D, 

20. The middle points of tw^o adjacent sides of a uniform 
triangular lamina are joined and the lamina is cut in two 
along the joining line. Find the C.G. of the larger portion. 

[ C. U, 1942 ] 

21. ABCD is a trapezium in which AB and CD are 
parallel and of lengths a and h respectively. Prove that 
the distance of the C.G. of ABCD from the side AB is 

h + 

3 a + h 

h being the height of the trapezium. [ G, Cl. 1944 ] 


13 
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22. Prom a triangle ABC, a portion ADE, where DE is 
parallel to BG, is removed. If a and b be the distances of A 
from BG and DE respectively, show that the distance of 
the O.G. of the remainder from BG is 


3 (a + 6) 


[ C. U. 1938 ] 


23. If equal triangles be cut from the corners of a given 
triangle by lines drawn parallel to the corresponding opposite 
sides, the O.G. of the remainder wilf coincide with that of 
the triangle. 


24. If from a triangle ABC, three equal triangles ABQ, 
BPB, CQP be cut off, the C.G.’s of the triangles ABC and 
PQB will be coincident. 

25. G is the O.G. of a uniform quadrilateral plate, G' is 
the C.G. of four equal particles placed at its corners, and 0 
is the intersection of its diagonals. Prove that 0, G, G' are 
collinear, and 0G' = 3GG'. 

26. A lamina in the form of a regular hexagon ABCDEF 
has its centre at 0, If the triangular portion GAB be 
removed, find the C.M. of the remainder. 

27. A square ABCD is divided into two parts by joining 
A to E, the mid-point of BG, Prove that the line joining 
the C.G. of the triangle ABE to that of the quadrilateral 
ADCE is perpendicular to AE, 

28. Prom a thin uniform triangular board ABC, the 
portion constituting the inscribed circle is removed. Prove 
that the distance of the C.G. of the remainder from the 
side a is 

3as s*-wA 

A being the area, and s the semi-perimeter of the board. 

29. From a uniform circular disc of radius r, is cut 
out a circle which passes through the centre and whose 
diameter is Pind the C.G. of the remainder. 

[ 0. Cr. 1940 ] 
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30. In a uniform circular disc of radius B, a circular 
hole of radius r is punched out, the distance between the 
two centres being c, where r + c< B. Show that the C.G. 
of the remainder is at a distance 



from the centre of the disc. 

31. A square is described externally on a side of an equi- 
lateral triangle. Find the C.G. of the area of the combined 
figure. 

32. A thin uniform wire is bent into two coplanar 

circular rings of radii r, K; touching each other externally. 
Find the distance of its centre of gravity from the point of 
contact. [ C. C7. 1946 ] 

33. A piece of uniform wire is bent into three sides of 
a square ABCD of which the side AD is wanting. Show 
that if it be hung up by the two points A and B success- 
vely, the angle between the two positions of BO is tan“^18. 

34. ABf BCf CD are three equal thin uniform rods firmly 
jointed at B and C, the angles ABO and BOD being each 
120®. The system is suspended from the point A, Show 
that CD is horizontal. 

35. The centre of gravity of a hollow right circular 
cone closed by a base, made of a thin uniform sheet, is the 
same as if the cone were solid. Prove that its vertical angle 
is 2 sin“^i. 

36. A uniform solid right circular cone whose height 
is double of the diameter of the base, is hung up from a 
point on the rim of the base. Show that its axis makes an 
angle of 45® with the vertical. 

37. A buoy is formed of a uniform thin sheet of metal 
in the form of a hollow cone standing on a hollow hemi- 
sphere with a common base. Find the vertical angle of the 
cone, so that the combined C.G. may be at the centre of 
the hemisphere. 
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What would be the corresponding result if the cone and 
the hemisphere were both solid ? 

38. A solid right circular cylinder is attached to a solid 
hemisphere of equal base. Find the ratio of the height of 
the cylinder to the radius of the base so that the combined 
O.G. may be at the centre of the base. 

39. From a solid right circular ^cylinder, a solid right 
circular cone on the same base is scooped out. Find the 
ratio of the height of the cone to that of the cylinder if the 
C.G. of the remainder is at the vertex of the cone. 

40. From a uniform right circular cone whose vertical 
angle is 60®, the greatest possible sphere is scooped out. 
Find the ratio in which the O.G. of the remainder divides 
the axis of the cone. 

41. A frustum of a cone is formed by cutting off the 
upper portion of a solid right circular cone by a plane parallel 
to the base. The radii of the parallel circular sections being 
B and r, and h the height of the frustum, show that the 
height oi the C.G. of the frustum from the base is 

hB^ + 2Rr + Sr^^ 

4 B^+I?r + r® 

42. A pack of cards is laid on a table, and each card 
projects in the direction of the length of the pack beyond 
the one below it ; if each projects as far as possible, show 
that the distance between the extremities of successive cards 
from the top will form a harmonical progression. 

43. A thin hemispherical bowl of weight W contains 
a weight TF' of water and rests on a rough inclined plane 
of inclination a to the horizon. Show that the plane of the 
top of the bowl makes an angle <l> with the horizontal 
given by 

TF sin * = 2 (Tr+ W') sin a., [0. H. 1965 ] 
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ANSWERS 


1 . - 2 , 0 . 

2. The G.G. divides the line joining the middle points of AB and 
CD in the ratio 19 : 11 . 

4. On OF, dividing it in the ratio 5 : 27 , where 0 is the centre of 
the hexagon. 

6. If A bo the unoccupied angular i)oint, and O the centre, the 
required G.G. is in AO produced at a distance ^AO from 0 . 

7. At a distance ia from the centre of the square, on the line from 
the centre perpendicular to the i^iddle rod. 

8. In the line joining the middle points of the parallel sides, 
dividing it in the ratio 11 : 7 . 

9. Gi and G .2 being the G.G.'s of B, C and C, A, if AG^ and BG^ 
intersect at G, the required G.G. of il, B is at the point of intersection 
of AB and CG. 

13. -Y- n/ 2 inches. 

14. OG=%OE, where OGE is perpendicular to CD, 

15. On OC at a distance ^OC from 0 . 17. ^AG, 

18. P is the middle point of the median AD, 

20. The G.G. divides the lino joining the middle points of the parallel 
sides in the ratio 4 : 5, being nearer the base. 

26. On the perpendicular ON from 0 on DE, at a distance ^ON 
from O, 

29. At a distance from the centre of the disc on the lino joining 
the centre of the disc to that of the hole, produced backwards. 

31. At a distance a from the vertex of the triangle, on the 

line from the vertex to the centre of the square, where a is the side of 
the triangle, 

82. r-r'. 87. 2 oos-‘ ( ; 60’. 

88. 1 : sja. 89. (2- ^/2) : 1. 40 . 49 : 11. 



CENTRE OF GRAVITY (Continued) 
ANALYTICAL TREATMENT 

10*12. Introduction. 

(i) We have seen in Art. 10*8 [Case (I)] that if there be 

a system of particles of masses mi, m 2 t vtin lying on 

a straight line at points whose distances from_ a fixed point 

on the straight line are £Ci, ^ 2 . a^ni then x, the distance 

of their centre of gravity (C. G.) or centre of mass (0. M.) 
is given by 


- ^mx 
X = ■ • 

(ii) We have further seen in Art. 10‘8 [Case (II)] that if 
the system of particles, lying in a plane, be situated at the 
points whose co-ordinates referred to fixed rectangular j.xes 

on the plane are {xi, Vi), {x^, y,) {xn, j/jj), then (x, y), 

the co-ordinates of their C. G. are given by 




Hmx 

- ■ 

Sm 


- _ Jljnv 
^ ilm 


( 2 ) 


where Smx stands for m^Xj, + +mnTn* 

IF, instead of the masses being situated at isolated points 
as above, there is a continuous distribution of mass in 
a rigid body, then we can find the positions of C. G. for 
different entities [viz, rod, arc of a curve, plane area, volume 
and surface area of a solid etc. ] by the above principle with 
the help of integration as illustrated in the following articles. 

Now, relations (1) and (2) can be written as 


- ^ Sxdm 
£d7n 


(10 


and 


JSxdm 
■“ Sdm’ 


Sydm 


(20 


Sd7n 
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where dm is the element of mass ac any point P, and these 
can be written in the notation of Integral Calculus as 


and 


- fxdm 

!dm' 

- fx dm - iy dm 

7 ^’ idm 


(3) 


(4) 


where integrations extend throughout the whole of the mass 
of the required portion of the body. 


10'13. Important Definite Integrals. 

The following results^ ^of definite integrals will be const- 
antly required in the evaluation of integrals obtained in 
connection with the determination of C. G. of the different 
kinds of entities. 

(A) ir sin^® dx = cos”a? dx ( n being a •positive integer ) 

w— .. ^ . ? 

n w-2 w-4 4 2 2 

— 4 2 - 

or = • - - ^ • Q • 1. 

n n- ^ o o 

according as w in oven or odd. 

(B) sin”*® cos”® dx (m and n being positive integers). 

If one of the indices be odd, say 7n is odd, then put 
z = cos ® and then express powers of sin ® in terms of cos x 
i.e., z. It would then be expressed as the algebraic sum of 
several integrals each easily integrable. If n be odd, then 
put z = sin ®. 

If both m and be even integers, first express either cos x 
in terms of sin ® or vice versa and then it would reduce to 
several different integrals of the type (A). 
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(C) Those who are familiar with Beta and Gamma 
functions may use the following formul© ; 


(0 .i 


sin”*a; cos”£c drr *• - 
A 


r 

w + iy 

2 f 

n 

fra + l\ 

r 2 / 

] 

n 

m + n + 2' 
2 




sin**jr dx 


I cos^fl? dx 

Jo 


re 

■r)] 

11) 

m 



where r(i)= Jn, and T{n + 1) = nT{n), whether n is integer 
or fraction. Here m and n are positive. 


10'14. C. G. of a thin rod. 

(i) When the rod is uniform. 


fl • n Let OA be a rod of 

O P Q A ^ length a and lot us take 

OAK as the a?-axis. 


Let P, Q be two neighbouring points on the rod at 
distances a? and x-^dx from 0, so that PQ^dx. Let p bo 
the density and a be tlie uniform cross-section of the rod. 
Then the element of mass 8m at P=^a,dxp, where a and p 
are constant. 


Let X be the distance of its C. G. from 0. Then taking 
moment about 0, we have 

x,Ea dx p=Sa 8x p.x, 

ix,, xE8x^Ex8x (on dividing both sides by the cons- 
tants a, p) 



( 1 ) 


The limits of integration are taken as such, since for the 
whole rod x varies from 0 to a. 


Thus the 0. O. of a uniform thin rod is at its mid^point. 
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(ii) When the rod is of variable density : 

Suppose the density p at the point P be a known func- 
tion of its distance from one end, say 0, Then P=f{x). 

Here proceeding as above, the element of mass dm at 
P = a,dx.p = a dx,f{x). 

. xEadxf (x) = Sadxf{x),x, 

i.e., xEf{x) Sx^^ Exfix) Sx, dividing by the constant a. 



Substituting tlie known value of fix) in any case, and 
integrating, the final value of x is obtained. 

For example, if the density at any point of the rod varies 
as the distance from the extremity 0, then fix) =* kx, where 
K is a constant, and therefore 



Note. If a bo tho cross-section of a rod at a point P on it and 
p bo tho density there, then ap (i.e., mass por unit length) is called the 
line-density of tho rod at P. "By tho single word ‘density* is usually 
meant volume-density i.e.t mass per unit volume. 

If in tho case (ii) it is given that the line-density \ at any point P 
varies as its distance from 0, then Sm (tho element of mass) * at P 
would be \ Sx. Now wo can proceed as in (3). 

* Strictly speaking, hn ( = element of mass in length PQ) lies 
between and when and X, are the greatest and least 

values of X in PQ. Since wo assume X'is continuous and since Sx 0, 
dm X dx ; thus with sufficient accuracy for our purpose, we can write 
fim = X 5a;. 

Similarly, strictly speaking, the distance of 0. H. of PQ from O 
lies between x and a;+5a; and hence is equal to x+d.Sx, where 0 < 5 < 1 
which however tends to a; as 5a; -► 0. Hence with sufficient accuracy 
for our purpose we take the distance of the 0. H. of mass dm from O 
as X, 

In the following articles, the above principle would be followed 
in considering the element of mass and the distance of its 0. M. from 
a point or a straight line. 
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10'15. C. G. of an arc. 

Let (ar, y) be the co-ordinates of any point P on the arc 
AB, and p be the density at P. Let s be the length of the 



arc CP measured from a fixed point C on the arc. Then 
Ss ■= elementary arc PQ at P, and hence 

P,ds = element of mass at P ( = S7n ). 


Let (x, y) be the co-ordinates of the C. G. of the arc AB. 
Then, as in (4) of Art. 10*12, we have 


- ^ /re dm ^ jpx ds^ - ^ [y_dm ^fpy ds^ 
^ Jdm fpds ^ id7n fpds 

the limits of integration extending from A to B, 
When p ts constant, the formula (l) becomes 


( 1 ) 


( 2 ) 


The formula) (l) and (2) are fundamental formulas for 
the determination of the G. G. of an arc and this can be 
easily transformed when the equation of the curve is given 
in Cartesian co-ordinates (general or parametric), or in 
polar co-ordinates. 
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Note 1. In the application of the above integials the following 
eosults should be noted c When the equation of the ouive is 

(i) »=/(«), 

(ii) x=f{y), ds= 

(iii) ®=0(f), y=^(«), 

(iv) /(r, fl) = 0, *=yy»-^ + (S)“-de. 

ds= ^l + (r 

and a5=rcos^, y = rmi0. 

Note 2. The G. G. in such oases is generally not on the arc AB, 

10*16. Illustrative Examples. 

Ex. 1, Find the 0. G. of an arc of a quadrant of the circle 
= a* in the ^positive quadrant^ P being constant. 



Lot y) be the co-oidinates of the 0. G. of the arc AB, 
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To evaluate the indefinite integral in the numerator put a® = u® — a* 
( we can also put — fl!® or rB=asin^. ) zdz=-^xdx. 

1“ j — -a= - 


- Syds . 

fa ay 


1 

el 

1 

i 

* /dr“j 

'a a 

, 0 ija^ — a® ^ 

a] 

a V TT 

0 2 


Ex. 2. Find the centre of mass G, of a circular arc of radius a^ 
subtending an angle 2a radians at the centre. 



Lot 0 be the centre of the circular 
arc AB and lot jLAOB- 2a. Let 
M be the mid-point of the arc AB, 
Join OM^ and produce it to X and 
take O as origin and OX as a;-axis. 
Now fLAOM— /LBOM—a. Thus 
from symmetry Q is on OMX. 
Let OA^OB^a and 00 = 5. Let 
ZlX0P=6l. 


For a circle we know r—a^s — aB. 5s = a5^. For A and P, 

I = — a and a. 

_ sin« ... 

“ f+o ■ /T. - r a 

ds J a dd 




Cor. 1. For a semi-circular arCf 
2tt = ir, o = Jir. 


.*. cc=a 


sm iv^2n^ 
Jt tt 


Cor. 2. For an arc of a quadrant 
of circle^ a = Jw. 

JIT W 


If the two bounding diameters 
OA^ OB of the quadrant be taken as 
fls-axis and respectively! then 
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{®i y)i co-ordinates of the 0. G. with reference to these two as axes 
are OQ cos Jw, and OG sin Jr, 

— - 2rt. 

i.e., X = • [ See Ex, 1 above ] 

IT 

Ex. 3. Find the C, G, of an arc of a quadrant of the astroid 
x — a cos® 0 , y—a sin^<l> in_ the first quadrant. 

For the point 7 /= 0 , 0 = 0 , 

for the point jB, y=a^ 



Hero ds -^ . d 0 = 3 a sin ^ cos d^,. 

Let (x, y) bo the co-ordinates of the 0. G. of the arc AB, 

. - fx ds - fy ds . 

Sis' y- Ids' ( 1 ) 

/a? ^7s= J ^ a cos “0 3a sin 0 cos 0 d 0 = 3a* J 008^*0 sin 0 dtp* 

I I 3 

dzi putting 0 =cos 0 )= ^ a® ( 2 ) 

/ds= J ^ 3a sin 0 cos 0 (f 0 = sin 0 cos 0 dtp 

= 3a J 0 z dz{ putting 2 r= sin 0 ) = 

/?/ ds= j ® sin ®0 3a sin 0 cos 0 dtp 

* 3a® j ^ sin* tp cos 0 dtp 

“3a® s* da (putting sin 0 ) = ••• ( 4 ) 


(3) 
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From (1). (2), (8), (4), 


-_3a>/5_2a 
3a/2 ” 5 ’ 


-_3rt*/5_2a 
^ 3a/2 5 ’ 


Ez. 4. Piwd position of the C.G, of the arc of a semi-cardioide^ 
Let the equation of the cardioido be r=rt (1 + cos 0). 



Hence APBO is the arc- At -4, 0 = 0 ; at 0, 0 = 7r. 

Now, 

*= N/a‘‘*(l+cos + 8in*0 d0 = 2a cos i0 d0, 

and r = a(l + cos 0) = 2a cos* J0. 

Let (Xt y) be the co-ordinates of the C.G. of the arc APBO, Then 


- f « 


7,-/ 


I X £Zs= I ^ r COS 0 . 2a cos \0 d0 

= Jo ^ 

= 2a® 1^2 cos* iO (2 cos® J0 — 1) d0 

J iff 

^ cos*^ (2 008*0-1) d0 ( on putting 0=20 
= 8a®. 1^2 j oOB*0 j cos® 0 d0 j 


J (2s«a2a| 


8a*. [2. i. i-»] [ See § 10’13 above ] 

;^^a*. ••• ••• ••• (2) 

COB i0 <20= 4a ••• ••• (3) 
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Again, J y dfs = J ^ r sin B, 2a cos \B dB 

« a(14 cos B), 2 sin iB cos 2a cos iB dB 

= 8a® J ^ cos^ iB sin dB, 

Putting s=cos dz= — J sin iB dB^ and when ^ = 0 and ir, z=l 
and 0. 


ds = 16a® j ^ d3 = 16a® a®. • (4) 

From (1), (2), (3), (4), =ia, W=’ 4^ =a<i* 


10*17. C. G. of a plane area. 

Case /. Cartesian. 



Suppose the area is bounded by the curve y -fix), the 
axis of X and the ordinates x = Xi, x — Xq. 

Let (x, y), ix + dx, y + dy) 
be the co-ordinates of P and 
a neighbouring point Q on 
the curve. Divide the whole 
area into elementary strips 
like PMNQ, by drawing lines 
parallel to the ^-axis. The 
area of the strip = i/.da5 ulti- 
mately, since dx is very small. 

Let the area be homogeneous 

and let p be the surface density of the strip PMNQ. 
Then dm, the element of mass of the strip PMNQ-ydx\p 
and the 0. G. of the strip PMNQ is ultimately at the point 
(®f iy)t (with sufiScient accuracy for our purpose). Let y) 


0 KMN 


"5 
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be the C. G. of the area AKLB. Then taking moments 
about OY and OX respectively we have 

x,Spy dx = Spy dx.x V-^PV = Spy Sx.iy. 

Cancelling out the constant p from both sides we get in 
the limit 



where y has to be expressed in terms of x from the equation 
of the curve. 

Note. The surface-density p at any point of an area =o-X where 
<r=the volume-density and X = the thickness at the point. 

Case II. Polar. 

Let the area AOB be bounded by the curve r=/(6) and 
the radii vectors 0^4, OB^ (9 = a 
and 9 = 13) so that /iX0A = a, 
Z_X0B = P. 

Let 0 be the origin, OX, 
the initial line and OY the 
^-axis. 

Let the whole area be divi- 
ded into elementary triangular 
strips like OPQ by radii vectors drawn from 0. Let the 
co-ordinates of P, Q be (r, 8), (r + dr, 6 + 60). Then APOQ 
= 60. 

Now area of the strip OPQ = Jr®60 ultimately, since 60 is 
very small. Then the 0. G. of the strip OPQ is a point (?i 
in OPQ, whose co-ordinates are ultimately (f r cos 0, ir sin 0) 
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(with sufficient degree of accuracy for our purpose). Let p be 
the surface-density of the strip. Then elementary mass dm 
of the strip OPQ is ir® dO.p, situated at Gi. Let {x,y) be 
the co-ordinates of the C. G. of the area AOB, 


Therefore, taking moments about 2 /-axis and a-axia 
respectively, we have 

x. S \r^p 30 ir^p.fr cos 0. 39, 

y. S \r^p 30 = 2 ir^p.ir sin 0. 30, 


Cancelling out from both sides ip, since p is constant, 
we have finally in the limit 


s-l- 


‘P 


r® cos 6 d6 


r® dd 




i3 


r® sin 6 dd 


r® de 


where r —f(0) from the equation to the bounding curve. 


10*18. Illustrative Examples. 

Ex. 1. Find the C,G, of the homogeneoue area hounded hy the 
parabola = 4aXt the x-axis and the ordinate x=h. 

Here y=2 iJax, and p is constant. 



14 
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Let (5, y) be the C.G. of the area AKN^ bounded by the ordinate 
KN, where AN=h* 

xy dx I Q >Jax dx W ^ 5 

J 0 f 0 3 

5= i > * i f /1 “ 4 integration ) 

J 0 2/^® Jo 

Ex. 2. Find the C. O. of the homogeneous area hounded by the 
parabola = iax and the double ordinate x~h* 

Let (as, y) be the co-ordinates of a point P on the parabola. Dividing 
the whole area into elementary strips by drawing lines parallel to the 



double ordinate KM^ area of the elementary strip FP'Q*Q = 2y Sxt 
and the co-ordinates of its G.G-. are (x, 0), since from symmetry the 
G.G. lies on the a;-axis. The elementary mass 5m of the strips 2^ dx.p, 
p being the surface-density of the strip. 


Let (xt y) be the co-ordinates of its G.G, Then taking moment 
about AT, we have 

'h 


y^2ydx,p.x ^^xydx 

»“ - OB 


1 


8 


^ydx,p 


i; 


y dx 


^ h as in Ex. 1. 
o 


5*0 ( from symmetry ). 

.*• the G.G. of the area lies on the s-axis at a distance ih from 
the vertex. 
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Ex. 3. Find the C,G. of a uniform rectangular lamina (area), [By 
tho xuGtliod of Calculus ]. 

Let ABCD bo a rectangular lamina of which the sides AB^ AD ara 
h and a respectively. 



Let us take AD and AB as axes of x and y. 

Lot the area be divided into elementary strips by lines drawn 
parallel to AB and lot P bo (», y) and PQRS be an elementary 
strip whose area is h.^x and if p be the surface-density, the elementary 
Co-ordinates of the G.G. of the area PQRS are (x, ib) 

ultimately. 

Let (Xf ^ be the co-ordinatbs of the C.G. of the given area. Then 
taking moment about j^-axis. 


X. lb dx p = lb dx.p.x. 



Similarly, taking moment about cr-axis, 
y. lb Bx.p’^lb Sx,p,ib, 



dx 


.*• C.G. of the rectangle is (}a, i.e., at ihe middle jpoint of 

the line Joining the mid^points of AB, OD, 
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Ex. 4. Find the C.G. of the part of the four-cusped hypocyoloid 
the positive quadrant. 



The part of the hypocyoloid lying in the positive quadrant is 
BOAB, where OA * a, OB *= b. 

The parametric representation of the curve is = a cos^ff, i/=b 8in*d» 
Let (x, y) be the co-ordinates of the C.G. of area BOAB 


Jo*"*® Jo*"*® 


( 1 ) 


Putting cos*^, y^h sin*0, dx^ —3a cos®d sin 0 dO \ 


when 

a;sO, d 

= Jt and when x—a^ ^ — 0. 



xy dx=3a^b j ^ sin*^ cos®^ d0 



■= 3a*b 1 Bin^0 cos^^. oos 0 d0> 
J 0 

Put 

s = sin 0, 

/. dz^oos0d0\ 

when 

8-0.'. 

a=0. 1. 

a 

• • 

Ii-3a*6l 



-9a*6 



• 8a’ 6 (i — ? + 4) ■■ t8»«*6 


( 2 ) 
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Ja = J Q 2/ dJa:=3a6 J J cos^d am*$ dB 
— Sab j (1 “ sin^tf) sin'*^ dO 

= 3(i2; [ j de - j sin"^ 

, r3 1 «■ 5 3 1 irlj 

^^^14*2*2 6*4 2 2J 

13=1 *^ dx coa^B. sin'^^ 

= 3a6* J (1 “ ain^B) ain'^O dB 

-3a6>[JJ"sin’edfl- j*’ 


Sirab 

32" 


dB 


iff f i’*' ^ "I 

« * am^ BdB\ 


= 3«6» [«.S-5.?.fS] = Ty5a6*. 

-_A_ 8 ,,^32 266 

® 1, 105® ^^3ira6“816»*’ 

-_ 1 1 18 n., 82 _ 256 . 

y O * 7" ' O ^ "7_ ” oi’e_ 


2 Ja 2 105 ' 

® y » 256^^ 
a 6 ^ 315ff 


3ra6 315ff 


(3) 


Ex. 5. Find the C.G, of the uniform area in the form of the loop 
of the curve aj ® + xy^ - 2aj* + 2 j/* = 0. 


The curve can be written as (2+a;)»=x® (2-®) 

i.e. »=±Vl?f’ 


( 1 ) 


Thus, the curve is symmetrical with respect to the x^axis, there 
is an asymptote £B+2e0 and there is a loop OP AGO inO ^ x ^ 2, 

Divide the loop into elementary strips by lines parallel to the 
2f-axis. The area of an elementary strip at P~2p dx and if p be the 
Borfaoe-density of the area (supposed homogeneous), the elementary 
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mass dx • p and the co-ordinates o£ the C.G. of the area are (x, 0) 
since : from symmetry, C.G. lies on the a;-axis. Tjet (i, y) be the 



^-azis, we have 

X . 'L2y dx p= 222 / P*® 


Cancelling out the constant common factor 2p from both sides 
and noting that x varies from 0 to 2, to include the entire loop, we 
have 




( 2 ) 


WtitiDg from the equation of the curve (1), 

Numerator= J f ^ _®l 

f ^ - — f ^ 


Pat fl;«2 sin dx^2 cos 9 d9 ; when P»0, and when 

«"2, d*=jT. 
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•*. Numerator = 2* sin*^ d6 — 2^ | 8in*0 dd 

= 2“.' -2*.5 = 2ir-V-=5(3n— 8) — (3) 

Denominator = [a “^V 

JO V 2 + a; Jo x/2“-a;‘* 

_ 2x dx _ r ^ ^ 

" J 0 ^/2- - a;-* JO 

= 2‘^ sin ^ d^-2* sin^O d$, 

putting a; = 2 sin 6 as above 

= 2M-2*.|’ =4-ir. — (4) 

a 


.*, from (2), (3) and (4), 

- 2 37r-8 

3‘ 4-ir ‘ 


From symmetry, the C.G. lies on the a;-axis O 2 IX. y-0. 


Ez. 6. Find the C,G of a uniform sector of a circle* 


Let OAMB be a sector of a circle 
with 0 as centre and let Z.-40JB = 2a 
and OA = OB= radius of the circlo=a. 
Let OM bisect Z.AOB, 

Taking OM as a;-azis, let (i, y) 
be the co-ordinates of the C.G. of 
the sector. From symmetry, O lies 
on OX and hence y^O. 



2 

3 


2 

3 


n 


r* 003 B dB 


r* dB 


f.: 

r:: 

a^-fsin®!^* Q 

L J-a 2 Bin a 


n* cos'tf d$ 

a^de 


X 


[ here ] 
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Hence G, the C.G. is situated on OAf, where OG= | a. — 

o a 

Cor. 1. For a uniform semi-circular lamina^ a= Jir. OG = g-* 

Cor. 2. For a com^plete wiiform circular lamma, o = ir. 00=0, 

Hence the C.G. of a circular lamina is at the centre of the circle. 

Ex. 7. Find the C, G, of the area hounded by two semi-circles of 
radii a and b and their common diameter, ° 

Let us divide the area into elementary strips by drawing radii 
vectors like OP^Q^ and OP^Qa from 0 to the two semi- circles, 0 being 



their common centre, and ALPiOX=Z,QiOX=0, Z.P^OP^ = L.Q^OQ^ 
= 09, Let a>b. Let the line through 0 perpendicular to the bound- 
ing diameter be taken as the a;-axis and the bounding diameter as 
the y-axis. 

Then, the elementary area 

PiQiOa-Pa = Area OQ^Qa-Area OP^Pa 

= ia* 59 - jb^89 = i(a® - 6*) 89, 

Let p be the surface-density of the elementary area ; then mass of 
the elementary area » (a^ - 6‘) 89, 
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Let (x, y) be the co-ordinates of tbe C. G. of the whole area. Then 
taking moment about the ^-axis, 

where x^, Xa are the distances of the C.G.'s of the ultimate triangular 
areas OQ^Q^ and OPiPa from the the y-B,x\s, i.e., 

Xi = ia cos B, oJa = §6 cos 0, 

cos 9-2i^S/.«6 cos uu^ately 

2^ “■O'*} 00 

2 f -iff 2(<i*-6’).2^ 4 tt’ + o6+^, 

J -iTT 

i.' 

( For the points A^, A.^, 0= — Jt and for the points 3^% <Ba, d = iir. ) 

From symmetry, 0. G. would lie on OX, y=0. 

Note. Putting 6=0 in the above result we can easily verify that 
if G be the 0. G. of a semi-oirourar lamina of radius u, then 

Ex. 8. Find the G. G, of a miiform segment of a circle. 

Let AOB be a sector of a circle of 
radius a bounded by the radii vectors 
OA, OB, where if. 05= 2a. Let 00 be 
the bisector of the angle ^05. We take- 
00 as the axis of x. 

From symmetry, the C.G. of the 
segment ACBMA lies on OX. If 0^ = 

(sci* Vx) be the G. G. of the sector, then 
we have 

, Xi= f a ®» 2/i*0. ( See Ex. 6 above ), 
o a 

Also if Oa s (xa, j^a) be the C. G. of the triangle AOB, then 

«a*§flooso, jya*0. 
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Lot (x, y) be the G. G. of the segment ACBMA. Then by Art. 10’ 10 
of the book, 

» 2 sin a .2 

ao'grt-- a cos a.a sin o. ^ cos o 

SSS ' 

< 2^0 — sin a cos a 

__ 2 sin a — sin a cos^a 2 sin*a 
— — - « “ a . - » 

o a — sin a cos a o a— sm a cos a 

and ^ = 0. 

Ex. 9. Find the C. O. of the area of the cardioide r = a(l + oos 5). 



Let (i, y) be the co-ordinates of 
the G. G. of the cardioide. 

The centroid evidently lies on 
the axis of symmetry viz.^ the jc-axis. 

y=0. 

Since the two halves of the 
cardioide are equal and symmetrical, 
the abscissa of the G. G. of the whole 
is the same as that of the upper 
half. 


lo*;' 

f TT 3 r ’T 

Jo’ 

a*(l + co3 cos 0d0 

j ^ a®(l+GOs 0)* dO 
[^2» cos" 1(2 cos- I -l) 


r* COB d d$ 


> (p being const.) 


2* cos* 2 dd 


4/t 

“s' ~ r*2 ’ 

1 ^ cos*0 d0 

7.6 3.1. ir_6.3.1.T 
_4a ^86422 6 4 2 2 6a 

" 3 ‘ 3 1 "• '6* 

4*2*2 


( putting 0=2^) 
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10*19. C. G. of the volume and surface of revolution 
of a uniform solid. 

Suppose a solid is formed by the revolution of the curve 
y^f{x) about the a;-axis OX and suppose it is bounded 
by two ordinates AL, BM corresponding to x = Xi and 



(i) The volume generated by the element of area PNN P\ 
where {x, y) are the co-ordinates of P is (the area of tlie 
circle described by PN) x the thickness between the 
two circles described by PN and P'N')^7iy^ dx^ ultimately 
[ since PN=y and dx is very small ]. If p be the density 
of the slice bounded by the two circles, then, the element 
of mass of the strip = dx. The G. G. of the element 
from symmetry lies on OX, and is ultimately at a distance 
X from 0. Hence if (a?, y) be the co-ordinates of the 0. G. 
of the volume generated by the ^xt^ALMB^ then taking 
moment , about t^-axis we have 

x^Spny^ dx^Spny^ Sx.x. 
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As the solid is of uniform density, cancelling out pti 
from both sides, we get 


Sy^x dx 
()x 



y®x dx 
y® dx 


and from symmetry, y = 0. 


(ii) The area of the surface generated by the revolution 
of the arc PP' ( = 55) about OX is (the circumference of 
the circle described by PN) x (length of the arc PP') 
i.e., 2ny.Ss ultimately, since PN = y and ds is small. If p be 
the surface density then, the element of mass of the 
belt“p.2;i2/.^s. 


The O.G. of the belt from symmetry lies on OX and is 
ultimately at a distance x from 0 . Hence, if (a, y) be the 
co-ordinates of the C. G. of the surface generated by LM, 
then taking moment about i/-axis, we have 

X, Sp, 2ny ds = Sp. 2ny ds . x. 

As the surface is of uniform density, cancelling out 2 jip from 
both sides, we get 

■" =: ds 

^ Ey ds /y ds 

In the integration, the limits for s correspond* to X — Xx 
and X — X2* 


Cor. When the equation of the curve is given in polar 
co-ordinates, say r=/( 0 ), the above formulee can ‘easily be 
transformed into the following forms by the relation 
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ibetween Cartesian and polar co-ordinates viz. x — r cos 0, 
2 / = r sin 6, 


Solid : 


/ r /7 

I r® sin®0 cos 0^^^ (r cos d).dd 


7 


^ 2 / = 0 , 


Surface : i 


( j 


r® sin®d (r cos S) . dd 


, ds 


r® sin 0 cos 


|r si 


sin 0^*- do 


y = 0 

taken between proper limits. 

10*20. Illustrative Examples. 

Ex. 1. Find the C. G, of a homogeneous solid cone. 



Let (5, y) be the co-ordinates of G, the C. G. of the homogeneous 
€olid cone AOB. 

^y*xdx !*(*• tan*o).»d* 

j»’d« ^^ (*» tan*a) d» Jq [i*’]o ^ 

From symmetry, O.G. lies on the ir-axis, the axis of rotation, y^O. 
/, O lies on OC, such that OG*iOO, i.e., OG : GO*»3 : 1. 
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Ex. 2. Find the C.O, of a homogeneous solid hemisphere. 



Let (5, y) be the co-ordinates of G, the C.G. of the homogeneoua 
solid hemisphere AMB^ 

_ _ \y^xdx \l(a^-x-)xdx 3 

” * J j: 8- 

From symmetry, O.G. lies on the oj-axis, the axis of rotation, y= 0* 
G is situated on OM such that 00 : Gilf= 3 : 6. 


Ex. 3. Find the C, G. of a homogeneous Conical Surface, 

Let OAB be a right oircular cone, formed by the complete revolution 
of the line OA round the fixed line OC [ See Fig, of Ex, 1 above ] and 
let Z.40G** a, and OC^h, Suppose it is of uniform density. Let us 
take the vertex 0 of the cone as origin and its axis OX as a;-axis and 
OY, perpendicular to OX as ^-axis. 

The equation of the line OA is y — x tan a. 

^ (f®j <s/i+tan*tt da!“(Beo a) dx. 

Let i, y be the co-ordinates of the 0. G^ of the conical surface. 


^yxds 

1 ^ (x tan a)a:.(seo a) dx 


[5«-] 

j 

1 (x tan a).(seo a) dx I 

1 

[p] 
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. From symmetry, G.G. lies on as-axis, the axis of rotation, and 
hence y=0. 

G, the C.G. of the conical surface is situated on the axis of 
the cone such that OG = iOC i»e,, OG : GC—2 : 1. 

Note. Here the generating curve is the straight line y—x tan a. 


Ex. 4. Find the G.G. of a imiform hemispherical surface. 

Suppose AMR be a hemisphere of radius a, with its plane base 
ABC A, and lot 0 be the centre of the base and let OM be the line 
perpendicular to the base and suppose it is formed by the complete 
revolution (i.e., the revolution through 2ir radians) of the quadrant of 
the circle MB round the axirs OM [ See Fig. Ex. 2^ above ]. Let us 
take O as origin and OMX as a;-axis and OBY as ^-axis ; then the 
equation of the circle MB is x^ + y^ — a^ i.e.^ 


a/i + ( ^ - Y dx= ^ - dx-- dx. 


y ds-a dx. 


Let (», y) be the co-ordinates of the O.G. of the homogeneous 
hemispherical surface. 



[ 


since for B and M, x^O and x“a 


] 


From symmetry, p.G. lies on the sr-axis of rotation and hence 


Thus the O.G. is at the mid-point of OJ&f, 
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Ex. 5. Find the C.O. of the solid formed by revolution abouf 
the x-axis of the parabola y* — iax, bounded by the ordinate x=lu 



From symmetry, 5=0. 

Ex. 6. Find the C,G, of the surface generated by the revolution of 
a loop of the lemniscate r* = a* cos 29 ^ about the initial line* 



Let 5) denote tho G.G. of the surface of revolution of the loop 
OQAP. Then from symmetry, 

Here r®«a*coB2fl. -a* sin 2tf. 


ds 

di"" 
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^ jcy ds 

^‘‘Jyds" 


ir 


r cos B,r sin B. -7-=- 


x/coa 2d 


dB 


\r 


jjcos 2d 


dB 


.1 


irr 


sin 6 cos e. iJgos 20 dB 


(' i^r 

1 ^ sin 0 d$ 


f sin 2d Jcos 20 dB 
<110 


2 . 


in 
, 0 


' dz 


1_ 

a sf2 ^^.( 2 + n / 2 ) 
“6‘x/2-l 6 

Ex. 7. Find the centre of 
gravity of the surface and volume 
of the j}art of a spherCt of radius a, 
included between two parallel 
planes which are at distances Xt 
and from its centre, (x^ > Xi) 
Let the sphere be generated by 
the revolution of the circle x^+y^ 

= a^ about the a-axis, Let us con- 
sider the portion of the sphere 
bounded by the parallel pianos AL, 
BM, where OL — Xx% and OM^x-x* 
Then, for the surface 


( putting cos 2d = s* ) 





Jdf 

(da 

<fdx 

iyds j 


0 

'A 

dx 




^l+® Ae 


adx “ ® 

J XX 


and from symmetry, y=0. 
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For the volume, 


X 


iv'xAx^\l\ 

ly^ dx f»a (a;i^x^)dx 


3 

4 


•(aji + aja) 


2a* — 3!,® — a;,* ^ 

3a* — aji* -a;ia;a“a;a‘' 


From symmetry, ^ = 0. 


Note. If we put ajo = a and a5i = 0, we gpt the case of a hemis- 
phere, and for the surface Ja, ^=0, and for the solid 5= |a, 5=0. 

Ex. 8. Find the C. G. of the volume generated hy the revolntion 
about the x~nxis of the area hounded hy the parabolas y^ — Xt x^ = y. 

Clearly, the points of intersection are given by 



y'* = a* = 2/. .•. ?y=0, 1 

and so a’=0, 1. 

.'. the points of intersection are (0, 0) and (1, 1). 

The volume of the strip generated by the revolution of P1O1O2P9 
about a-axis is ir(?ya* — ?/i®) 5a, where Vi'^PiM and and 8x 

being very small. Then (i, 5) being the G. G. of the volume generated, 
we have 



dx.x 


Also from symmetry, y^O. 


JJ (*-*«}*! 
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10*21. Theorems of Pappus dr Guldin. 

If a piano area bounded by a closed curve revolve 
through any angle about a straight line in its own plane, 
which does not intersect the curve, then 

(I) The volume of the solid generated is equal to the 
product of the revolving area into the length of the arc 
described by the centroid of the area. 

(II) The surface-area of the solid generated is equal to 
the product of the perimeter of the revolving area into 
the length of the arc described by the centroid of that 
perimeter. 




(l) Let 3A be any element of the area whose distance 
from tlie axis of rotation is z. Then 9 being the angle 
through which the area is rotated, the length of the arc 
described by SA is z9, and hence the elementary volume 
described by the element SA is z9,dA. 

The whole volume described by the given area therefore 
= SzS.dA - e.Sz.dA = 0 54 [ Prom Art. 10' 8 ] 

( where A is the total area of the curve and i is the distance 
of its centroid from the axis of revolution ) 

= 45o = area of the closed curve x length of the arc 

described by its centroid. 
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(II) Let 5s be the length of any element PP' of the 
perimeter of the given curve, and z its distance from the 
axis of revolution. The elementary surface traced out by 
the element 5s is ultimately zO 5s. 

The total surface-area of the solid generated is therefore 
= ^zdM = dUz'.Ss = d.z's [ From Art. 10' 8 ] 

( where s is the whole perimeter of , the curve, and z\ the 
distance of the centroid of this perimeter from the axis ) 

= s./fl = perimeter X length of the arc described by 

' its centroid. 

Note. The above results hold even if the axis of rotation touch 
tho closed curve. 

Ex. 1. Eind the volume and surface-area of a solid tyre, a being 
• the radius of its section, and b that of the core. 

The tyre is clearly generated by revolving a circle of radius a about 
an axis whose distance from tho centre of the circle is b. 

The centre of the circle is the centroid of both the area of the circle 
as also of tho perimeter of the circle, and the length of the path 
described by it is evidently 2irb. 

Hence tho required volume=ira* x2ir6=2ir®a®6, and the surface- 
area required = 2ira x 2ir6 = 47r®a6. 

Ex. 2. Use the theorems of Pappus to find the centre of gravity of 
(a) a semi-circular arc, (b) a semi-circular area. 

Let the semi-circle be of radius a and let it revolve about the 
bounding diameter so that the surface generated is a sphere of radius a. 

Let X denote the distance of the C. G. from the centre. 

(a) For the semi-circular arc, 

2xx.xa= surface-area of the sphere =4ira^. 
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(b) For the semi-circular area, 

27 r«.Jira“ = volume of the sphere 



Examples on Chapter X(C) 

1. Find the 0. G. of a rod AB of lenj:;th a, the density 
at any point of which varies as the wth power of the distance 
from the end A, 

2. G is the centre of 'tnass of the rod AB of length Z, 
The line-density at any point of AB varies as the distance 
from the point 0 on jB 4 produced, where 04 = Find 
AG : GB. 

3. Find the 0. G. of the arc which is in the first quad- 
rant of the cycloid x = a(fi + sin 0), y = a(l - cos B), 

4. (i) Find the 0. G. of the arq of the parabola y^-Aax 
from the vertex to an end of the latus rectum. 

(ii) Find the C. G. of a uniform wire bent into the 
form of the cardioide r = a(l + cos d). 

5. Find the centroid of the arc of the catenary 

y = c cosh - » from the vertex V to any point P(a?, y) on the 
c 

arc. 

6. Find the centroid of the area of the circle a?® +i/® 
lying in the first quadrant. 

7. Find the centroid oi the area of the astroid 

4 4 4 

+ y = a lying in the first quadrant. 
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8. Find the centroid of the area between the sine 
curve 1 / = sin a? and y = 0 where 0 < a; < 

9. Find the centroid of the area between the cosine 

curve y = cos x and y = Q where - < a: < 

10. Find the centroid of the area between the semi- 
cubical parabola ay^ and x = h.^ 

11. Find the centroid of the area bounded hyy — x^, 
a; = 1, 0, 05 = 2. 

12. Find the centroid of the area bounded by aj = 0, 
2/ “ 0, t/ = 3 + 2a5 - a;^ and lyinj* in the positive quadrant. 

13. Find the centroid of the area of the loop of the curve 
y^{a + x) = x‘^{a'~x). 

14. Find the centroid of the area of the loop of the 
curve + xy^ - a?^ + 2 /^ - 0. 


16. Find the centroid of the area between the cissoid 
y^{2(i“ x) = x^ and its asymptote. 


16. Find the C. G. of the area of the parabola 
ii I n,\^ 




' 1 between the curve and the axes. 


17. (i) Find the centroid of the area between y^ ^x and 
y-x. 

(ii) Find the centroid of the area bounded by y^ — iax 
and y = mx. 


18. (i) Find the centroid of the area bounded by i/ = a?®, 
l/= - a?* and a? = 3. 

(ii) Find the centroid of the area bounded hy ax 
and — by (a, fe > 6). 
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19. Find the C. G. of the area enclosed by the curves 
rc® + 2/^ - 2aj = 0, and + 2 /^ - 4® = 0. 

20. Find the centroid of the area of half the cafdioide 
r **= a(l + cos O) bounded by 0 - 0. 

21. Find the centroid of the area of the right loop of 

the Lemniscate cos 20. 

22. Find the locus of the centroid of the area of the 
parabola -Aax cut off by a variable straight line passing 
through the vertex. 

23. Find the O.G. of the segment of a sphere of radius a, 
cut off by a plane at a distance b from the centre. 

24. Find the 0. G. of the solid formed by the revolution 

of the quadrant of the ellipse ^ about its (i) major 

axis, (ii) minor axis. 

25. Find the 0. G. of the solids formed by revolving ; 

(i) ay^ =x^, about the aj-axis between x-0 and ® = c. 

(ii) x=a(0 + sin 0), 2/ = a(l - cos 0), about the axis of y. 

(iii) r = a(l + cos 0 ) about the ar-axis. 

26. Find the centroid of the (i) surface and (ii) solid 
generated by revolving half of the cardioide r = a(l+cos0) 
bounded by 0 * 0 about the initial line. 

27. Find the 0. G. of the surface formed by the revolu- 
tion of the parabola y^ ■" 2x cub off by the line 05 — 4, about 
the axis of the parabola. 

28. Find the centroids of the surfaces formed by the 
revolution of the following curves : 
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(i) Cycloid ar = a(0 + 8in ©), ?/ ■= a(l - cos 0) about the 
axis of y, 

(ii) Oardioide r = a{l + cos 0) about its axis. 

29. If the distances of the vertices of a triangle from 
a fixed line on its plane (not intersecting the triangle) are 

and if S be the area of the triangle, show that 
the volume generated by the revolution bf the triangle about 

the fixed line is -g- (xj, + X 2 + flJs). 

30. An equilateral triangle of side a revolves round its 
base which is fixed. Find the volume of the solid generated. 

31. Show that the volume of the solid formed by revolv- 
ing the ellipse a “ a cos 0, y^b sin 0 about the line x=^2a 
is 

82. Find the volume of the solid formed by the revolu- 
tion of y^ = Aax about the latus rectum. 


ANSWERS 


7l> *4" 1 

1. On the rod at a distance a from A* 
• n+2 


2. (3a-h2l)l{Sa + l). 


8. x={ir-i)a,y’ 


. 1 8^/2-log(^2+l) - 4 2^/3-l 

4. (1) ^ ( ^/2+l) 3 ® ^/2■+log■( n/2+1)’ 

(ii) 5=^> 5. »=«— c{y— c)/», y=Jj/+c*/2j, yrhere FP“S, 


6 . X- 


4a _ _ 256a 


8 . 


■»^ 3 , 

9. i««0, v-i*". 

12. 5-J, 18. 14. 5-0* 


10. x’‘ih,y-Q. 11. i-ii, 
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15. x = i/«0. 


16. “ = 

a h o 


(ii) £c = 8a/57^t®, y = 2ahn. 
(ii) 


». i-t- 


- irfl ^/2 - ^ 

21. x-- »?y“0* 


17. (i) a;=|, s/ = i- 

18. (i)5==J, S = 0. 

” 7 - 28 

*=3’ 


22. 27y^ = 5aa;. 


24. (i) x-%a, !/=0. (ii) x = 0, 


25. (i) ®=Jc, 2 / = 0. (ii) f (“i^ 

26. For surface 5= i/= 0<;' For volume x = |a, 0. 


27. x^V^i,y^0. 


no /-X ~ n “ 2a 157r-8 

28. (.)a: = 0,i,<= jg- 


(ii) 5-SS«. 5=0. 


32 . ^|ira“ 



CHAPTER XI 


WORK AND POWER 


11*1. Work. 

A force is said to do work when its point of application 
moves in the direction of the acting force^ and the work done 
hy a force, acting at a point of a body for any time, is measur- 
ed by the product of the force and the displacement of the 
point of application of the force in its oivn direction. 



Fig, (i) Fig. (ii) 

Let a force P be acting on a body at A in the direction 
AX for any time, and let A raove to B during the interval. 
If AB be in the direction AX, as in fig. (i), the work done 
= P.AB, and is positive. If the displacement AB of A is in 
a direction opposite to that of P as in fig. (ii), the displace- 
ment measured in the direction of P is - AB, and the work 
done by the force here= — P.AB, which is negative. 

If the displacement AB be in 
a direction different from the direction 
of the force, say making an angle B 
with AX as in fig, (iii), the displace- 
ment measured in the direction of 
P is AN=^AB cos B, and in this case 
we get more generally 

Work done hy P = P.AB cob 0 — AB.P cos 6 

= Force x component of displacement of its point of 
application along the line of action of the force 

or, = Displacement x component of the force along the 
direction of displacement. 


e 



Fig. (iii) 
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Evidently, the work done is 'positive or negative accord- 
ing as 0 is amtc or obtuse. 

Cot, In particular if ^ = 90®, the work done is zero, i.e.^ no work is 
done by a force if the displacement of its point of application is per- 
pendicular to the line of action of the force. 

If the displacement or its component is in a direction opposite to 
that of the acting force, work is said to bo done against the force. 

11*2. Units for measurement of work. 

When a force equal to the weight of one pound displaces 
its point of application through one foot in its own direction, 
the amount of work done is defined to be one Foot-pound. 

This is usually the unit of work used in Statics in the 
English system. 

When a force equal to the weight of one gramme dis- 
places its point of application through one centimetre in 
its own direction, the amount of work done is defined as 

one Granpne centimetre. 

This is the unit of work in Statics in the French 
system. 

11*3. Theorem I. The algebraic sum of the works done 
by a number of coplanar forces acting on a particle, for any 
displacement of the particle, is equal to the work done by 
their resultant. 



Let the particle be displaced from 0 to A, and let the 
forces Pi. P 2 f - inclined at angles 0i. "^^th OA act 
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on it. Let B be the resultant of the forces inclined at 0 
with OA. 


The algebraic sum of the works done by the forces 
= Pi cos 01 . OA + P2 cos 02 . OA + ••• 

= OA (Pi cos 01 + P3 cos 02 — ) 

•^OA ^ algebraic sum of the resolved parts of the 
forces along OA 

— OAx the resolved part of the resultant along OA 
= 0A^ B cos 0 
= work done by the resultant. 

Theorem II. The work done in raising a mmher of 
particles from one position to another is Wh, where W is the 
total weight of the particles^ and h is the distance through 
which the centre of gravity of the particles has been raised. 


Let Wi^ w^^,,,Wn be the weights of the particles so that^ 

1^=101 + 14^2 + ••• +Wn, 

In initial position, let jri, 3 ?n be the distances of 

the particles and x that of their C.G. from a fixed hori- 
zontal plane (measured positive upwards), so that 


Wi +W2 +•••+«(;» 


[ Art, lO'a ] 


' or, WiXi’^W^X^'^ *** — (l) 

In the displaced position Jet jc'i, a?'2, a?'n be the 

distances of the particles and x that of their C.G. from the 
same fixed plane, so that 

Wi + W^"^ ••• + w;n 


or, WiXi’¥w2x\'^*^^ + Wfipfn=W^\ ••• (2) 


Subtracting (l) from (2), 

Wi {x\ - Xi) + W2 {x 2 X2) + ••• + Wn {x'n “ Xn) 

= Tr(5'-®)-TrA. 
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Since x\-Xi, x\ -a? 2 f' the heights through which 
the particles have been raised, left side represents the total 
work done in raising the particles. 

Hence the result. 

Note. Ifc should bo noted that in the a1)Ove result the work done 
is quite independent of .the path by which the particles are displaced 
from one position to another. 

If the C.G. of the system is lowered, instead of being raised, h is 
negative, and so the work done against the weight is negative, in other 
words, positive work is done by the weight. 

11*4. Power. When an aoent (say a man or a machine 
or an engine) is doing %o&}h contimiously, the rate at which 
it does work per unit of time is defined to be its power. 

The unit of power in Statics is a Foot-pound per second 
in the F.P.S. system, and a Oramme-centimetre per second 
in the C.G.S. system. 

The above unit, being very small, is not suitable for 
practical purposes ; so engineers use a higher unit called 
a Horse-power. 

When an agent is doing work at the rate of 550 foot- 
pounds per scco7id^ it is said to have one Horse-power. 

The word Horse-power is usually abbreviated into H.P. 

Note. The estimate of the average power of a horse was arrived 
at by J. Watt by experiment. 

11*5. Illustrative Examples. 

m. Find the Horse-power of an engine that would empty in 
4^ininute3 a cylindrical well full of water, if the diameter of the well 
is 14 ft; its depth 40 ft, and if water is raised by pumping to a level 
ground 70 ft above the surface of the welt [ C. U, 2946 ] 

Volume of waters volume of the cylinder 

■airx7* X 40®^’' X 49x40 ou. ft. 
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Since one cubic foot of wato!c weighs 62} pounds, 

. ' . its weight = V- x 49 x 40 x 62} lbs. wt. 

= 385000 lbs. wt. 

The C.G. of a solid cylinder is at half its height. 

Hence initially the height of the C.G. of the water above the 
bottom of the well = 20 ft., and finally it is 70+40, i.e., 110 ft. 

the height through which the C.G. of the water has been 
raised = 110 “20, i.e., 90 ft. 

Hence the work;done= 385000x90 ft.-lbs.. 

Let X be the reqd. H.P. ; then the work done by the engine in 
48 minutes = aj x 48 x 60 x 550 f t.-lbs. 

a; X 48x60x550 = 385000x90. 

^385000X90 ^175^ 7 

•• ® 48 x 60 x 550 8 8 ‘ 

Eiraioples on Chapter XI 

!• Find how many foot-pounds of work is done in 
pushing a mass of 10 lbs. through 5 feet up a smooth incline 
of 1 in 10. 

2. Show that the work done in drawing a body up 
a smooth inclined plane is equal to the work done in lifting 
the body through the height of the plane. 

3. Find the work done in piling over one another five 
bricks, originally lying fiat on the ground, having given 
that the thickness of a brick is 3 inches and its weight 
10 lbs. 


4. A load of one ton is suspended by a vertical chain 
100 ft. long, the chain itself weighing 6 lbs. per foot. How 
many foot-pounds of work is done in winding up the load 
to the top ? 

5. A shaft, the horizontal section of which is a rectangle 
10 ft. by 8 ft. is to be sunk 100 ft. into the earth. If the 
average weight of the soil is 150 lbs. per cubic foot, find the 
work done in bringing the soil to the surface. 

[ P. 17. 1935 1 
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6. In digging a circular well o/ radius 3 ft. and of depth 
20 ft., 12 ft, of clay and later 8 ft. of sand were taken out. 
Find the work done in raising the materials to the surface, 
assuming that one cubic foot of clay and one cubic foot of 
sand wigh a lbs. and b lbs. respectively. [ P. U. 1938 ] 

A tower is to be built of brick-work, the base being 
.a rectangle whose external measurements are 20 feet by 
10 ft., the height of the tower 132 ft., and the walls 2i ft. 
thick. Find the number of hours in which an engine of 
3 H.P. would raise the bricks from the ground, the weight 
of a cubic foot of brick-work being 12 lbs. 

[ C. U. 1942 ] 

8. There are 37 steps in a staircase, and on every step 
except the highest is placed a marble ball weighing 4 ounces. 
If each step be 8 inches high, find the work done in carrying 
all the balls to the top of the staircase. 

9. A horse draws a carriage 11 miles along a road 
with a constant force of 42 lbs. wt. and taken 70 minutes 
to perform the journey. Compare his power with a horse- 
power. 

10. The Darjeeling mail has a maximum speed of 
()0 miles per hour. If the total resistance then be the 
weight of 1 ton, find the Horse-power of the engine. 

[ 0. U. 1932 ] 

11. What is the H.P. required for a motor-car which 

weighs 3000 lbs. and can run at 30 miles an hour against 
an air resistance equal to u\jth of its own weight ? - 

[ 0. U. 1943 ] 

12. Calculate the H.P. of an engine which takes 

90 minutes to pump out water from a rectangular well of 
length 20 ft., breadth 15 ft, and depth 100 ft, to the level 
of the top of the well. [ One cubic foot of water weighs 
62’5 lbs. ] [O.U. 1338 ] 

13. A well of which the section is a circle of diameter 
14 ft. and depth 206 ft. is half full of water. Find the work 
done in foot-pounds in pumping out the water to a level 4 ft. 
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above the top of the well in 10 minutes, and calculate the 
average horse-power of the pumping machine. [0. U. Id35\ 

14 . An engine of 12 H.P. working 8 hours a day supplies 
2000 houses with water which it raises to an average height 
of 40 ft. Find the supply of water to each house. 

15 . A man whose weight is 11 stone climbs a pole at 
the rate of 15 inches per second. Show that he is working' 
at just over a II.P. 

16 . A cage contaming coal of total weight W cwt. is 
being raised from the bottom of a coal-mine whose depth is 
d feet, with the help of a wire-rope weighing w lbs. per foot. 
If the work is done in t minutes, find the H.P. of the 
engine employed. 


ANSWEBS 


1. 

6 ft-lbs. 

3. 25 ft.-lbs. 

4. 

254000 ft.-lbs. 

5. 

CxlO’ ft.-lbs. 

6. 72>r(2(i-fl66) ft.-lbs. 



7. 

22 hours. 

8. lllft.-lbs. 

9. 

132 ; 125. 

10. 

358J H.P. 

11. 8II.P. 

12. 

142,V H.P. 

13. 

157i32937i ft.-lb3. ; 476/iS, H.P. 

14. 

2370 lbs. daily. 


6G000 t 



GIIAPTER XII 


MACHINES 

12*1. Machine and its use. 

Any contrivance, or arrangement of bodies fitted 
together, so as to be in a convenient form to apply force at 
one point in order to overcome a resisting force acting at 
another point, is called a Machine. 

The former force is called the Effort (or Power) ^ usually 
denoted by P, and the latt^?tr, Itesistance (or Weight), usually 
denoted by W. In Statics we are chiefly concerned with 
finding the relation between the effort and the resistance 
when there is equilibrium. 

That by using a machine we can counteract one force 
by another, differing from it in magnitude, point of applica- 
tion, or direction, or in all three, is evident from the follow- 
ing familiar cases. 

For example, by using a single pulley, a bucket of water 
can be raised to a great height by a person standing on the 
ground. Here the effort, though equal to the weight to he 
raised, is applied more conveniently as a downward force. 
Again by means of an Inclined Plane, a heavy body can 
easily be raised through a great distance, the effort required 
being less than the weight raised. A pair of Tongues enables 
us to apply a force in a more convenient form, though the 
effort is greater than the resistance in this case. 

In the present chapter we shall discuss the working and 
properties of some simple types of useful machines : 

(i) the System of Pulleys 

(ii) the Lever 

(iii) the Oommon Balance 

(iv) the Steelyards (Boman and Danish) 

(v) the Wheel and Axle. 


16 
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The principle and use of an inclined plane has already 
been illustrated in many examples in the previous chapters, 
and accordingly we need not deal with it here separately. 

In the following discussions, for the sake of simplicity, 
we shall suppose that the machines are perfectly smooth 
and rigid, and all ropes and strings used in their working 
are light, inextensible and flexible. 

12*2. Principle of work. 

In the working of a machine two kinds of resistance are 
overcome viz,, (l) those which the machine is specially 
designed to overcome and (2) those which are due to the 
internal adjustment of the different parts of the machine 
e.gf., friction and weights of the different parts of the 
machine. The former are called useful, and the latter 
wasteful resistances. It should be noted however that 
wasteful resistances can never be wholly eliminated even in 
the case of most delicate and highly finished machines. In 
elementary investigation of simple machines the wasteful 
resistances are usually ignored, and it is the effort which 
balances the weight in such a machine. Hence the general 
principle of work in Statics, in this particular case for 
a machine, can be stated as follows : 

If in a machine, friction, and weights of component parts 
ar,e neglected, the work done by the effort for any assumed 
displace^nent of the system, is always equivalent to the work 
done against the resistance. 

This principle may sometimes be used to work out the 
relation between the effort and the resistance in a machine, 
as will be illustrated later. 

12*3. Mechanical Advantage, Velocity-ratio, and 
Efficiency. 

(i) The ratio of the two forces, Eesistance and Effort 
exerted on a machine to balance one another, is called the 
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Mechanical Advantage (or Force-ratio) of the machine. 
Thus 


and 


Mechanical Advantage 


Resistance 

Effort 


W 

P 


Resistance =-Effort x mechanical advantage. 


Almost all machines are so constructed that the effort 
exerted is less than the resistance overcome. Hence, meche- 
nical advantage is usually greater than unity. But there 
are machines, as already mentioned, for which the effort is 
equal to (as in case of a single pulley) or sometimes greater 
than (as in case of a pair of tongues) the resistance, and 
this really amounts to a^'case of mechanical disadvantage. 
Mechanical advantage is often abbreyiated as M.A. 

(ii) When a machine is worked, if u and v are the 
velocities, and x and n are the displacements of the points 
of application of the effort and the resistance during a given 
time, then u : v is defined as the velocity-ratio of the 
machine. 

Obviously, u : v-x : y. 

7 7 ^Distanee through iMc\ P nwves 

.. vemzty-ratio j^^stanoe through which W 

From the Principle of work, we have 

P X distance through which P moves 

=* TT X distance through which W moves. 

P Distance through which W moves 

Thus, in ail ideal machine whose parts are weightless 
and in which there is no friction, 

Mechanical Advantage = Velocity-Ratio. 

(iii) In practicaf machines, where there is friction, or 
other wasteful resistances, the effort will have to do some 
work in overcoming these, the work done by P will 
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exceed that done against W, The work done by the moving 
forces in overcoming useful resistance is called useful work, 
and the work done in overcoming wasteful resistance is 
termed lost work. 

The Efficiency of a machine is measured by the ratio 

useful work done hy^ the machine^ 
work supplied to the machine 

Efficiency is usually less than one, and is often expressed 
as a percentage, but, in an ideal machine where there is no 
friction etc., efficiency is unity. 

If X and y are the distances moved through by the 
points of application of P and W respectively, 

W ! X Mechanical Advantage 
->/ , — ■ Veteitylralio ■ ■ 

in general. 

V 

Mechanical Advantage = Velocity-ratio x Efficiency. 


I. PULLEYS 

12-4. A Pulley consists of a circular plate with 
a groove cut along its circumference so as to receive 
a* string and to prevent it from slipping off. It can turn 
round freely about an axle passing through its centre and 
perpendicular to its plane, the ends of this axle being held 
by a frame called the block. A pulley is said to be fixed 
or fnovable according as the supporting block is fixed 
or movable. When the weight of a pulley is found very 
small in comparison with the weight it supports, it is 
neglected, and in such a case the pulley is often called 
a weightless pulley. The weight of the string that passes 
round the pulley, being very small, will always be neglected 
and the pulley will be considered to be perfectly smooth, 
so that the tension of the string passing round it is constant 
throughout its length. 
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12*5. Single fixed pullej. 



In this case the weight W is fastened to one end of the 
string while the effort P is applied at the other end. The 
portions of the string on the two sides may be parallel as 
in fig. (i), or inclined to each other as in fig. (ii). 

In both the cases, for equilibrium position, W—P, since 
each is equal to the tension of the string. 

W 

Mechanical advantage = p = 1. 

Thus, in this case, the effort exerted is equal to the 
weight overcome ; hence there is no mechanical advantage. 
The only advantage is that it enables us to apply the force 
in a convenient direction. 

If the pulley be weightless, 

in fig. (i), pressure on the fixed support 

in fig. (ii), pressure on the fixed support 
= P cos 6 + TT cos 5 * 2Tr cos B 

where 20 is angle between the direction of P and TT. 

Note. That oan also be shown by taking moment about the 
centre of the pulley. 
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12*6. First System of Pulleys. {Separate-string system). 

In this system, there is 
a number of movable pulleys 
each of which is supported by 
a separate string passing below 
it, one end of which is attached 
to a fixed support, and the 
other end, except for the string 
round tl^e highest pulley, is 
attached to the block of the 
next higher pulley. Effort is 
applied to the free end of the 
last string passing round the 
highest pulley. The weight is 
suspended from the block of 
the lowest pulley. 

In order to apply the 
effort as a downward force, 
an additional pulley is very 
often kept fixed in the sup- 
porting beam over which the 
free end of the string passes. It should be noted that 
this pulley does not form an essential part of the main 
system in the sense that it does not contribute anything 
to the mechanical advantage. 

• Relation between the Effort (or Power) and the Weight. 

Let ill, il 2.-. • be ^be pulleys beginning from the lowest, 

^1,^2, be the tensions of the strings passing 

round them and let W be the weight and P the power. Let 
us suppose the portions of strings not in contact with 
the pulleys to be vertical. The string passing round any 
pulley pulls it vertically upwards on either side, and the 
next higher, vertically downwards. 

Case I. Let the weights] of the pulleys be neglected. 

Consider the equilibrium of the pulley Ax ; the forces 
acting on it are the two upward tensions each equal to Tx 
on either side of it, and the weight W acting downwards. 

/. 2Tx^W. Tx^\W, 
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Since the forces acting on the pulley are the two 
upward tensions, each equal to Tg, and a downward tension 
equal to Ti, 

hence as before, 


= . 

••• 2’3=4rx=2\Tr. 

Similarly, 


aPs'Pa. 

Ta = iT!i=‘^sW. 

27^4 = 2’3. 



If we have 4 movable pulleys, as in the figure. 


Ti-P. P = ^4.W. 

Similarly, if there be n movable pulleys, we shall 
have P = 2 ^,i’PF. 

W 

mechanical advantage = -p 2" 
which obviously increases with the number of pulleys. 


Case II, Weights of the pulleys considered. 

Let Wx, be the weights of the pulleys Ax, A^,,,^ 
Considering the equilibrium of the pulleys Axt -42i** 
if we have n pulleys, then, 

2Tx^W+Wx, 

2T2-Tx-^io2, 

2r8=!ra+w3* 


2In 2n-i "!■ 

and lastly, for the free end of the highest string 

P^Tn. 
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* Multiplying the equations successively by 1, 2, 2®, 2®,... 
2” and adding, we have ultimately 

2”P =W+ + 2w2 + + ••• + 

which gives the relation between P and W, 

If the pulleys be all equal, each of weight w;, 

2^P = Tr+ (1 + 2 + 2® + - + 2“"^) IV 
= W+(2^-l) w. 

Hence it follows that the mechanical advantage TF/P 
depends upon the weights of the pulleys. 

Note 1. From the above equation, it is clear that the greater the 
weights of the pulleys, the greater must be P to raise a given weight W, 
and so the meohanioal advantage would be diminished. Honoe pulle3's 
should be made as light as possible. 

Note 2. This system is called separate-string systefji because each 
pulley in this case has got a separate string passing round it. 

Applleatlon of the Principle of Work. * 

The above relation between P and W can also be 
deduced from the principle of work. 

Suppose the end of the string to which P is applied 
moves through a distance x in the direction of P. By 
this, it is easily seen that the uppermost movable pulley 
would bo raised through a height |a?, the next lower pulley 

through a height and so on, the lowest pulley and 

weight being raised through a height case of 

n movable pulleys. Hence from the principle of work (when 
weights of the pulleys are neglected) 

P.x-W.^nX, i.a., 

If the weights of the pulleys are taken into consi- 
deration, 

t i T ® I ® I" ® I I ® 

P.X^W.-^-hw^-^n+W2-^n-x+ 

2*P = Tr+ (wx + 2«Ja + 2*«>s + + 2"“^Wn). 
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12*7. Second System of Pulleys. (Single-string 
system) 





Fig. (i) Fig. (ii) 

In this system there are two blocks, each containing 
pulleys, the upper block being fixed to a support, and the 
lower block, which has the weight to be raised attached to 
it, being movable. The same string passes round all the 
pulleys. If the total number of pulleys be even, divided 
into equal numbers in each block [as in Fig. (i)], the string 
must be fastened to the upper block ; but if the total 
number of pulleys be odd, the number in the upper block 
will be one greater than the number in the lower block [as 
in Fig. (ii)], and the string must be attached to the lower 
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block. In both the cases, the string passes alternately over 
a fixed pulley in the upper block and under a movable pulley 
in the lower block, the radii of different pulleys being such 
that the portions of the string not in contact with a pulley 
are vertical. The effort is applied as a downward force at 
the free end of the string after it passes over the topmost 
pulley. 

Relation between Effort* and Weight. 

Let W be the weight supported and w the weight of the 
lower block with its pulleys. 

It is easily seen that if n be the total number of! pulleys 
used in the system, whether n be odd or even, there will be 
n portions of string supporting the lower block. Since the 
same string passes round all the pulleys which are smooth, 
the tension in each portion of the string is the same, being 
equal to the effort P applied at the free end. Since the 
lower block is supported by w parallel forces each equal 
to P, we have 

W+tu = nP, 

When the weights of the pulleys are neglected 
W=nP. 

W 

Hence, in this case, the mechanical advantadei^ p" “R* 

Application of the Principle of Work. 

Suppose the weight W (and consequently the whole of 
the lower block) is raised through a distance cc. Then each 
of the n portions of the string supporting the lower block 
will be slackened by the length x, and the total length of 
the string slackened being no?, P must descend through a 
distance nx to keep the string taut. 

/. by the principle of work, 

{W+ w)x = P.nx, i,e., W+w- nP. 

Note. This system is called single-string system because a single 
string passes round all the pulleys. 
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12*8. Third System of Pulleys. (Inverted separate- 
string system). 


This system consists of 
several pulleys of which the 
uppermost is fixed to a beam, 
and all the others are movable. 
The string passing over any 
pulley has one end attached to 
a bar from which the weight is 
suspended, and the other end 
attached to the next lower 
pulley. The effort is ap^ied at 
the free end of the string pass- 
ing over the lowest pulley. 

Relation between Effort and 
Weight. 

Let ill, -^3 

movable pulleys beginning from 
the lowest, and B the fixed 



pulley, and let Ti, Ta* 2^3 > T4, 
be the tensions of the strings 
passing round them. Also let 



W be the weight, and P the effort. We shall suppose all 


portions of the strings not in contact with the pulleys to be 


vertical, and that there is no friction. 


Case I, Weights of the pulleys fieglected. 

From the equilibrium of the system, considering the free 
end, and also the pulleys Ai^ we have 

T^^P 

and Ta = STi = 2P 
!r4 = 2T8 = 2®P. 


Again, from the equilibrium of the bar from which the 
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weight is suspended, (the bar being supposed of negligible 
weight), 

W=ri + Ta + Ts+!r4. 

= P + 2P + 2®P + 2®P 
= (l + 2 + 2*+2*)P = (2*-l)P. 


If there are n pulleys, of which the upper one is fixed 
and (» - 1) movable, we have similarly, ^ 

W= Ti + Tz + Ta + — + Tn 
= P + 2P + 2®P + — + 2’‘‘^P 
= (l + 2 + 2® + - + 2“-^) P 
= (2"-l) P. 

by summing the series which is a G.P. 


mechanical advantage 


W 

P 


-2"“1 


which obviously increases with the number of pulleys. 


Case II. Weight of the pulleys considered. 

Let the weights of the movable pulleys be 

tt>i, W 2 i"- respectively. 

Considering the effort at the free end, and also the 
equilibrium of the pulleys in succession, we have 

Pi^P 

Pg = 2ri + “ 2P + «>i 

Ta *= 2^2 + *02 = 2®P + 2wi + a>2 

Ta = 2rs + «;8 = 2*P + 2 ®«;i + 2102 + Wg- 
From the equilibrium of the bar, 

TT- Pi + Pa + P# + P* 

= (H-2 + 2* + 2*)P + (l + 2 + 2*)wi + (l + 2)fOa + «o, 
“(2*- 1) P + (2* -1) tOi + (2* “ l) tOg +»a. 
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If there are n pulleys of which the upper one is fixed, 
and the rest movable, we have similarly, 

W^T^ + T2 + - + Tn 

= (1 + 2 + 2* + ••• + 2’*-^) P + (l + 2 + 2* + - + 2*-*)«>i 

+ (l + 2 + 2* + - + 2"-®)M)a + - + (l + 2) w„-8 + «;„-i 

= (2“- 1) P + (2"“^ - 1) +(2"“* -1) Wa + ••• 

+ ( 2 ® - 1 ) Wn-a +( 2 - 1 ) Wn-i. 

If fche pulleys be all equal, each being of weight w 
€0 that Wi=W 2 = ••• — Wn-x^w, 

TF=(2"-1) P + {2 + 2® + - + 2’‘"^-(w-l)} w; 

= ( 2 ^- 1 ) PM2^-n-l}iv 

by summing the series in 6.P. 

Note 1. From the above equation it is clear that the greater the 
weights of pulleys, the smallar is the effort P required for a given 
weight W, 

Note 2. ^ In this system, unless the point in the bar from which 
the weight is suspended is properly chosen, the bar will not remain 
horizontal. In any particular case, the point can be easily deter- 
mined. 

Note 3. As in the case of the first and second system of pulleys, 
in this case also the relation between effort and weight can be obtained 
by the principle of work, 

12*9. IlluBtrative Examples. 

Ex. 1. A '"first system'* of pulleys consists of 4 pulleys, each of 
weight 8 lbs., and the string passing round the top^most pulley passes 
over a fixed pulley. With what force must a man of weight 220 lbs. pull 
at the free end of the ^rmg in order to balance himself, suspended from 
the lowest pulley 9 [ C. C, 2945 ] 

The man being stlspended from the lowest pulley, and himsdf 
palling at the free end of the string, let P lbs. wt. bb the poll exerted 
et the free end, and E^lbs. wt., the downward force exerted by him at , 
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the lowest pulley. The reactions at these two ends balance his total 
weight, so that 

P+Tr=220 ... (i) 

Again, P and W clearly serve as the effort and the weight balanced 
by the system of pulleys in this case, and as the pulleys have equal 
weights, we got as in Art. 12‘6, Case II, 

2*,P=TF+(2^-l).8, 
i.e., 16P*Tr+120. ... |ii) 

From (i) and (ii), we get 

17P=340, or. P = 20 lbs. wt. 
giving the required pull at the free end. 

Ex. 2. A man whose weight is 154 lbs. raises a body of 3 cwt. by 
means of a system of pulleys in which the same rope passes round all the 
pulleys^ there being foitr in each blocks and the rope being attached to 
the upper block. Neglecting the weights of the pulleys^ find what will he 
his thrust on the ground if the pulls vertically doionwards, [ C.JJ, 1944] 

Here we have the “second system” of pulleys. 

The number of strings at the lower block = 2x4=8.. 

Since the weights of the pulleys are neglected, if P be the effort, 

8P= 3 cwt.= 3 X 112 lbs. wt. 

.'. P=42 1bs. wt. 

The thrust of the man on the ground is clearly the difference bet- 
ween his weight and the pull he exerts. , 

the reqd. thrust = 164 lbs. wt. - 42 lbs. wt, = 112 lbs. wt. 

Ex. 3. In the ** third system*' of pulleys^ if the weight supported he 
66 lb3,f each movable pulley t of which there are 5, weighs 1 lb,, and the 
radius of each pulley including the fixed one be a, find the point in 
the bar from which the toeight must be suspended in order that the bar 
may remain horizontal. 

Taking the figure of Art. 12*8, let E, L, M, N be the points 
of attachment of the strings in the bar beginning with the longest 
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(extreme left), and X the point from which the weight is suspended. 
Obviously KL- LM-MN>=^a* Now, as in Art. 12*8, Case II, 

56 lbs. wt. = + I'a + Ta + ^4 

= (2-^ - 1)P+ (2® - 1) + {2^-l)w^ + w^ 

= 15P+ (7 + 3+1) lbs. wt., since — wt. 

16P=451bs. wt. .*. P=31bs. wt. — (1) 

Thus, ri = P=3 lbs. wt., T^ = 21\ + w^-l lbs. wt., 

Ta = 2r.j + 76 ’ a == 15 lbs. wt. 

Now, for tho equilibrium of the rod, taking moment about liT, 
W.XK-= Ta.a+ ra.2a+.^<\.3a, 
or, 56.A7C=(15+14+9).a=38a. 

XK^lia--hla. 

Hence tho weight must be attached to a point in the bar at a distance 
from the point of attachment of the longest string. 


Examples on Chapter Xll(a) 

1. If in the first system of pulleys, the number of 

weightless pulleys be seven, find the weight which can be 
raised by an effort 16 lbs. weight. [ C. U. 1936 ] 

2. The number of movable pulleys in a first system is 
three and the sum of the power and weight is 90 lbs. If the 
pulleys are weightless, calculate the power. [ C. U, 1947 ] 

8. If in the first system of pulleys, the power = 30 lbs., 
the weight = IG^V cwt., and the weight of each pulley = 2 lbs., 
find the number of movable pulleys in the system. 

4. In the system of pulleys in which each pulley hangs 
from a fixed support by a separate string, the weights of the 
three movable pulleys are 6, 3 and 1 lbs. respectively beginr 
ning from the lowest. What weight wiU a power of 6 lbs. 
weight support ? 
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6, In a system of pulleys in which each pulley hangs 
by a separate string, there are three pulleys of equal weight ; 
the weight attached to the lowest is 32 lbs., and the power 
is 11 lbs. Find the weight of each pulley. 

6. In raising the weight two inches by the first system 
of pulleys, five feet four inches of string pass through the 
hand. Find the number of the pulleys, assuming their 
weights to be negligible. 

7. In the first system of pulleys, show that, whatever 
be the weights of pulleys, the equilibrium will not be affected 
by increasing the effort, load, and the weight of each pulley 
by the same amount. 

8. In the first system of pulleys, if the weights of the 
n pulleys, reckoning from the one nearest to TT, increase 
in a geometric progression, the common ratio of which is 2, 
prove that 

P*-^+ |(2’‘-2-») 

where w is the weight of the lowest pulley. 

9. In the first system of pulleys, in which there are 
three movable pulleys, the weights of the pulleys beginning 
from the highest increase in arithmetical progression down- 
wards, and a power P supports a weight TT. The pulleys 
are then arranged in the reverse order, the highest being 
placed lowest, and it is found that the interchange of P and 
W maintains equilibrium. Prove that 

3(Tr+P)-2Tri, 

where TTi* total weight of the three pulleys. [ 0. 17. 194il ] 

I 

10. In the first system of pulleys, the weights of the 
n pulleys beginning with the highest are in A.P., and a power 
P suports a weight W ; the pulleys are then reversed, the 
highest being placed lowest and so on, and now W and P 
when interchanged are in equilibrium. Show that 

2Tri-=n(Tr+P), 

where TTi is the total weight of all the pulleys. 
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11. In the first system in which there are four movable 
pulleys, each of weight w, if P be the effort (supposed to act 
upwards) and B the stress on the beam, then 

12. If in the first system of pulleys, P is the power 
(acting upwards), W the weight, and B the stress on the 
beam from which the pulleys hang, show that 

B < (2”-l) P, 

n being the number of pulleys in the system. 

13. In the first system in which there are 4 weightless 
movable pulleys, a man of weight 10 stone hangs from the 
lowest pulley and support^ himself by pulling at the end of 
the string which passes over a fixed pulley. With what 
force does he pull the string ? 

If in the above case, the pulleys instead of being weight- 
less, be all of the same weight 8 lbs., what would be the pull 
on the string ? 

14. A man of weight 136 lbs. standing on the floor pulls 
at the power end of the first system of 4 weightless pulleys. 
If the weight suspended be eight times the weight of the 
man, what is the pressure of his feet on the floor ? 

15. ■ If there be twelve pulleys divided equally between 
the two blocks in the second system of pulleys, find the^ 
weight which a power of 10 lbs. wt. will support, the weights 
of the pulleys being neglected. 

16. A second system of pulleys has 6 pulleys in the 
upper block and 4 in the lower. How many times his own 
weight can a man raise by this machine, if each block 
weighs T%th of his own weight ? 

17. The cable by which Great Paul, the bell weighing 
18 tons, was lifted *to its place in the cathedral tower, 
passed four times through each of two blocks of pulleys of 
negligible weight. Eind the strength of the cable. 

17 
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18. In the second system of pulleys, a weight of 7 lbs. 
supports a weight of 30 lbs., and a weight of 9 lbs. just 
supports a weight of 44 lbs. Find the total number of 
pulleys in the system, and the weight of the lower block. 

19. In the second system of pulleys, unless the ratio of 
the weight of the lower block to the suspended weight 
be less than the number of strings in the lower block 
diminished by unity, show that tliere is no mechanical 
advantage. 

20. It is required to lift a weight of 10 cwt. with four 
pulleys each weighing 8 lbs. Would you prefer the first 
or the second system as being more advantageous ? 

[ C. U. 1983 ] 

21. A man weighing 10 stone raises a load of 6 cwt. by 
means of a single string system of light pulleys, there being 
6 pulleys in each block. Find the thrust of the man on 
the ground, and the stress on the supporting beam. 

[ B. E. 1936, '40 ] 

22. By the second system of pulleys having three 
pulleys in the lower block and .the string attached to that 
block a man standing on the ground supports a weight of 
6 stone (including that of the lower block and the pulleys), 
and the pressure on the ground exerted by his feet is 
128 lbs. wt. Find the maximum additional weight he can 
•support. 

23. A man standing on the ground raises a weight of 
1 ton by means of two blocks, each containing three pulleys, 
and each block, with the pulleys on it, weighs 10 lbs. 
Find the thrust on the beam from which the upper block is 
suspended, and the least weight of the man. 

24. In the second system of pulleys, a platform is 
suspended from the lower block. A man of weight W, 
standing on the platform, supports himself by exerting on 
the string a force equal to P. If n be the total number of 
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pulleys in the system, and 7nW the weight of the platform 
and the lower block together, show that 

TV _ n + 

P m + 1 

25. Draw a system of pulleys with parallel strings by 

means of which a force may balance a weight seven times 
as great. [ 0. U. 1923 ] 

26. In raising a weight by (i) the first system, (ii) the 
third system of pulleys, which is the more advantageous, 
to have the pulleys heavy or light ? 

27. There is one system of pulleys in which as the 
weights of the pulleys increase, the mechanical advantage 
increases. What is that system ? 

28. If in the third system there are three movable 
pulleys such that the weight of each is equal to the power, 
show that the power will support a weight 26 times as great 
as itself. 

29. In the third system in which there are three 
movable pulleys of weights 1 lb., 2 lbs., 3 lbs., respectively, 
find the greatest and the least weight which can be kept in 
equilibrium by the power of 10 lbs. wt., the pulleys being 
arranged in order. 

30. In the third system in which there are four pulleys 
of equal size (of which one is fixed), each of weight 1 lb., find 
the effort required to support a weight of 161 lbs. Also find 
to what point of the bar the weight must be attached, so 
that the beam may remain horizontal. 

81. In the third system there are n weightless pulleys, 
each of radius a. Show that the distance of the point of 
application of the weight . from the line of action of the 
2 ” 

effort is - 

32. In the third system of weightless pulleys, if the free 
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end of the string round the lowest pulley be attached to 
the bar from which the weight is suspended, show that the 
tension of the string is diminished in the ratio 2^ - 1 : 2’\ 

33. If the weight of the lowest pulley, in that system 
of pulleys in which all the strings, n in number, are attached 
to the weight, be equal to the power P, of the next lowest, 
to BP, and so on, that of the highest movable pulley being 

gn-2p, pj.QyQ TT : P«=3*^-l : 2. 

34. There are three movable pulleys of weights Ws, 
in the third system, and the force P then balances a load 

W ; when the first and second pulleys are interchanged, then 
a force P' balances the same load. * Show that 

P-P' _ 4 
15 

35. A man weighing 126 lbs. supports a weight of 

106 lbs. by means of four pulleys of which one is fixed, in 
the third system. Find his thrust on the ground if the 
masses of the movable pulleys beginning from the lowest 
are 1, 2 and 3 lbs. respectively. [0. U, 1940 ] 


ANSWEES 

2. 10 lbs. wt. 3. 6. 4. 25 lbs. wt. 

0. 5. 13. 8xV lbs. wt. ; 15x\ lbs. wt. 

16. 120 lbs. 16. 8x0 times his own weight. 

18. 7 ; 19 lbs. wt. 20. First system. 

22. 64 stone. 

25. Second system, with 7 pulleys, 


1. 2048 lbs. wt. 

5. 8 lbs. wt. 

14. 681bs. wt. 

17. 2i tons wt. 

21. 84 lbs. wt. ; 728 lbs. wt. 

28. 2635 lbs. wt. ; 875 lbs. wt. 

4 in the upper and 8 in the lower blook, or third system with 3 pulleys. 

26. Light in the first system, and heavy in the third system. 

27. Third system. 29. 178 lbs., 166 lbs. 

80. 10 lbs. wt. ; the point required divides the distance between the 
first two strings (passing over the two topmost pulleys) in the ratio 5 : 2. 

$6. 120 lbs. wt. 
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II. LEVERS 

12*10. A Lever is a rigid rod, straight or curved, 
movable in one plane about a fixed point in the rod. The 
fixed point is called the fulcrum, and the parts of the lever 
between the fulcrum and the points of application of the 
effort and the weight are called the arms of the lever. 

When the arms are in the same straight line, the lever is 
called a straight lever ; in other cases, it is called a bent lever. 

Straight levers are usually divided into three classes 
according to the positions of the points of application.* of 
the effort and the weight with respect to the fulcrum. 

Class I. In levers of<the first class the effort P and the 
weight W act on opposite sides of the fulcrum £7. 



A crow-bar used to raise a heavy weight, a poke, used to raise ooals 
in a grate, etc. are levers of the 'first class ; and scissors, pincers Ceto. 
are double levers of the first class. 

Class II. In levers of the second class the effort P and 



the weight W act on the same side of fulcrum C, the 
weight being nearer the folorum. 
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The oar of a boat is a lever of the second class and a pair of 
nutcrackers is a double lever of this class. 

Class IIL In levers of the third class the effort P and 
the weight W act on the same side of the fulcrum 0, the 
effort being nearer to the fulcrum. 



An example of a third class lever is seen in the human forearm 
raising an object placed on the palm of the hand, the effort being in 
this case the tension in the ligament near the joint ; a pair of tongues 
is a double lever of this typo. 


Eqailibrium conditions and mechanical advantage of a straight 
Lever. 

If the weight of the lever is neglected, then in each of 
the above three cases, the lever is in equilibrium under 
the action of three forces, the effort P, the weight W and 
the reaction B at the fulcrum. Hence B must be equal 
and opposite to the resultant of P and W. 

In Class I B = P + W 

In Class II B^W-P 

In Class III B^P-W. 


Again, as the resultant of the parallel forces P and W 
acts through C, 

P.A0« W.BG. 


mechanical advantage * - 


W^AO 
P BO 


, Thus, the levers of Class I generally and those of 
Class II always have got mechanical advantage, whereas 
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the levers of Class III have got mechanical disadvantage. 
The levers of third class are used to apply force at a point 
where the direct application of the force is not convenient. 

If the weight of the lever is taken into consideration, 
the equation for equilibrium may be written by taking 
moment about the fulcrum, the moment of the weight of 
the lever being also added. 


Ill, THE COMMON BALANCE 

12*11. The Common Balance. 

The common balance is an instrument for determining 
the weights of bodies. It consists of a straight uniform 
beam ABt having two scale-pans of equal weight suspended 
from, the two ends, and turning freely about a fulcrum 0 
outside the beam but rigidly connected to it. 



In a perfect balance the fulcruin and the centre of 
gravity Q of the beam (with its connected parts) both lie 
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on the line which bisects the beam perpendicularly, so that 
when the beam is horizontal, 0, G and the mid-point G of the 
beam are in the same vertical line ; AO and BG are called 
the arms of the balance. 

The beam is horizontal when no weights or equal weights 
are placed on the scale-pans. The body to be weighed is 
placed in one of the scale-pans, and weights of known 
magnitudes are placed in the other till the beam is hori" 
zontal. If the balance be true (z.e,*perfect), the sum of the 
known weights gives the weight of the body. 

Note. The common balance is a lever of the first class. 

12'13. Requisites of a good balance. 

The requisites of a good balance are 

(i) it must be true, i.e., tlie beam should remain hori- 
zontal when no weight, as well as equal weights are placed 
in the scale-pans. 

For this, it is necessary that 

(a) the arms of the balance must be exactly equal 

(b) the weights of the scale-pans must be equal 

(c) the G.G. of the beam including the rigid connections 
must be on the line through the fulcrum perpendicular to 
the beam. . 

To test the truth of a balance, we first see that the 
beam is horizontal when the pans are empty. Next a body 
is placed in one scale-pan and such weights are placed in 
the other that the beam is horizontal ; now if the contents 
of the pans being interchanged, the beam is still found to 
be horizontal, the balance must be true. If in the second 
case, the beam is not horizontal, the balance is said to be 
false. ^ 

(ii) it must be sensitive, i.e„ for a very small difference 
in the weights of the contents of the scale<pans, the beam 
should be inclined to the horizontal at a perceptible angle. 
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(iii) it must be stable^ t.e., the beam, with the pans ' 
empty, must quickly return to its horizontal position, when 
disturbed. 

Note 1. In a good balance a rod or a pointer called the tongue is 
attached perpendicular to the beam at its middle point, and as the beam 
oscillates, the pointer moves against a graduated scale. Since it is 
vertical when the beam is horizontal, by its help the determination of 
sensitiveness and stability of a balance becomes easier. 

Note 2. A balance is said to bo faulty in every respect, if it is not 
true in every respect i.e., (i) if its arms are unequal in length, (ii) its 
scale-pans are unequal in weight, and (iii) the O.G. of the machine is 
not on the perpendicular fro^ the fulcrum on the beam. 

12*13. Position of equilibrium of a balance with 
unequal weights in the scale-pans. 



Let 0 be the middle-point of the beam AB, G, the O.G. 
of the beam with its rigid Connections, and 0 the fulcrum. 
Let 00 — h, CO-k, 

Let S - weight of each scale-pan 

W * weight of the beam 

TTs " weights placed in the pans at A and B res- 
pectively, and let Wi > TTz* 

a * length of each arm, so that AC * OB * a. 

Let B be the inclination of the beam to the horizon in 
the position of equilibrium. 
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* The horizontal distances of A, B and 0 from 0 in this 
position are easily seen from figure to be a cos 0 - h sin 6, 

• a cos 0 + sin 0 and (h + k) sin 6 respectively. 

The beam is acted upon by the following forces : 

TTi + /S, W 2 + S, vertically downwards at A and S, W 
vertically downwards at G, and the vertical upward reaction 
at 0. 

Hence, for equilibrium, taking mqments about 0, we 
have 

(TTi + S){a cos 0 - ^ sin d) = W(h + k) sin B 

+ (TTa + S){a cos 0 + h sin 8), 

(TTi - W 2 ) a cos 8 -sin 8 [TF(/i + A;)+ (TTi + TTg + 2S)/i]. 

, . 

* • ® W(h + k) + (TTi "+ T^”+ 2S)h 

Note 1. The result shows that if Wi=^W 2 , tf=0, i.e., the beam 
can rest only in a horizontal position. 

Note 2. It should be noted that if h and Jc wore both zero, «.e., if 
the O.G. of the beam and the fulorum coinoided in the line AB, the 
beam could rest in any position when equal weights were put in the 
pans, and could rest only in a vertical position if the weights were 
different. 

Note 8, For a given difference Wi — of the weights on the 
pans, the greater the value of $, the more sensitive is the balance. 
Thus for a balance to be sensitive, a must be large, and % and h both 
small, i.e., the arm should be long, and the fulcrum and the C.G. of the 
beam as near the beam as possible, but not exactly coinoident with the 
centre of the beam (see Note B above). 

Note 4. If TTx and be removed, while the inclination of the 
beam to the horizon is 0, the moment about 0 of the acting forces, 
tending to restore the beam to its horizontal position is, from the 
figure, 

S {a 008 sin 8)+ W(h'¥k) sin 8-N (a cos 8-h sin 0) 

«8in 0 {2hS+{h+Uj W} 

' and for« this to be large, h and k should be large ; in other words, 
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a balance is stable for which h and k are large. Thus if a balance is 
more stable, it will be less sensitive, and vice versa. 

12*14. Double weighlug. 

Method L First place the body to be weighed in one 
scale-pan and in the other put suitable material (such as 
sand, brick-chips, etc.) sufficient to balance the body. Next 
remove the body, and in its place put weights of known 
magnitudes sufficient to balance the brick-chips. The weight 
of the body is obviously the sum of the weights. 

This is known as Borda's method of double weighing. 

Method IL The weiglit of a body is observed by placing 
it successively in the two scale-pans. If the weights are 
found to be exactly the same in both cases, the observed 
weight is the true weight of the body and the balance 
is true. This method enables us to test the truth of 
a balance. 

IV. STEELYARDS 

12*15. The steeljards are also levers of the first kind, 
with graduation marks on them, used for weighing goods, 
in which the necessity of keeping a number of weights is 
obviated. There are two kinds in common use 

(i) The common (or Boman) Steelyards, having 

a fixed fulcrum. 

(ii) The Danish steelyards, having a movable 

fulcrum. 

12*10. The common (or Roman) Steelyard. 

It consists of a straight steel lever AB having a fulcrum 
at a fixed point 0 near one end A, . At ii there is a hook 
or a scale>pan in which the bbdy to be weighed can be 
placed, and a movable weight P slides along the arm OB 
which has graduations marked on it. After an article has 
been placed in the 8cale-pan« the movable weight is shifted 
along OB until the beam is horisontal and the mark at JT 
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where the moyable weight rests, indicates the weight of the 
article. 



Graduation. 

Let W' be the weight of the steelyard and the scale-pan» 
and let O be the point of the beam through which TT' acts. 
The steelyard is usually constructed in such a way that its 
O.G. is on the shorter arm. When there is no weight in 
the scale-pan, let 0 be the position of the movable weight 
P for which the beam is horizontal. The mark of the 
garduation at 0 is then zero. Taking moment about C for 
this case, 

F.OC^W'.GC. - (i) 

Next put a weight W in the scale- pan, and let X be the 
new position of P for ivbich the beam is horizontal. Then 
taking moment about 0, we have, 

P.XC^W.AO+W'.GO - (ii) 

Subtracting (i) from (ii), we get 
P.OX^ W.OA. 


(iii) 
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Now if we measure off distances OXi, OX 2 , OXa,... 
along OB, equal to CA, 2GA, SGA.,, and write 1, 2, 8,... 
for Xi, Xs, Xs,... these graduations give the points for 
which the weight of the body placed in the pan is P, 2P, 

8P yaaa 

It should be noted that the graduations are of equal 
length and if the movable weight P is taken as 1 lb. (or 
1 seer), the graduations obtained would indicate pounds (or 
seers). If smaller graduations are required, these divisions 
can again be divided into suitable sub-divisions. 

Note 1. The distances of the successive graduations from the 
fulcrum are in A.P. 

Note 2. Weight-Bridge iara modified form of this machine. It is 
generally used in railway stations for measuring the weights of heavy 
luggages. 


12*17. The Danish Steelyard. 



The Danish steelyard consists of a lever AB whose 
fulcrum 0 is movable. At one end B, there is a lump of 
metal as a knob, and at the other end A there is a hook or 
a pan where the body to be weighed is placed. The beam 
is graduated and the weight of an article placed in the scale- 
pan is ascertained by observing the mark of graduation 6t 
the point at which the fulcrum must be placed so that the 
beam should rest horizontally. 


270 


INTERMEDIATE STATICS 


Gradnatlon. 


Let P be the weight of the beam and the pan, acting 
through the point O of the steelyard. It is obvious that 
the zero graduation is at O, since the fulcrum must be at (r, 
when the beam balances in a horizontal position without 
any weight in the scale-pan. 

Let G be the position of the point where the fulcrum 
must rest when there is a weight W—nP (say) in the scale- 
pan, and the beam balances horizontally. 


Taking moment about (7, we have 
nP.AC = P.GG 

= P.{Aa-AG). 

n + 1 

% 

Thus, the successive graduations for » = 1, 2, 3,... etc. 
are at points Oi, whose distances from A are 

iAG. UG, iAG,... 

If we mark 1, 2, 3,... for Ci, Cs,..* these graduations give the 
points for which the weights of the body on the pan are 
P, 2P, 3P,... respectively. If P be equal to 1 lb. the 
graduations indicate pounds. 

Note. Since, i, 2,... are in H. P„ the distances of the successive 
graduations from the point from which the scale-pan is suspended are 
in HP. 


V. WHEEL AND AXLE 

12*18. The Wheel and Axle. 

This machine consists of the axle AB, in the form 
of a cylinder! capable of rotation about a fixed horizontal 
axis OD, and a wheel EF^ rigidly attached to it, and 
therefore rotating about the same axis which passes through 
the centre of the wheel and is perpendicular to its plane. 
At the ends of the axis, there are two pivots 0 and D 
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resting in fixed sockets. This machine is used for raising 
heavy bodies. 


E 



P 


A string is wound round the circumference of the wheel 
with one end fixed to it ;<^bffort P is applied at the other end 
of this string. The wheel is grooved along the circumference 
to prevent the rope from slipping off. Another string is 
coiled round the axle in the opposite direction with one 
end fixed to it ; the weight W is suspended from the other 
end of this string. When effort is applied, the point of 
application of P moves down and the string round the wheel 
is uncoiled, and that round the axle winds up, so that W is 
raised. 

Mechanical Advantage. 

Let a and & (6 > a) be the radii of the axle and the 
wheel respectively. Since the only forces (except the 
reaction on the axis) acting on the machine are P and W 
which tend to rotate it round the axis CD in opposite 
. directions, for equilibrium, the sum of their moments round 
the axis is zero* 

Hence W.a - P. 6 *= 0, 
t.c., W.a-P.b, 

mechanical advantage 

b ^ radius of the wheel 
P a radius of the axle / 
which is obviously greater than unity. 

Note. Mechanical advantage can easily be increased by makhiig 
the radius of the wheel larger and that of the axle smaller. 
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Verifieatioii of the Principle of Work. 

When the wheel and the axle make one complete 
revolution, the length of the string uncoiled from the wheel 
is 2nh and the length of the string wound up round the axle 
is 2na. Hence the point of application of P moves down 
through a distance 2nh and that of W moves up through 
a distance 2na, 

work done by the effort = P x 2nh 
and work done against the weight ■= W x 2na. 

Hence, TF x 2;ia = P x 27r6. W,a = P.b 

as otherwise shown above. 

Note. Windlass, used for drawing water from a well, and Capstan, 
used on board a ship, are different forms of wheel and axle. In the 
former the axis is horizontal, and in the latter, the axis is vertical. 

12*19. Illustrative Examples. 

Ex. 1. The arms of a balance are of unequal lengthy hut the beam 
remains in a horizontal position when the scale-pans are not loaded. If 
a body he weighed, being placed in succession in the two scale-pans, 
show that its hrm weight is the geometric mean between i^s apparent 
weights. 

Since the beam remains horizontal when the sctde-pans are empty, 
the G.G. of the beam with the pans must be vertically below the 
fulcrum. 

Let a and b be the lengths of the arms of the beam and let a body ^ 
whose true weight is W appear to weigh Wx and successively. 

Then taking moment about the fulcrum, 
for the first weighing, TT. Wx* b — (1) 

for the second weighing, W. a. — (2) 

Multiplying (1) and (2), we have TV* WxW^, 

••.TV- JwlW^. 

Ex. 2. If the scale-poms are unequal in weight, but the balance is 
otherwise correct, find the real weight of a body which appears to weigh 
Wx and W» when placed successively in the two scale-pans. 
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Let £^ 1 , iSa be the weights of the scale-pans, a the length of either 
arm, and W the true weight of the body. 

Taking moment about the fulcrum at the 1st weighing 

+ — ( 1 ) 

Similarly at the 2nd weighing 

(ir+iSa)a«(W^a + iSx)a — (2) 

Adding (1) and (2), 21^= TT*. 

W=^i(W^+W^). 

Ex. 3. The arms of a balance are equal in length hut the beam is 
unjustly loaded (i.e,, the C.O. of the whole machine is not on the 
perpendicular from the fulcrum on the beam). Show that the true 
weight of the body is the arithmetic mean between its apparent weights 
when it is weighed being placed in succession in each scale-pan. 

Let a bo the length of each arm and y the horizontal distance of the 
O.G. of the machine from the fulcrum on the side of the body at the first 
weighing. Let W bo the true weight of the body, Wx aiid its appa- 
rent weights and w be the weight of the machine. 

Then taking n^pment about the fulcrum, at the 1st weighing, 

F’ia= Wa+wx. 

Similarly, at the 2nd weighing, 

Waa+wx== Wa, 

Adding, (Wx-^W^) a^2Wa. /. (W^x + TT*). 

Ex. 4. A grocer has a balance whose arms are 11 inches and^ 
12 inches respectively^ hut which is otherwise correct. If he sells 
e pounds of tea to a customer at Bs. 2*12as. per pound, by weighing 
half the quantity in one scale^pan and the other half in the other, find 
how much does he gain or lose by the transaction. 

Let Wx and be the true weights of the quantity of tea which 
appear to weigh 3 lbs. at the time of first and second weighing. 

Then, taking moment about the fulcrum, 

Wx • 11-3 . 12 ; TTa . 12-3 . 11. 

Tri+Tra-8A + 2J-6A. 


18 
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the grocer really gives the customer 6^^ lbs. of tea and receivea 
the price for 6 lbs. 

he loses by the transaction the price of ilt lbs. of tea i.e., ho 
loses X 44 as. = 1 anna. 


Ex. 5. A shopkeeper using a common steelyard^ alters the movable 
weight for which it has been graduated- Does he cheat himself or his^ 
customers 9 [P, U. 1933 1 

From the fig. of Art. 12*16, we have, ^hen the machine is correct^ 
W.CA^W\ CG--P.CX 

where W is the weight of the body placed in the scale-pan and P tho 
movable weight. If the shopkeeper increases P, the right side of tho 
above equation becomes increased. Hence the left side, and therefore, 
W is increased. But T7 was the quantity corresponding to the marked 
graduation. Hence where P is increased, the shopkeeper cheats himself. 

Similarly, if P is decreased, he cheats his customers. 


Ex. 6. If in a Danish steely ard^ an be the distatice of the fulcrum 
from the extremity from which the weight of n lbs. is suspended^ shoto 
that 



On ^n+i 


[ C. U. 1933 J 


Hero an^-if an +2 distances of the fulcrum from the extremity 
carrying the scale-pan, when masses of (n+1) lbs. and (n-f-2) lbs. are 
placed in the pan. Then from the fig. of Art. 12*17, if P be the weight 
of the machine, taking moment about the position of tho fulcrum in 
the first case 




... an^p^--AG. 

1 1 P+n 

an" AG' P ’ 

- (1) 

P+(n+l) 

Similarly, 

... (2) 

1 _ 1 P+(n+2) 

... (8) 

a.+, AG P ’ 
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•*. adding (1) and (3), we get 

1.1 1 r2P+2n+2]^^rP+(n+l) 

a« "P J AGl ~P 


1 = - - - from (2). 
J Clm¥l 


Ex. 7. In a wheel and axle^ if the radius of the wheel be 6 times 
that of the axle^ and if by means of an effort equal to 5 lbs. wL a body be 

lifted through 50 ft; find the amount of the work expended, 

[ P. U. 1932 ] 

Let the radius of the axle, 
then 6a = radius of the wheel. 

Since the body is lifted through 50 ft., the circular measure of the 

angle through which the axle turns = which is also equal to the 

a 

angle through which the wheel turns during the time, as they are 
rigidly connected with each other. 

Lot X bo tho length of tho string uncoiled from the wheel as the 
body is raised. 

Then = /. x=50 x 6 = 300 ft. 

6a a 

. * • amount of work expended » 5 x 300» 1500 ft. lbs. 


Examples on Chapter XII (b) 


1. The pressure on the fulcrum of a straight lever of 
first kind is 6 lbs. wt., and the difference of the forces 
acting at the ends is 2 lbs. wt. Find the ratio of the arms 
at which they act. 

2. Two weights P and Q (P > Q) balance, acting at 
the ends A and B of a straight lever AB, If P and Q inter- 
change places and additional weights Pi and are added 
at A and B respectively, the equilibrium is undisturbed. 
Show that P* - Q* « PiO - QiP. 

3. A straight light horizontal lever has for fulcrum 
a hinge at one end C, and from a point B is suspended the 
weight W. If the pressure on the hinge (either upwards 
or downwards) must not exceed 4TF, show that the effort 
must act somewhere within a space equal to iBC. 

4 . In a leveT of the first class, a weight W fastened to 
one end is supported by a force P at the other ; if the ends 
are interchanged, the necessary force to balance TF is a force 
Q ; prove that W- J(PQ)* 
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5. A pair of nut-crackers is 4^ inches long, 'and a nut 
is placed at a distance i in. from the hinge. What pressure 
applied at the ends of the arms, will crack the nut if 
a weight of 20j lbs., when placed on the top of the nut 
cracks it ? 

6. A rectangular block of stone weighing i ton, whose 
weight acts at its centre, is to be raised by a crow-bar 3 ft. 
long resting against a log of wood in front of it, at 
a distance 6 inches from the end of the bar in contact with 
the stone. Find the least force that must be applied to 
raise the stone. 


7. A straight lever AB whose arms AG, BO are a and 
b, is in equilibrium under the action of the forces P and Q 
at its ends A and B respectively ; the lines of action of the 
forces meet at 0 and A.OAB-a and Z.OBA = p. Find 
the ratio of P to Q, and the pressure on the fulcrum. 

8. A straight lever is acted on at its extremities by 
forces P, Q inclined at angles of 30® and 60® to its length. 
If P : 0 = \/3 + l : *73-1, show that the reaction at the 
fulcrum is 2 ^/2 at 46® to the lever. 

9. A lever without weight is of length c, and a weight 
is supported by two strings of lengths a and b from its ends ; 
if the lever rests in a horizontal position, show that the arms 
of the lever are in the ratio 


10. The arms of a false balance are a and 6, and a 
weiglit W balances P at the end of the shorter arm b, and 
Q at the end of the arm a ; 'show that 


a P-W 
b “ W-q' 


[ P. U. 1940 ; U. P. 1947 ] 


11. A tradesman weighs out to a customer apparently 
equal quantities of wheat alternately from the two scale- 
pans of a balance with unequal arms. Does he gain or 
lose ? [A.U. 1931 ] 


12. A substance weighed from the two arms succes- 
sively of a false balance has apparent weights 9 and 4 lbs. 
Find the ratio of the lengths of the arms and the true 
weight of the body. [ P. U, 1980 ] 
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13. In a false balance the arms being of unequal length, 
a weight is measured in one scale-pan by P lbs. and in the 
other by Q lbs. Show that the arms are to one another 
as JP : JQ. 

. 14. In a balance with unequal arms, the apparent 
weights of a body alre 42i lbs. and 49 lbs. when weighed in 
succession in the two scale-pans, and the whole length of 
beam is 2i ft. Find the length of each arm. 

15. A man sitting in one scale of a common balance 

places his “pugree” on the beam between the fulcrum and 
the point of suspension of the scale. Will he weigh more 
or less than if he had pugree on ? Give reasons for your 
answer. o [ C. U. 1930 ] 

16. A boy sitting in one scale-pan of a balance presses 
upwards with a rod against the beam at any point between 
the fulcrum and the point from which the scale-pan in 
which he is seated is suspended. Show that he will appear 
to weigh more. 

17. The arms of a false balance are in the ratio of 
20 : 21. ’How much does a trader gain or lose if he places 
articles to be weighed at the end of the shorter arm, when 
he is asked for 4 seers of potatoes at 5 annas per seer. 

[ P. U. 1936 ] 

18. A balance has its arms unequal and one scale-pan 
unjustly loaded. A body of true weight 9 chattacks appears 
to weigh 8i and 10 chattacks when placed successively in 
the two scale-pans. Find the ratio of the arms and the 
weight with which the pan is loaded. 

19. If the scale-pans are unequal in weight but the 
balance is otherwise correct, find the real weight of the 
body whose apparent weights are 12 lbs. and 14 lbs., when 
the body is placed successively in the two pans. 

20. One scale-pan of a balance is unjustly loaded. If 
W± and W 2 be the apparent weights of a body when 
weighed in succession in the two scale-pans, find its true 
weight and the weight with which the scale is loaded. 
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21. If a balance be faulty in every respect, and if the 
apparent weights of a body when weighed from the arms 
of lengths a and b be and W 2 respectively, its true 
weight W is given by 

a + b 

22. A dealer has a balance faulty in every respect, the 
arms being 10 and 12 inches long. He weighs out to a 
customer two bags of rice each of th$ same weight. If 
W 1 and W 2 be their apparent weights when weighed from 
the shorter and longer arms respectively, show that the 
customer loses a quantity equal to (TF 2 - TFi). 

23. If a tradesman weigh out to a customer a quantity 
of wheat by alternately weighing apparently equal portions 
of it in the two scale-pans of a balance which is unjustly 
loaded, has unequal arms, and whose C.G. is in the longer 
arm, show that he will defraud himself. 

24. A tradesman has a pair of scales, which do not 
quite balance and makes them balance by attaching a small 
weight to one of the pans. 3how that if he tries to serve 
a customer with any weight of commodity by weighing 
parts of it in succession in each scale-pan against half the 
weight in the other, he will always cheat himself. 

25. A balance is faulty in every respect. A certain 
article appears to weight ov P 2 according as it is i>{it 
into one scale-pan or the other. Similarly another article 
appears to weigh Qx or Qz* Show that the true weight of 
an article which appears to weigh the same in whichever 
scale-pan it is put, is 

Z^2Qi . 

(Pi-Pa)-(Qi-02) 

26. Three bodies of weights P, Q, B appear to weigh 
P\ Q\ B' in a balance which is faulty in every respect. 

Show that (pg' - p'g) + (gi?' - g's) + ( bp' - b' p) - o. 

27. In a common steelyard, show that the distance 

between any two graduation is proportional to the difference 
between corresponding weights. [ 0. U. 1928 ] 
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28. If the distance of the G.G. of th9 beam of a common 

steelyard from the fulcrum is 2 inches, the movable weight 
4 ozso and the weight of the beam 2 lbs., find the distance 
of zero graduation from the G.G. [ A. U. 1928 ] 

29. A uniform beam AS, 2 ft. long and weighing 3 lbs. 
is used as a steelyard, whose fulcrum is at a distance 3 in. 
from A, If the movable weight be 1 lb., find the greatest 
and least weights which can be weighed with the machine. 

30. A shopkeeper using a common steelyard alters the 
movable weight for which it has been graduated. Show 
that he cheats himself or his customers according as he 
increases or decreases the movable weight. 

31. A common steelyard, correctly graduated when new, 
has its weight and position of its G.G. slightly changed by 
the wearing away of the rod. A body of weight 5 lbs. J oz. 
appears to weigh 5 lbs. Find the true weight of a body 
which appears to weigh 12 lbs. 

32. If the beam of a common steelyard be uniform and 
its weight be m times the movable weight P, and the fulcrum 
one-nth part4)f the length of the beam from the end where 
the weight is suspended, show that the greatest weight that 
can be weighed is i {(2n - 2) + m (n - 2)} P. [ P. 17. 1988 ] 

33. When weights P and Q are successively placed in 
the scale-pan of a common steelyard, the movable weight is 
at distances a and b from the fulcrum. If the movable 
weight is equal to that of the machine, show that tl\e 
distance of the G.G^ of the machine from the fulcrum is 

Pfe-0« ‘ 

P-0 

34. The weight of a Danish steelyard is 6 lbs. and the 
fulcrum is at a distance of 3 inches from the end to which 
the weight is attached, to balance a weight of 8 lbs. Find 
how far the fulcrum must be shifted in order to balance 
a weight of 16 lbs. 

35. A Danish steelyard loses iVth of its weight by use. 
If the G.G. remains unchanged, find the real weight of a 
body whose apparent weight is 20 lbs. as determined by it. 
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36. In a certain Danish steelyard, it is found that the 
distances of the fulcrum from the end carrying the scale-pan 
are a and 6 if the weights P and Q respectively are placed 
on the scale-pan. Find the position of the centre of gravity 
of the instrument and show that its weight is 


a-b 


[ 0. tJ. I24i4i ] 


87. In a Danish steelyard, show that the sensibility at 
any point varies as the square of the distance of the point 
from the end at which the weight is suspended. 

[ Eor a small change in the weight, the greater the shifting of the 
fulcrum, i,e,, the greater the distance between the graduatwns showing 
the difference in weights, the more sensitive is the steelyard, ] 

38 . The radius of the wheel being three times that of the 
axle, find how far the weight will be lifted when the power 
is pulled down through the space of one foot. [ 0. U. 1922 ] 

39 . A bucket weighing 33 lbs. is raised from well by 
means of wheel and axle. The radius of the wheel is 
21 inches and while it makes 5 revolutions, the bucket rises 
10 ft. Find the force which will just raise the bucket. 

40 . If the difference between the radii of a wheel and 
axle be eight inches, and the power and the weight be as 
6 : 7, find the radii. 

41 . The radius of the wheel is four times that of the 
axle, and the string on the wheel is only strong enough to 
support a tension of 40 lbs. wt. ; find the greatest weight 
which can be raised. 

42 . Two men, who can exert forces of 200 lbs. wt. and 
225 lbs. wt. respectively, work at a wheel and axle, in 
wbich two wheels are attached, of 5 feet and 4 feet diameter 
respectively, the diameter of the axle being 20 inches ; find 
the greatest weight the men can raise by it. 

43 . The radii of the wheel and axle are a and h 
respectively, the weight consists of a cage of weight W with 
a man of weight W* inside it, who supports the system by 
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holding the rope that passes over the wheel. Find the 
tension he produces in the rope. [ Allahabad ] 

44. A particle of weight 40 lbs. placed on an inclined 
plane is supported by a force 24 lbs. wt. acting along the 
plane. If the same weight were to be supported by a force 
acting horizontally, show that the force must be increased 
in the ratio of 5 : 4, while the pressure on the plane will be 
increased in the ratio of 25 : 16. 

45. Show that the smallest force which will keep a body 

in equilibrium on a smooth inclined plane must act along 
the plane. [ C. U. 1912 ] 

46. Find the inclina^on of a plane to the horizon on 
which a power parallel to the plane will support double 
its own weight. 

47. A heavy body rests on a plane inclined to the 
horizon at an angle a ; if the pressure on the plane be equal 
to the effort applied, show that the effort is inclined at an 
angle \n - 2a to the plane. 

48. A Ipower P acting parallel to an inclined plane can 
support TTi, and acting horizontally can support TTg, both 
resting on the same plane. Prove that P® = TTi® - 


ANSWERS 

1. 2:1. 5. 2|lbs.wt. 6. 112 lbs. wt. 

7. P : 0*6 sin a sin a ; r»otion« +'(3« - 2^~oos {a+ j8h 

11. Loss. 12. 2 : 3 ; 6 lbs. wt. 14. 13 inches ; 14 ins. 

15. Less, 17. Loses 1 anna. 18. 4 : 5 ; 2J obhattaok. 

19. 13 lbs. 20. JfTTi+TFjjjKTTx-Tra). 28. 18 inches. 

29. 16 lbs. ; 8 lbs. 81. 12 lbs. i oz. 84. inches. 

85. 18 lbs. wt. 86. Distance of 0. G. from the scale-pan is 

ab{Q-P)l(bQ-aP), 

88. 4 inches. 89. 61b9,wt. 40. 4 ft. ; 41 ft. 

41. 160 lbs. 42. 1140 lbs. 48 . (W+W'}hl{a+h). 

46. 80^ 



Appendix 

SEC. A.— THEORETICAL PROOF OF THE 
PARALLELOGRAM OF FORCES 

1. Laplace’s proof. 

We shall first of all consider the case of two perpendi- 
cular forces, and then extend the result to the case of any 
two oblique forces. 



Let P and Q be any two perpendicular forces acting at 
O along OA and OB, and let B be the magnitude of their 
resultant acting in an unknown direction OC at angle 9 to 
OA, Let XOY be drawn perpendicular to OC. 

Then B along 00 is equivalent to a force P at an angle 
6 to it {i.e., along OA), and a force Q perpendicular to P. 
Hence a force X.B along 00 is equivalent to force A.P at 
an angle 9 to it, together with a force K.Q perpendicular 
to the latter, for multij)lying by the factor A is essentially 
the same as an alteration in the scale of representation. 
Thus the force ‘P along OA, which can be taken as 

P P 

^ H along OA, can be replaced by a force ^ ^ at an 

angle 9 to OA, (i.e„ along '00\ together with force 

If' Q in the direction OX perpendicular to OC. In the 
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same manner, the force Q = ^ along OB can be replaced 
by a force ^ - P along OF at an angle 6 to OB, together 
with a perpendicular force ^ * Q along 00. Thus the two 
given forces P along OA and Q along OB are equivalent to 

q2 pq 

a force along 00, together with a force -g along 

OP 

OX and a force along OF, and the two latter being 


equal and opposite, cancel one another. Thus the single 

P* + Q® 

force equivalent to the two^iven forces P and ©is — ^ — 
along 00, which is thus the required resultant P. 

Hence B, -- ^ P® = p® + Q®, i.e., P = ^/P® + Q®. 


giving the magnitude of the resultant of two perpendicular 
forces. 



Fig. (i) 


Fig. (ii) 


For direction, let us consider first three equal forces 
JP, F Ft acting at 0 along three mutually perpendicular 
directions OX; OF, OZt and let them be represented by 
OA, OB, 00 respectively* Complete the rectangular parallelo-^ 
piped with OA, OB, 00 as adjacent edges (Fig. i). 
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The resultant of the two equal forces F, F represented 
by OA and OB must, from symmetry, be equally inclined to 
them, and therefore must act along the diagonal OD ; alsqjts 
magnitude, from what has been proved above, is fjF^ + F^ 
^F/j2. Combining with this the force F along 00, the 
resultant of F ^/2 along OD and F along 00 must evidently 
be along some line in the plane GOD. Again, considering 
the two forces F^ F represented by OB and 00 first, and 
then combining their resultant with OA, the final resultant 
will lie in the plane AOE. Thus the direction of the final 
resultant being common to the two planes COD and AOF 
must be along the diagonal 00\ Hence we establish that 
the resultant of two perpendicular forces F J2 along OD 
and F along 00 is in the direction of the diagonal 00 of 
the rectangle OHO'O, and its magnitude is 

JF^T(FJW ^FJS=^ 00 '. 

Next, taking forces F, F J2, F along OX, OY, OZ 
represented by OA, OB, 00 (Fig. ii), considering first the 
resultant of OA, OB, and then combining it with 00, and 
alternatively, finding the resultant of OB, 00 and then com- 
bining with OA, we can show exactly in a similar manner as 
above that the resultant of two perpendicular forces F 
along OD and F along 00 is along the diagonal 00', and its 
magnitude — FjZ = 00'. 

Then take F,Fj3, F along OX, OY, OZ. Proceeding 
in this manner, we show finally that the resultant of two 
perpendicular forces F tjn and F is represented by the 
diagonal in magnitude and direction. 

Now taking F, Ft F Jn along OX, OY, OZ^ we extend 
the above result ito the case of twq_ perpendicular forces 
Fj2 and F Jn. Then taking F, Fj2, F Jn the result is 
extended to F ^/S and F Jn. Proceeding thus, we prove 
the result for the case of two perpendicular forces F 
and F Jn where m and n are any two positive integers. 
Writing and where p and q are any two 

positive integers, we finally prove the parallelogram law of 
forces to hold good for two perpendicular forces pF and 
qF. We can replace pF and qF by P and Qt where P and 



APPENDIX^ 


285 


Q are any two commensurable forces, for the ratio of any 
two commensurable quantities can be put in the form p : q 
where p and q are integers. 

Even if P and Q are incommensurable, their ratio can 
be put in the form of an endless d.ecimal, and we can get 
a terminating decimal differing from it by as small a quantity 
as we please, which can be put in the form p : q. Accord- 
ingly, in the limit, the law is extended to the case of two 
incommensurable forces. 

Thus the parallelogram law holds good for finding the 
resultant of any two perpendicular forces P and Q, whether 
commensurable, or incommensurable. 

Lastly, to prove it for ^►;jy two oblique forces, let OA 
and OB represent two oblique forces P and Q, Complete 
the parallelogram OAGB. 

Join OC and draw XOY perpendicular to the diagonal 
00, and let AL and BM be drawn perpendiculars on OC, 



By what has already been piroved, the force OA can be 
replaced by the perpendicular components OX and OL and 
the force OB by the perpendicular components OM and- 
OY. Now from Geometry, triangle OBM and ACL are 
congruent and accordingly OM^LC, and AL^^BM, 
Hence the forces represented by OX and OY which are 
respectively equal to AL and BM, being equal and opposite, 
cancel one another. . Thus the forces OA and OB are 
equivalent to a* force OL + OM, * OL + LG * 00 along 00, 
Hence 00 represents the resultant in magnitude and 
direction. 
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Thus the law of parallelogram of forces is completely 
'established. 

2. Duchayla’s proof. 

This proof is based on the assumption of the principle 
of Transmissibility of a force. 

We first of all prove that if the parallelogram law for 
the direction only of the resultant be true for any two 
particular forces, P and Q acting at any angle, and also 
for two forces P and B acting at the same angle, then 
it will be true for the forces P and Q + B acting at the 
same angle. 



Let OA and OB represent the forces P and Q, and 
let BD along OB represent B. Complete the parallelogram 
ODEA and draw BO paraUel to OA. Join 00, OE, BE. 

By our assumption, the resultant of P and Q is in 
.the direction of the diagonal 00, and by the principle of 
transmissibility of a force, this resultant may be supposed 
to act at 0. Here, it can be resolved into its components 
P and Q along BO and AO parallel to their original 
directions. 

Again P along BO may be supposed to act at B 
and this along with, B along BD will, by our supposition, 
give rise to a resultant along BE, which in its turn can 
be assumed to act at E. Also Q along AO may be supposed 
to act at JS7. 

Thus the two forces P along OA and Q + B along OBD 
.are ultimately equivalent to two forces both acting at E, 
one along OE and the other along BE, Hence the xeaultanb . 
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of P and Q + B acting at 0, represented by OA and 
OD respectively, must be acting through E and therefore 
must be along the diagonal OE of the parallelogram 
ODEA. 

Now, to start with, take two equal forces F, F along 
any two directions, represented by OA and OB. From 
symmetry, their resultant must be equally inclined to OA 
and OP, and accordingly it is in the direction of the 
diagonal of the rhombus OAGB. Hence, from what has 
been proved above, the parallelogram law for direction 
of the resultant will hold good for forces F and F+ F i.e., F 
and 2F along OA and OB. Again, as the result is true for 
F, F and for F, 2F acting at the same angle, it is true 
for forces F and SF acting at the same angle. Proceeding 
in this manner, it can be shown to be true for F and pF, 
Thus it is true for P+P and pP, i.e., for 2P and pF. 
Similarly, it will be true for 3P and pF and ultimately for 
qF and pF where p and q are any integers. Ee placing pF 
and qF by P and Q, we see that, so far as the direction 
is concerned, the parallelogram law for resultant is true 
for any two commensurable forces P and Q acting at 
any angle. ^ 

The result then can be extended to incommensurable 
forces as well, in the limit, as in the previous proof. 

Hence for any two forces P and Q, commensurable or 
incommensurable, acting at any angle, the parallelogrpim 
law is established so far as the direction, of the resultant 
is concerned. Now to establish that the law being true for 
direction, it will be true foirmagnitude as well, it is left as 
fl^n exercise to the student. In this connection, see Ex. 8, 
worked out. p. 24, and Ex. 56, p. 31 set in the book. 

SEC. B— EQUILIBRIUM OF A CONSTRAINED BODY 

1. Equilibrium of a heavy body supported at a fixed 
point. 

If a body supported at a point be at test under the 
action of gravity only (and no other external fotoes)^ the 
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C.G. of the body and the point of support must be in the 
same vertical line. 

This is obvious ; for the only forces acting upon the 
body are (l) its weight acting vertically downwards through 
its O.G. and (2) the reaction at the point of support. For 
equilibrium these two forces must be equal and opposite 
and also must have the same line of action. Hence the 
fixed point and centre of gravity must be in the same 
vertical line. 

Note. The above principle oan be used in determining graphically 
the C. G. of a plane lamina. Thus, first suspend the body by a string 
attached to any point A on its boundary and draw the vertical line 
AD on the lamina through A, We know that the C.G. lies on AD, 
Again suspend the body from any other point on the boundary and 
draw the vertical line BE^ through B, on the lamina. Then the C.G. 
also lies on 

Hence the reqd. C.G. is the point of intersection of AJD, BE, 

2. Equilibrium of a heavy body with an area in 
contact with a plane. 

Theorem : A body placed in contact with a horizontal 
plane will or will not rest in equilibrium, according as the 
vertical line through its centre of gravity meets the plane 
inside or outside the base on which it stands. 



The only forces acting upon the body are (l) the weight 
of the body acting vertically downwards through its O.G. 
and (2) the reaction of the plane, which is nothing but 
the resultant of the total reactions of the several points of 
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contact of the body with the plane, and hence acts through 
a point inside the base. 

For equilibrium, the weight of the body and the reaction 
of the plane must be equal, opposite and also must have 
the same line of action. Hence when there is equilibrium, 
the vertical line through the centre of gravity of the body 
meets the plane inside the base. If the vertical line meets 
the plane outside the base, obviously there cannot be equili- 
brium and the body will topple over. 

Note 1. By the base is meant the polygon without re-entrant 
angles, (or more generally the closed curve having no convexity in- 
wards) formed by joining the extreme points of the body in contact 
with the plane. [ See Fig, (Hi) ] 

Note 2. A bus for exampl^ s^ill overturn if the vertical through its 
C.G. falls outside the wheel base. 

Note 3. Exactly as above it can be shown that a body placed on 
an inclined plane, sufficiently rough to prevent slidmg^ will be in 
equilibrium or topple over, according as the vertical through the 
centre of gravity of the body docs or does not pass through the base 
of the body. 

3. Illustrative Examples. 

Ex. A solid right circular cone whose height is h and radius of 
whose base is r, is placed on an inclined plane and prevented from 
sliding. If the inclination of the plane be gradually increased, find 
when the cone will topple over. 


A 



In the extreme position, i,e,, when the cone is on the point of 
toppling over, the vertioal through the O.G. of the cone must pass 


19 
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through the extreme point of the base, i.e., would pass through tho 
end ' B of the base. Let $ be the inclination of the plane at that time. 
Then obviously 

BO v 

Now, from the right-angled triangle BOO, tan BGO= ’ 

tan B = ^rlht giving the required inclination. 

Note. If a be the semi- vertical angle of the cone, then r//i=tan a. 

Hence the cone will topple if tan 0 > 4 tan a. 

Examples * 

Ex. 1. A solid right circular cylinder, of height h and radius of 
cross-section r, is placed on an inclined plane of inclination a and 
prevented from sliding. Show that the cylinder will topple when 
tan a > 2rlh 

Ex. 2. A leaning tower of n equal circular coins, each of radius a 
and thickness 26, is piled over on a horizontal table, so that the centres 
of gravity of all the coins lie in one straight lino. Show that the 
greatest inclination of the line to the vertical is tan" ^(a/n6). 

Ex. 3. How many equal circular coins, having the thickness of 
each equal to ^^th of its diameter, can stand in a cylindrical pile on 
an inclined plane, whose height is one-fourth of the base, assuming 
that there is no slipping ? i [ Ans, 100. ] 

Ex. 4. A frustrum of a solid right cone is placed with its base on a 
rough inclined plane whose inclination is gradually increased ; if B, 
r be the radii of the larger and smaller sections, and h the height of the 
frustrum, show that the frustrum will ultimately either tumble or 
slide according as the coefficient of friction is greater or loss than 
^R(R^ + 'hr+r^)lh{R^ + 2Br+Sr% [ C. H. 1960, old 1 

SEC. C.— STABILITY OF EQUILIBRIUM 

1. Stable, Unstable, and Neutral Equilibrium. 

Let a body be in equilibrium under a system of external 
forces and reactions, being supported in any manner. If 
the body be slightly displaced from its equilibrium position, 
the external forces and the reactions in the new position of 
the body will not in general be in equilibrium, so that the- 
body, when left to itself, will begin to move. 
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Now according to the way in which the body moves, 
the original equilibrium position is defined to be stable^ 
unstable^ or neutral under different circumstances. 

(i) Stable Equilibrium. 

A body is said to be in stable equilibrium if, after it is 
slightly displaced frota its position of equilibrium, it has 
a tendency to return to its original position, 

(ii) Unstable Equilibrium. 

A body is said to be in unstable equilibrium, provided, 
when slightly displaced from its position of equilibrium, 
it tends to recede further away from its original position. 

(iii) Neutral Equilibrium. 

A body is said to be in neutral equilibrium, provided, 
when slightly displaced from its position of equilibrium, 
it remains in equilibrium in this new position and tends 
neither to come back to, nor to go further away from its 
original position. 

2. Stability of a body under gravity with one point 
fixed. 

In this case we know that the point of support must be 
in the same vertical line with the C.G. 

If a body suspended from any point 
0 and having its C.G. at G vertically 
below 0, be slightly displaced by being 
turned through a small angle about 0, 
as in Fig. (i), then the weight of the 
body TT, acting at G, will have a 
moment about 0, which will tend to 
cause the body to revolve back to its 
original position. In this case, the 
equilibrium is stable. If, however, G, 
the C.G. of the body, be vertically 
above 0, the point of suspension, and 
the body be slightly Sisplaced through any angle, then the 
moment of the weight about 0 will have a tendency to 
revolve it further away from its original position as in 
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Fig. (ii). In this case, the equilibrium is umtahle. When 
the body is suspended from its G.G. it will remain at rest 


Fig. (ii) 



in any position, for the weight of the body and the equal 
and opposite reaction of the support always act at the same 
point and hence they balance one another. Hence in this 
case, if the body be displaced, it will not tend either to 
return to, or to recede further away from its original position 
of equilibrium. 


In such a case, the equilibrium is neutral, 

1 8. Stttbility of a body with a portion of it in the form of a sphere 
restingjwith spherical portion in contact with a horizontal table. 




In the position of equilibrium the weight of the body 
acting vertically downwards through its centre of gravity 
0 is balanced by the reaction of the table at the point of 
contact At which must accordingly be perpendicular to the 
plane of the table and will therefore pass through the centre 
0 of the sphere. Thus 00 must be vertical [ fig. (i) ]. 
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Now let the body be slightly displaced so that B is the 
new point of contact. The vertical through B being normal 
at B to the sphere will pass through the centre 0. Now if 
G be below 0, the weight of the body acting vertically 
downwards through O will tend to rotate the body about 
B back to its equilibrium position as in Fig. (ii) and the 
equilibrium position is accordingly stable. 

If on the other hand G be above 0, the weight in the dis- 
placed position, as in Pig. (iii) will tend to rotate the body 
further away from its equilibrium position. The original 
equilibrium position is accordingly unstable. 

If however G coincide^,, with 0, the weight in the dis- 
placed position acting vertically downwards in the line OB 
will be balanced by the reaction at B, and the body there- 
fore will remain in equilibrium in this displaced position. 
The equilibrium in this case is neutral. 

Thus in this case the equilibrium of the body is stable, 
unstable or neutral, according as the G.G. of the body 
in the equilibrium position is vertically below, above, or 
coincident with the centre of the spherical portion in contact 
with the table. 

Note. In the first illustration (§ 2 dbove\ the equilibrium is stable 
or unstable according as G falls below or above the point of suspension. 
In the second illustration (§ 3), the equilibrium is stable or unstable 
according as O is below or above the point 0 through which the reaction 
passes in all positions of the body. In both the cases, a lower position 
of G ensures stability. 

In general, top heavy bodies are unstable and bottom heavy bodies 
are stable in their equilibrium positions. 

Ez. A solid homogeneous body, consisting of a right circular 
cylinder of height h and a hemisphere of radius r, on the same base, 
rests with its spherical portion in contact with a horisonted table ; 
show that it will be in stable, unstable or neutnd equilibrium 
according as 


r is > or < 
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SEC. D— CONVERSE OF LAMPS THEOREM 

If three forces acting at a point he stick that each is 
proportional to the sine of the angle between the other two 
(the sense of the forces being such that any one of them lies 
within the angle opposite to that in which the resultant of 
the other two lies), then the three forces are in equilibrium. 

Let the three forces P, Q, B acftng at 0 along OX, 
OY, OZ be such that 

^ M 

sin YOZ sin ZOX sin XOY 

the sense of the forces being as indicated by the arrow-heads. 
[ See figure of § 3*4 ] 

Produce ^0 to 0 such that 00 -B in magnitude. 
Complete the parallelogram OACB with diagonal 00, the 
sides OA, OB being along OX and OY respectively. Then 
from the tjiiangle OAO, 

O A . _ ^ AO ^ 00 ^ „ 

sin OCA sin AOO sin OAO sin OAO ’ 

also, sin OCA = sin BOO - sin (180” - rO-2') = sin YOZ 

sin AOO = sin (180® - ZOX) = sin ZOX 

and sin OAO = sin (180® - XOY) = sin XOY. 

^ OA AO B 

sin YOZ “ sin ZOX^ sin XOF ‘ 

Comparing this with (i), we get 
P = Oil, Q==AC^OB. 

Hence, by the parallelogram of forces, the resultant of 
P and Q, which are now represented by Oil and OB, is 00, 
and this by construction is equal and opposite to B. 

Thus, P, Qf B are in equilibrium. 



UNIVERSITY PAPERS 
Calcutta University — Intermediate 


1. Find the magnitude and direction of the resultant of two copla- 
nar forces, each equal to P and inclined at an angle a to each other. 

Two forces of magnitudes P and Q act on a particle at such an 
angle that the magnitude of their resultant is equal to P. If P be 
doubled, prove that the new resultant will be at right angles to Q. 

2. Define moment of a force about any point. Prove that the 
moment of two parallel forces (not equal and unlike) about any point 
in their plane is equal to the moment of their resultant about the same 
point. Also prove that if the parallel forces be equal and unlike the 
moment of the forces about an^ point in their plane is constant. 

3. Draw a neat diagram of the third snjst&ni of pulleys and obtain 
a relation between the weight and efiort. 

A uniform ladder of length 15 ft., and mass 50 lbs. is placed with its 
upper end against a smooth vertical wall, and its lower end on a rough 
horizontal plane at a distance of 9 ft. from the wall ; a man of mass 
140 lbs. stands at the top. Find the least coefficient of friction in 
order that the ladder shall not slip. 

4. Prove that the work done in raising a number of particles 
from one position to another is Tr.A, where W is the total weight of 
the particles, and h is the distance through which the centre of gravity 
of the particles has been raised. 


1. Find the resultant of any number of coplanar forces acting at a 
point by the method of rectangular resolution, and deduce the conditions 
of equilibrium of a system of coplanar forces acting at a point. 

Three forces of magnitude 2 lbs. wt., 4 lbs. wt. and 6 lbs. wt. act 
at a point along lines making angles of 120** with each other. Find 
the magnitude of the resultant, and the angle it makes with .the 
first force. 

2. Obtain the magnitude, direction and point of application of the 
resultant of two unlike and unequal parallel forces P and Q(P > Q) 
acting at the points A and P of a rigid body. 

If P and Q are both increased by P, show that the point of applica- 
tion of the resultant will shift through a distance d along BA where 




8. Describe with a neat diagram the first system of pulleys. If the 
weight of each movable pulley be w, find the expression for the 
mechanical advantage. 
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A man weighing 10 stones is suspended from the lowest of a system 
of four weightless pulleys arranged according to the first system, 
and supports himself by pulling at the end of the string which passes 
over another pulley which is fixed. Find the amount of the pull 
on the string. 

4. Determine the least force parallel to a rough plane which 
will prevent a mass of 3 lbs. from sliding down the plane which 
is inclined to the horizon at an angle of 60**, if the angle of friction 
is 30". 


1. State and prove Laml*s theorem. 

A mass of 60 lbs. is suspended by two strings of lengths 9 and 
12 feet respectively, the other ends of the strings being attached to 
two points in a horizontal line at a distance 15 feet apart ; find the 
tensions of the strings. 

2. Obtain the magnitude, direction and point of application of the 
resultant of two like parallel forces P and Q acting at the points A and 
P of a rigid body. 

A heavy uniform rod, 4 feet long, rests horizontally on two pegs 
which are 1 foot apart ; a weight of 10 lbs. suspended from one end, 
or a weight of 4 lbs. suspended from the other end will just tilt the 
rod up ; find the distances of the pegs from the centre of the rod. 

3. Find the centre of gravity of a uniform triangular lamina. 

A square hole is punched out of a circular lamina, a diagonal of the 
square being OA, where 0 is the centre of the circle and A, a point 
on the circumference. Shew that the centre of gravity of the remainder 

is at a distance the centre of the circle, where a is the 

diameter of the circle. 

4. (a) Forces of magnitudes P, 2P, 3P, 4P act respectively along 
the sides AP, PC, CD, DA of a square ABCD, of side a, and forces 
each of magnitude (8 ^/2)P act along the diagonals PD, AC, In all 
cases the sense of the force is indicated by the orders of the letters. 
Find the magnitude of the resultant of these six forces, the inclination 
of its line of action to AP, and the perpendicular distance of this line 
of action from A. 

5. {a) Describe, with a neat diagram, the third system of pulleys, 
and calculate its mechanical advantage, neglecting the weights of 
the pulleys. 

(b) A uniform ladder rests with one end on a rough horizontal 
ground and the other end against a rough vertical wall. The coeffi- 
cients of friction at the lower and upper ends are t and ^ respectively. 
Determine the angle which the ladder makes with the grouifd when 
it is about to slip. 
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Patna University 


1. (a) State and prove Lami*s Theorem. 

(h) A, B, C are points on the circumference of a circle. Forces 
act along AB and BC inversely proportional to these lines in magni* 
tude ; show that their resultant acts along the tangent at B, 

2. (a) Obtain the resultant of two unlike and uneriual parallel forces. 

(b) A uniform l)ar, of weight .3 lbs.» and length 4 ft., rests on 

a peg and is supported in a horizontal position by a force equal to 1 lb. 
weight acting vertically upwards at the other end ; find the distai^ce 
of the peg from the centre of the beam. 

3. (a) Prove that a couple and force are equivalent to a single 
force. Obtain its line of action^*. 

(&) A uniform rod of weight 10 lbs. is hinged at one end. It is 
pulled aside from the vertical by the horizontal force P acting at the 
other end. If it rests at an angle of 45^ to the vertical, find the 
value of P. 

4. (a) Find the centre of gravity of a uniform quadrilateral lamina 
having two parallel aides. 

(6) From a uniform triangle ABO, a portion PBG is out off. Find 
the position oLP, if it is the centre of gravity of the remainder. 

5. (a) Describe the first system of pulleys, and obtain its mecha- 
nical advantage. 

(6) Prove that the least force which will move a weight W along 
a rough horiZiOntal plane is W sin X, where \ is the angle of friction. 


1. (a) Prove that the algebraic sum of the moments of any two 
intersecting forces about any point in their plane is equal to the 
moment of their resultant about the same point. 

(b) Forces P, B act along the sides BO^ GA^ AB of the 
triangle ABB, and the line of action of their resultant passes through 
the centroid of the triangle. Prove that 


•P.+ Q +_/?.. 

sin A sin B sin C 


0 . 


2. (a) Obtain the resultant of two like parallel forces. 

(b) A uniform seesaw plank, Ifi ft. Ipng, weighs 1 owt. Find the 
position of the support when two children, weighing 44 lbs. and 61 lbs. 
respectively sit at the two ends. 

8. (a) Prove that a system of ooplanar forces is equivalent to 
either a single force or a couple, or is in equilibrium. 
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(b) A body of mass 70 lbs. is suspended by strings, whoso lengths 
are 6 and 8 ft. respectively, from two points in a horizontal line whose 
distance apart is 10 ft. ; find the tensions of the strings. 

^ 4. (a) Show that tho work done in raising a number of particles 
from one position to another- TT/i, where W is the total weight of 
the particles and h is the height through which the centre of gravity 
is raised. 

(h) A square hole is punched in a circular lamina, tho diagonal 
of the square being a radius of the circle. Find the centre of gravity 
of the remainder. 

5. (a) Define the angle of friction. 

* Show that when a heavy body is just going to slide down a rough 
inclined plane, the inclination of the plane equals the angle of friction. 

(6) The arms of a balance are as 14 : 15, and a commodity is 
weighed alternately in its two pans. Find the loss per cent, to the 
eoller. 


B. H. University 


1. Find the conditions under which a number of coplanar forces 
acting on a body keep it in equilibrium. 

Two equal hea vy rods, of weight w and length 2a, are freely hinged 
together and placed symmetrically over a smooth fixed sphere of radius 
r. Show that the inclination of each rod to the horizontal is given by 

r tan®tf + r tan B^a. 

2. From a uniform triangular board a portion consisting of the 
area of the inscribed circle is removed. Show that the distance of tho 
centre of gravity of the remainder from any side a is 

S 2s* -BiraS^ 

3as s^^wS 

where S is the area and s the semi-perimeter of the board. 

^ 8. If a body be placed on a rough inclined plane and be on the 

point of slipping down th$ plane, show that tho angle of inclination of 
the plane to the horizon iis equal to the angle of friction. 

How high can a particle rest inside a hollow sphere, of radius a, 
if the coefficient of friction hell tjd 7 

4 . Show that the algebraic sum of the moments of two coplanar 
forces about any point in their plane is equal to the moment of their 
resultant. 
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Forces equal to 3P, 7P, 6P act along the sides AB, EG and CA oi 
an equilateral triangle ABO, Find the magnitude, direction and line 
•of action of the resultant. 

5. (a) Find the resultant of two like parallel forces P and Q acting 
at points A and B, 

(b) A uniform rod of length 10' and weight 20 lbs. is hung in 
a horizontal position by two vertical strings attached to the two end- 
points. The maximum tensions which the strings can bear are 20 lbs. 
and 25 lbs. respectively. Find the range on the rod where an additional 
weight of 20 lbs. can be placed without disturbing the equilibrium. 


1. State and prove Lami*s theorem. 

A body, of mass 10 lbs., iansuspended by two strings, 7 and 24 inches 
long, their other ends being fastened to the extremities of a rod of 
length 25 inches. If the rod be so held that the body hangs imme- 
diately below its middle point, find the tensions of the string. 

2. Prove that two couples in the same plane acting on a body 
balance each other if their moments are equal and opposite. 

Forces of magnitudes 1, 2, 3, 4 and 2 ^/2 act along the sides AB, 
BC, CD, DA and the diagonal AC, of a square ABCD, Show that 
they are equivalent to a couple and find its moment. 

3. State the general conditions of quilibrium of any system of 
forces acting in one plane upon a rigid body. 

One end of a beam whose weight is W is placed on a smooth hori- 
zontal plane ; the other end, to which a string is attached rests 
against a smooth plane inclined at an angle a to the horizontal. 
The string passes over a pulley at the top of the inclined plane and 
supports a weight P hanging freely. Prove that the beam will i;eBt 
in all positions if 2P« IT sin a. 

4. Given the centre of gravity of the whole of a body and of 
a portion of the body, find the centre of gravity of the remainder. 

The ninth part of a triangular lamina is cut off towards the vertex 
by a line parallel to the base. Find the centre of gravity of the 
remainder. * 

5. State the laws of friction. 

A uniform ladder of wdght W rests against a smooth wall, with its 
loot on the ground, where the coefficient of frlotion is its inolinataon 
to the vertical being a. Prove that a horizontal force applied to the 
loot to make it approach the wall must exceed 

tan 0 ), 
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6. Find the relation between the effort and the* weight in the 
second system of pulleys, in which the same string passes round all 
the pulleys. 

In the second system of pulleys, a weight of 6 lbs. just supports 
a weight of 28 lbs., and a weight of 8 lbs. just supports a weight of 
42 lbs. Find the number of pulleys and the weight of the lower block. 


1. Prove that the sum of the moments of two coplanar forces 
about a point in their plane is equal to the moment of their resultant 
about the same point. 

Three forces P, Q, R act along the sides BC, CA^ AB of a triangle 
ABC, Their resultant lies in the line joining the in-centre and the 
centroid of the triangle ABC, Show that 

. ^ 
a(b-c) 6(c-a) c(a~6)* 

2. (a) If three forces, acting in one plane upon a rigid body, keep it 
in equilibrium, they must either meet in a point or bo parallel. 

(b) Forces P, Q, B and S act along the sides AB, BC, CD and 
DA of the cyclic quadrilateral ABCD, taken in order, where A and B 
and the extremities of a diameter of the circum scribing circle. If they 
are in equilibrium, prove that 

3. Find the centre of gravity of a trapezium. 

A cylinder and a cone have their bases joined together, the bases 
being of the same size ; find the ratio of the height of the cone to the 
height of the cylinder so that the common centre of gravity may be at 
the centre of the common base. 

4. Explain the following terms : — 

Stable, Unstable and Neutral Equilibrium. 

A homogeneous body consisting of a right circular cone of height h 
and a hemisphere of radius r, on the same base, rests with the hemi- 
sphere in contact with a horizontal table. Show that it will be in 

stable or unstable equilibrium according as A ~ r n/3. 

* 5. A uniform ladder of weight W rests at an angle of 45^ with the 
horizon with its upper extremity against a vertical wall and its 
lower extremity on the ground. If and n* be the coefficients of 
limiting frictions between the ladder and the ground and wall respec- 
tively, show that the least horizontal force which will move its lower 
extremity towards the wall is 
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6. (a) In a balance with unequal arbs, P appears to weigh Q, and Q 
appears to weigh R. Find what R appears to weigh. 

(&) A Venetian blind consists of n thin bars, besides the top fixed 
bar, and the weight of the movable part is W. When let down, the 
length of the blind is a, and when pulled up it is 6 ; show that the 
work done against gravity is drawing up the blind is 


W 


n+1 

2n 


(a -6). 


Allahabad (U.P.) Board 


1. (a) State and prove the Triangle of Forces. 

(&) If the resultant R^ ot two forces P and Q, inclined to one 
another at any given angle, make an angle B with the direction of P, 
show that the resultant of forces (P+P) and Q, acting at the same 
0 

angle will make an angle ^ direction of P+P. 

2. (a) In the second system of pulleys, weights of 10 lbs. and 12 lbs. 
support weights of 41 lbs. and 53 lbs. respectively. Find the weights of 
the movable block of pulleys and the number of pulleys in each block. 

(b) The arms of a false balance are a and b. A weight W 
balances P at the end of the shorter arm 5, and Q at the end of the 

P-W 

arm a. Show that = 

3. (a) Find the centre of gravity of a quadrilateral lamina having 
two parallel sides. 

(b) A square hole is punched out of a circular lamina. The 
diagonal of the square is equal to the radius of the circle, and one of 
the corners is at the centre of the circle. Show that the centre of 

a 

gravity of the remainder is at a distance the centre of the 

circle, where a is its diameter. 

4. (a) Prove that if two coplanar forces have a resultant P. the 
moment of P about any point in the plane of the forces is equal to the 
sum of the momenta of the forces. 

(6) A uniform rod weighing 10 lbs. is hinged at its lower end, 
and is supported at an angle of 60** with the vertical by a horizontal 
string attached to its upper end. If the upper end also carries a 
weight of 40 lbs., find, the tension of the string, 

5. (o) If a body be placed on a rough inclined plana and be on the 
point of slipping down the plane, show that the angle of inclination of 
the plane to the horizon is equal to the angle of friction. 
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(b) A ladder is resting on a rough horizontal ground, and leaning 
against a rough vertical wall. Find the greatest angle at which tho 

coefficient of friction for the ground and the wall are and 

Ml 4 

respectively. 

6. A beam whose centre of gravity divides it into two portions, a 
and 6, is placed inside a smooth sphere. Show that, if 0 be its inclina- 
tion to the horizon in the position of equilibrium, and 2a be the angle 
subtended by the beam at the centre of the sphere, tbren 

tan 0 = ^-- tan a. 
b-'ra 

7. Two equal heavy rods, of weight W and length 2a, are freely 
hinged together, and placed symmetrically over a smooth fixed sphere 
of radius r. Show that the inclination of each rod to the horizontal ia 
given by 

r tan*tf + r tan 0-a. 


1. (a) State and prove Lami*s theorem. 

(b) A uniform triangular lamina, whose sides are 3, 4 and 
5 inches respectively, is suspended by a string from the middle point of 
the largest side. Find the inclination of this side to the vertical. 

2. (a) From a regular hexagon is cut out an equilateral triangle, 
having the centre of the hexagon for its vertex, and one side of it aa 
its base. Find the centre of gravity of the remainder. 

(b) A heavy uniform beam whose mass is 40 lbs. is suspended in 
a horizontal position by two vertical strings, each of which can sustain 
a tension of 36 lbs. weight. How far from the centre of the beam should 
a body of mass 20 lbs. be placed, so that one of the strings may just 
brefiik. 


3. (a) In a loaded balance with unequal arms, P appears to weigh Q, 
and Q appears to weigh R. Find what B appears to weigh. 

(b) A uniform lever is 18 inohes long, and is of weight 18 ounces. 
Find the position of the fulcrum when a weight of 27 ounces at one 
end of the lever balances a weight of 9 ounces at the other end. 

4. (a) Show that three forces which are completely represented by 
the three sides of a triangle, taken in order, are equivalent to a couple. 
Find also the moment of this couple. 

(b) Forces equal to 8P, 7P and 5P act respectively along the sides, 
AB, BC and CA of an equilateral triangle ABC, Find the magnitude, 
direction, and the line of action of the resultant. 



ALLAHABAD (U. P.) BOARD PAPERS 


3oa 

5. (a) Three heavy partiolea are placed at the vertices of a triangle 
ABC^ their weights being proportional to the opposite sides. Provo 
that the distance of the O.G. of the particles from A is 

n, A 
2hc cos 2 • 

a+6 + c 

(6) A heavy carriage 'wheel of weight W and radius r, is to bo 
dragged over an obstacle of height 7t, by a horizontal force F applied to 
the centre of the wheel. Show that F must be slightly greater than 

r-h 

6. A heavy uniform rod rests in limiting ecjuilibrium within a fixed 
rough hollow sphere. If \ bo the angle of friction and 2a the anglo 
subtended by the rod at the centre of the sphere, show that the inclina- 
tion d of the rod to the horizon i^ given by 

2 tan S = tan (tt+X)-tan (a-X). 

7. Forces P, Q. R and S act along the sides AB, BG, CD, and DA 
of the cyclic quadrilateral ABGD, taken in order, where A and B are 
the extremities of a diameter of the circumscribing circle. If the 
forces are in equilibrium, show that 


1. (a) State and prove the converse of the triangle of forces. 

(6) A body of mass 2G lbs. is suspended by two strings 5 and! 
12 inches long respectively, their other ends being fastened to the extre- 
mities of a rod of length 13 inches. If the rod be so held that the body 
hangs immediately below its mid-point, find the tensions in the strings. 

2. (a) Explain with the help of a diagram the arrangement of the 
first system of pulleys, and find an expression for the mechaniegb) 
advantage when the pulleys are weightless. 

(6) The beam of a false balance, with unequal arms, is 3 feet long 
and is horizontal when the scale-pans are empty. A certain body when 
placed in one pan weighs 4 lbs. and when placed in the other weighs 
6 lbs. 4 oz. Find the true weight of the body, and the lengths of the 
two arms of the balance. 

4. (a) Find the centre of gravity of a heavy uniform triangular 
lamina. 

(6) A uniform wire is bent in the form of a triangle with sides 
h and c. Prove that ths distances of the centre of gravity of the whole 
wire from the sides are 

6+c c+u . a+6 

— : , - : 

a h c 
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6. (a) B is the resultant of two forces P and Q acting at 0. A 
transyersal cuts their lines of action in C, A and B respectively. Show 
that 

0 » 

OA^OB OC 

(6) A heavy wheel, of weight W and radius r, has to be dragged 
over an obstacle of height h, by applying a horizontal force F at its* 
centre. Prove that F must exceed 

r-h 

6. {a) Find the resultant of two like parallel forces and also find 
the position of its point of application. 

(6) A body of weight 4 lb. rests in limiting equilibrium on a rough 
plane whose slope is 80”. If the plane is raised to a slope of 60”, find 
the force along the plane required to keep the body from moving. 

7. A smooth hemispherical bowl of diameter a is placed so that 
its edge touches a smooth vertical wall. A heavy uniform rod is in 
equilibrium inclined at 60” to the horizon with one end resting on the 
inner surface of the bowl, and the other end resting against the wall. 
Show that the length of the rod is 

8. A uniform ladder of length I and weight W rests with its lower 
end on rou^ horizontal ground and its upper end against a smooth 
vertical wall, its inclination to the vertical being a. A force P is applied 
horizontolly to the ladder at a point distant c from the foot so as to 
make the foot approach the wall. Prove that P must exceed 

W. (^+ J tan o), 

where ti is the coefiicient of friction between the ground and the ladder. 


1. (a) Prove that the algebraic sum of the resolved parts of two 
forces in any direction is equal to the resolved part of their resultant in 
the same direction. 

(6) A weight W i^ suspended by strings of lengths I and 2Z 
attached to points A and B respectively, AB being horizontal and of 
length 2Z. Find the tensions of the strings. 

2. (a) Prove that, if three forces acting in one plane on a rigid body 
keep it at rest, they must either be concurrent or parallel. 

(6) A "uniform rod can turn freely about one of its^ ends, and is 
pulled aside from the vertical by a horizontal force acting at the other 
end of the rod and equal to half its weight. At what inclination to the 
vertioal will the rod rest ? 
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3. (a) Explain with the help of a diagram the arrangement of the 
second system of pulleys and find the relation between the 'effort* and 
the 'weight' when the pulleys are weightless. 

(&) Weights proportional to 1, 4, 9 and 16 are placed in a straight 
line so that the distances between them are equal. Find the position 
of their centre of gravity. 

4. (a) The resultant of forces P and Q is 12 ; if Q be doubled, 22 is 
doubled, whilst, if Q bo reversed, 22 is again doubled. Show that 


P : 0 ; 22= /.yS : ^/3 : n/2. 


(6) A body, whose weight is W, is supported on a certain smooth 
inclined plane by a force P acting horizontally. The same body can 
also be supported by a force Q acting parallel to the plane. Show that 

6. (a) Prove that a system of forces, acting in one plane upon a rigid 
body, is in equilibrium, if the sum of their components parallel to each 
of two perpendicular lines in their plane be zero and if the algebraic sum 
of their moments about any point be zero also. 

(b) A uniform beam of length 2a, rests in equilibrium, with one 
end resting against a smooth vertical wall and with a point of its length 
resting upon a smooth horizontal rod, which is parallel to the wall and 
at a distance b from it. Show that the inclination of the beam to the 
vortical is 


sin”‘ 



6. A ladder, whose centre of gravity divides it into two portions of 
length a and 6, rests with one end on a rough horizontal floor and other 
end against a rough vertical wall. If the coefficients of friction at th^ 
floor and wall be respectively /a and show that the inclination of the 
ladder to the floor, when the equilibrium is limiting is 


tan*^ 


/*(a+6)‘ 


. 7. A particle P is acted upon by forces towards the points 
Ag, . . . , An which are represented by X^.PA^ Xa<PAa, . .. Xn>PAn. 
Show that their resultant is represented by (Xx+Xa +—+Xj PG, where 
G is the centre of gravity of weights placed at Ai, Aa» . . . , An propor- 
tional to Xi, Xa, . . . , Xn respeotivdy. 


20 
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Oauhati University Questions 


1. Find the magnitude and direction of the resultant of a number 

of coplanar forces Pi, Psi Pa* acting at a point O in directions 

making angles ai, a,, as* respectively with a given straight line 

OX in the plane of the forces. Deduce that if 

P, cos Oi+Pfl cos tta+Pa COB 0 ^ + “0 

and Pi sin ai+P, sin a^+Pa sin ag^+ = 0 

the forees are in equilibrium. 

Forces P, Q, P. 8 acting on a particle have directions parallel 
respectively to the sides AB^ BC, CD, DA of a rectangle ABGD taken 
in order. Prove that the magnitude of their resultant is 

(P* + + B* 4 S* - 2PB - 2(3S)i 

2. If 3 forces acting on a particle keep it in equilibrium, prove that 
each is proportional to the sine of the angle between the other two. 

Forces P, Q, B acting along the straight lines OA, OB, OG are in 
equilibrium. If 0 is the circumoentre of the triangle ABG, show that 

_P_ Q ^ 

<i»(6»+c»-a*}“6»(c'‘+a‘-6’)“c'(o*+6»-c») 
where BC = a, GA « b, AB^c. 


8. Prove that the sum of the moments of two coplanar forces acting 
at a point about any point in their plane is equal to the moment of 
their resultant. 

Forces P, Q, iB act along the sides BG, GA, AB of the triangle ABG 
taken in order, and the line of action of their resultant passes through 
the centroid of the triangle. Prove that 


JL.+_<?_+.A_ 

sin A sin B sin G 


0 . 


4. Show that the centre of gravity of a heavy uniform triangular 
lamina is the same as that of three equal particles placed at its vertices. 

The distances of the vertices of a heavy uniform triangular lamina 
from a straight line in its plane are s,, s,. Find the distance of its 
centre of gravity from the line. 

6. State the laws of limiting friction. What is 'cone of friction* ? 

• A uniform ladder rests in limiting equilibrium with one end against 
a rough vertical wall and the other on a rou^ horizontal plane, the 
angles of friction being X, \' respectively. Show that the inclination 
6 of the ladder to the horizon is given by 

cos (X+XO 
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6. Describe, with a neat diagram, the system of pulleys in which 
a single cord passes round all the pulleys, and calculate its mechanical 
advantage. 

In such a system it is found that a weight of w lb. supports 
a weight of IF lb., and a weight of w' lb. supports a weight of W* lb. 
Find the number of pulleys in the two blocks and the weight of the 
lower block. 


1. State the Parallelogram of forces. 

Prove that the algebraic sum of the resolved parts, along any direc- 
tion, of two forces acting at a point is equal to the resolved part of 
their resultant in the same direction. 

Forces P and Q, whoso resultant is P. act at a point 0. If any 
transversal cuts the lines of abtion of the forces P, Q, B at the points 
At By C respectively, show that 

P . Q R 
oa'^ or"' OC 

2. Find the resultant of two like parallel forces. 

If two like parallel forces P, Q acting on a rigid body at the points 
A, B respectively be interchanged in position, show that the point of 
application of the resultant will be displaced along AB through a dis- 
tance d where 


<i= 

P+Q 


3. If three coplanar forces keep a body in equilibrium, show that 
their lines of action either meet in a point or are parallel. How are 
the magnitudes of the three forces related in each of these two oases ? 

A heavy uniform rod of length 2a rests in equilibrium, having one 
end against a smooth vertical wall and being placed upon a smooth 
peg at a distance b from the wall. Show that the inclination of the. 
rod to the vertical is 



4. Define a couple. Prove that the algebraic sum of the moments 
of the forces of a couple about any point in its plane is constant. 

Forces of magnitudes 1, 2, 3, 4, 2 s/2 act respectively along the sides 
ABt BCt CDt DA and the diagonal AC, of the square ABCD, Show 
that their resultant is a couple. 

6. Prove that the centre of gravity of any number of particles 
lying in the same plane is deterniined by the formules 
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Find the centre of gravity of a uniform square plane ABCD ol 
weight 30 lbs., together with weights of 20, 40, 60, 50 lbs. placed at its 
four corners A^ C, D respectively. 

6. Describe, with a neat diagram, the first system of pulleys and 
calculate its mechanical advantage. 

The number of movable pulleys in a first system is three, and the 
sum of the power and weight is 162 lbs. If the pulleys are weightless, 
calculate the power. 


Utkal University Questions 


1. (fl) Find the resultant of two forces P and Q acting at an 
angle a. 

(&) A^ G are points on the circumference of a circle. Forces 
act along AB and BG and are inversely proportional to these’linos in 
magnitude. Show that their resultant acts along the tangent at B, 

2. (a) Find the resultant of two unlike and unequal parallel forces 
acting upon a rigid body. 

(b) Four forces P, 2P, SP and 4P act along the sides of a square 
taken in order. Find their resultant. 

8. (a) Find the resultant of a force and couple acting in the same 
plane. 

(6) AB is a uniform bar of weight W movable round a smooth 
horizontal axis fixed at ^ ; to B is attached a light cord which passes 
over a pulley G fixed vertically over A^ and supports a mass of weight 
P at its free end. Show that in the position of equilibrium 

« 4. (6) Find the G.G. of a lamina in the form of a trapezium. 

(5) A well, of which the seotion is a circle of diameter 14 ft. and 
whose depth is 200 ft., is full of water. Find the work done, in foot- 
pounds, in pumping the water to the level of the top of the well. ' 

5. (a) Describe a oommdn steelyard and explain how it is graduated. 

(6) Show that the least force which will move a weight W along 
a rough horizontal plane is TV sin ^ where 0 is the angle of friction. 


1. (a) State and prove the theorem of triangle of forces. 

(6) Find a point within a quadrilateral such that if it is acted on 
by forces represented by the lines joining it to the angular points, it is 
in equilibrium. 
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2. (a) Prove that two coplanar couples, of equal aod opposite moments 
balance one another. 

{h) Three forces P, Q, B act along the sides PC, CA, AB of 
a triangle ABC. If their resultant passes through the centroid, shew 
that 


'a h c 


3. State the conditions of equilibrium of a system of coplanar 
forces acting upon a rigid body. 

A uniform ladder of weight W rests at an angle a to the horizon 
with its ends resting on a smooth Hoof and against smooth vertical 
wall, the lower end being attached by a string to the junction of the 
wall and floor ; find the tension of the string. 

4. Find the centre of gravity of a uniform triangular lamina. 

A weight placed at on<sr vertex of a uniform triangular lamina 
displaces the G.G. by twice as much as when w is placed on the same 
vortex. Find the weight of the lamina. 

6. (<x) Define angle of friction and prove that in order that a body 
may rest on a rough inclined plane, the inclination must not exceed 
the angle of friction. 

(h) A Danish steelyard weighs 8 tolas and the distance from the 

O.G. to the scale- pan end is 10 inches. If it is graduated for half- 
tolas, find the position of the graduation marks. 


Dacca University Queations 


1. (i) Distinguish between resolved parts and components of a force. 

Find the components of a given force B in two directions inclined at 
angles a and ft respectively to the direction of P. ^ 

(ii) Forces B-S, B, P+ Pact at a point in directions parallel to 
the sides of an equilateral triangle taken in order. Find their resultant. 

2. (i) Obtain the magnitude and point of application of the resultant 
of two unlike and unequal parallel forces acting upon a rigid body. 
Discuss the case when the forces are equal. 

(ii) Find the point of application of the resultant of three equal 
and like parallel forces acting at the mid-points of the sides of a 
triangle. 

8. (i) Three forces ifbting ut)on a rigid body are represented in magni- 
tude and direction by the sides of a triangle taken in order. Prove 
^at they reduce to a couple of moment equal in magnitude to twice 
the area of the triangle. 
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(ii) Three foroes, P, Q, P, act along the sides PC* CA and AB 
of a triangle ABC. If their resultant passes through the ciroum-centre 
of the triangle, prove that 

P cos il + Q cos B+P cos C«0. 

4. (i) The sum of the moments of all the forces acting on a rigid 
body but all lying in one plane about each of three given points is zero. 
Is the body in equilibrium ? Give reasons for your answer. 

(ii) A uniform beam, AB, whoso weight is TT, rests with one end, 
A, on a smooth horizontal plane AC. The other end, B, rests on 
a plane CB inclined to the horizon at angle 20. If a string CA, equal 
to CB, prevents motion, find its tension. 

5. (i) Describe a common steelyard and explain how it is graduated, 
(ii) When weights P and Q are successively placed in the scale- 

pan of a common steelyard, the movable weight is at distances a and b 
from the fulcrum. If the movable weight be equal to that of the 
machine, show that the distance of the centre of gravity of the machine 
from the fulcrum is 

Pb — Qn 

P-Q 

6. (i) If a body be placed on a rough inclined plane and on the 
point of sliding down the plane, show that the angle of inclination of 
the plane to the horizon is equal to the angle of friction. 

(ii) ABCD is a uniform rectangular lamina, in which AB=^at 
BC^b, a > b\ A triangular lamina CBE is removed, where E is 
a point in AB such that BE=b. Show that the distance of the centre 

of gravity of the remainder from AB is g 


1. (i) Define’ force. How is a force generally represented ? State 
the law by which two forces acting at a point may be combined 
^together, and hence find completely the resultant of two forces P, Q 
acting at a point inclined at an angle $ to each othet. 

(i) Two foroes P and Q have the resultant B ; if P is doubled 
and Q is trebled, their line^ of action remaining the same, B is trebled ; 
but if the direction of Q is teversed and P is doubled, the resultant is 
doubled. Show that 

P:Q:R: : : ^/l0:2^/2. 

, 2. (i) Define f^rallel foroes. When are they said to be like and 
when unlike 9 Find %e magnitude and point of application of the 
resultant of two like parallel foroes aoting upon a rigid body. 

(ii) A plank AB, 10 ft. long and weighing 50 lbs., rests on two 
supports, one at A and the other 2 ft. from B. If a man of weight 
160 lbs. stands on the plank, 8 ft. horn A, find the pressure on the 
IWPorts. 



THBEE-YEAB DEGREE COURSE 


Sill 


8. (i) Define a couple, arm and moment of a couple. 

Prove that a single force and a single couple acting uj^n a rigid 
body cannot produce equilibrium, but are equivalent to a sin^e force 
parallel to the original one. 

(ii) ABCD is a square whose side is 2 ft. ; along AB^ BG, CDt 
DA act forces equal to 1, 2, 8 and 6 lbs. weight respectively, and along 
AC and DB act forces equal to 6 ^2 and 2 v2 lbs. weight respectively. 
Show that they are equivalent to a couple whose moment is 16 ft.-lbs. 

4. (i) A number of coplanar forces act upon a rigid body. What 
are the possible forms of their resultant ? Hence find the conditions 
under which they will be in equilibrium. 

(ii) A picture is supported symmetrically in a vertical plane by 
a string passing over a rail. If the string is attached to two points 
A and B at the same level in the picture, show that the shorter the 
length of the string the greater will bo the tension, 

5. • Define centre of gravity of a rigid body. Find the centre of 
gravity of a thin uniform lamina in the form of a parallelogram. 

From a circular disc, a circular part having a radius of the disc as 
diameter is removed. Find the centre of gravity of the remainder. 

6. Define a machine, mechanical advantage and efficiency of 
a machine. Describe with a neat diagram that particular system of 
pulleys in which a separata string passes round each pulley and one end 
of the string is attached to a fixed beam, above the system. 

Prove thg^t the work done in lifting the weight and the pulleys is 
equal to the work done by the force that is applied. 


THREE-TEAR DEGREE COURSE 
Calcutta University 


1. State the paralldogram law of forces. Find the magnitude ao^ 
direction of the resultant of two coplanar forces P and Q inclined at 
an angle a to each other, in terms of P, Q and a. 

The resultant of two forces. P and Q acting at a point is equal 
to iJEQ and makes an angle 30^ with the direction of P. Show that 
either P«Q or P^2Q. 

2. If three forces acting at a point be in equilibrium, show that each 
force is proportional to the sine of the amgle between the other two. 

A particle whose weight is W may be supported on a smooth inclined 
plane by a force P acting horizontidly^ or by a force Q acting along the 
plane. If R and S be the pressures on the plane respectively in the 
two oases, show that 

BS-TP. Md Jr-i+i. 
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3. Prove that the algebraic sum of the moments of two concumnt 
forces about any point in their plane is equal to the moment of their 
resultant about the same point. 

The moments of a force acting in the plane of the rectangular 
axes Oxt Oy about the points (0, 0), (10, 0) and (0, 5) are 368,-92 and 
438 units of moment respectively. Determine the components of the 
force parallel to Ox and Oy and also the equation of its lino of action. 

4 . Find the centre of gravity of a uniform triangular lamina. 

A man whose weight is 154 lbs. raisos a body of weight 886 lbs. 
by means of a system of pulleys in which the same rope passes round 
.all the pulleys, there being four in each block and the rope being 
attached to the upper block. Neglecting the weights of the pulleys, 
find what will be his thrust on the ground if he pulls vertically 
downwards. 


Burdwan University 


1. Prove that a system of coplanar forces is equivalent to a single 
force at an arbitrary point of the plane together with a couple. 

If the moment of a system of coplanar forces vanishes about each 
of three points A, D, G, not in the same line, show that the system is 
in equilibrium. 

Two equal rods AB and AG, each of length 25, are freely jointed 
at A and rest on a smooth vertical circle of radius a. Show that if 2$ 
be the angle between them, 

b sin*^=a cos $• 

2. Find the centre of gravity of a wire, in the form of a circle of 
radius a, subtending an angle 2a at the centre. 

Find the position of the centre of gravity of a solid uniform 
'hemisphere. 

8. Prove that the force required to drag a particle up a line of ^ 
greatest slope of a rough inclined plane is least when the direction 
of the force makes with the plane an angle equal to the angle of 
friction. 

A uniform ladder rests in, limiting equilibrium at an angle' 60” with 
the horizontal with one end against a vertical wall and the other 
on a horizontal floor. If t^e wall and the fioor be equally rough, 
show that «y3. 










